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characterizations of the existence of the global and local error bounds are given for

the non-lower semicontinuous functions. Especially, we get a necessary and sufficient
condition of global error bounds for the non-lower semicontinuous functions.
Moreover, it is shown by an example that the strong slope and the global slope
cannot characterize the error bounds of the non-lower semicontinuous functions.
Third, we emphasize the special case of convex functions defined on Euclidean space.
Although the strong slope and the global slope cannot characterize the error bounds
of the non-lower semicontinuous functions, they could be used to characterize the
error bounds of the non-lower semicontinuous convex functions. We get several
necessary and sufficient conditions of global error bounds for the non-lower
semicontinuous convex functions.
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1 Introduction

Error bounds have important applications in the sensitivity analysis of mathematical pro-
gramming and in the convergence analysis of some algorithms. For example, the theory
of error bound can be useful in the convergence analysis in the algorithm in solving op-
timization problem [1-3], variational inequality problem [4, 5], and identifying the active
constraint [6]. Many researchers have focused their attention on the study of the error
bound (see [7-25] and the references therein). We refer the interested reader to the sur-
veys by Azé [8], Fabian et al. [13], Lewis and Pang [18], and Pang [23].

Although there is an extensive literature body on error bound, there is little literature
on the error bound of the non-lower semicontinuous functions. In this paper, we study
error bounds for the non-lower semicontinuous functions. The study of an inequality
defined by a non-lower semicontinuous function arose from a broad class of outer ap-
proximation methods for convex optimization (see [26] and the references therein). It is
also a theoretical interest to study error bounds without lower semicontinuity [16]. Some
commonly studied non-lower semicontinuous functions include the indicator functions
of non-closed sets. For example, the feasible direction cones of a closed convex set may
not be closed, thus their indicator functions may not be lower semicontinuous [27].
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The paper is organized as follows. In Sect. 2, we provide some preliminaries. In Sect. 3,
we extend the concepts of strong slope and global slope to the non-lower semicontinu-
ous functions. By using the two concepts, some characterizations of the global and local
error bounds are given for the non-lower semicontinuous functions. Especially, we get a
necessary and sufficient condition of global error bounds for the non-lower semicontin-
uous functions. In Sect. 4, we emphasize the special case of the non-lower semicontinu-
ous convex functions defined on Euclidean space. We get several necessary and sufficient
conditions of global error bounds for the non-lower semicontinuous convex functions.
Moreover, the results imply that the strong slope and the global slope could be used to
characterize the error bound of the non-lower semicontinuous convex functions. Finally,

we make some conclusions in Sect. 5.

2 Preliminaries

Throughout the paper, unless otherwise specified, let (X, d) be a complete metric space,
f: X — RU {+00} be a non-lower semicontinuous function. The lower semicontinuous
hull of the function f is defined by clf(x) := min{liminf,_,,f(y),f(x)}. As usual, domf :=
{x € X|f(x) < +oo} denotes the effective domain of f, f, (x) := max{f(x),0}. Let [f < 0] :=
{x € X|f(x) <0}, [f =0] := {x € X|f(x) =0}, and [f > O] := {x € X|f(x) > 0}. For U € X and
0 € (0, +00), we define

B,(U):= {x eXldx,U) < ,0} and BP(U) = {x e Xldx, U) < ,o},
where d(x, U) := inf{d(x, y)|y € U} with the convention that d(x,#) = +oco. Let cl U denote
the closure of the set U.

First, we recall the notation of global and local error bound.

Definition 2.1 We say that f has a global error bound if there exists a positive real number
o such that

ad(x,[ffO]) <f(x) forallxe X.
Let o (f) denote the supremum of 7 € [0, +00) such that
rd(x,[ffO]) <f(x) forallxeX.

Definition 2.2 Let x € X such that f(x) < 0. We say that f has a local error bound at x if

there exist a neighborhood U of x and a positive constant o such that
Ud(x, If < 0]) <fi(x) forallxeU.

Next, we recall the notion of strong slope introduced by De Giorgi et al. [28]. The strong
slope was used by several authors to give characterizations of error bound for the lower

semicontinuous functions (see [7, 9, 29]).
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Definition 2.3 The strong slope of function f at x € domf is defined by

|Vf](x) = limsup M

Yt d(x,y)

For x ¢ domf, let |Vf|(x) = +00.

The following notion (called nonlocal slope in [30]) was first introduced by Ngai and
Théra in [21, Theorem 2.1].

Definition 2.4 The global slope of function f at x € domf is defined by

o (&) =£0))s
IVfI(x)—sgpid(x’y) .

For x ¢ domf, let °|Vf|(x) = +oo0.

In Sect. 3, we will give an example to show that the strong slope and the global slope can-
not be used to characterize the error bound of the non-lower semicontinuous functions
(see Example 3.1).

3 Global and local error bounds
In this section, we extend the concepts of strong slope and global slope to the non-lower
semicontinuous functions and use them to give some necessary and/or sufficient condi-

tions for the global and local error bounds of the non-lower semicontinuous functions.

Definition 3.1 The closed strong slope of f at x € domf is defined by

IVF]*(x) = limsup M

U—x d(x, M)

For x ¢ domf, let |Vf|*(x) = +o0.
Definition 3.2 The closed global slope of f at x is defined by

1) — £ ().
<>|vf|*(x):sup%'

For x ¢ domf, let °|Vf|*(x) = +00.
According to the above definitions, one can easily get the following proposition.

Proposition 3.1
(i) Ifx e X\ cllf <0], then °|Vf|(x) > |Vf|(x) and °|Vf|*(x) > |Vf]|*(x).
(ii) °IVf1*(x) < °|VfI(x) and |Vf[*(x) < |Vf](x).

(iii) Iff is lower semicontinuous, then

IV (%) =°IVfIx) and  |VfI*(x) = |Vf](x).
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The following proposition implies that the closed strong slope and the closed global
slope of the function f is the strong slope and the global slope of the function clf, respec-

tively.

Proposition 3.2
(i) IVf1*(x) = lim sup,,_,,, G- — | clf|(x),
(i) °IVf1*() = sup, LR — |V ci f| ().

Proof We only prove (ii), and one can get (i) in a similar way. (ii) If clf(x) = +o0, then
the conclusion is clearly established. Without loss of generality, suppose that clf(x) <
+00. Since (clf),(u) < fi(u), °|Vf]*(x) < °|Vclf|(x). Next, we prove that °|Vf|*(x) >
°|V clf ().

If |V clf]*(x) = 0, then clf(x) < (clf).(u) <fi(u) for all u € X \ {x}. From the definition
of °|Vf|*(x), one has °|Vf]*(x) = 0.

Next, we assume that °|V clf|*(x) > 0. Furthermore, clf(x) > 0. Let the sequence {u,}
be such that °|Vclf|*(x) = lim,— o W, Since °|Veclf|*(x) > 0 and clf(x) <
+00, the sequence {u,} is bounded. There exists a subsequence {u,,} of {u,} such that
limy, o0 #,, =x*. We consider two cases.

1° x* = x. From the definition of the closure hull, one has lim,,, . clf(u,,) > clf(x).

(elf ()= (el f) oty ) +

Thus, clf(u,, ) > 0 for large enough n; and °|V clf|(x) = lim,, o T
1 Vlk

.For every
Uy, , take a point v such that

S0 > 01030 = el )| < et ) = L),

Thus,

IVfI @) = Jim (elf (@) —f (i)

d(x, v)
(le(x) - (le)(unk) - %d(x) unk))+
= m 1
11— 00 A, up)
= °|V el f(x).

2° x* # x. In this case, d(x,x*) > 0. Since clf(x*) < liminf,, _ o clf (1), °|V clf|(x) =

(Clf @)—(clf)+ (x¥))+
d(x,x*) ‘

Let the sequence {vi} be such that d(x*, vy) < % and |f(vk) — clf (x*)| < % Thus

(le(x) _f+ Vi)«

CIVFI*(x) Zlikminf

d(x, vi)
(el f () — el f(x*) = )
z liminf d(x,ve)
- liminf (clf (x) = clf(x*) = D)+ dlx,x*)
T koo d(x, x*) d(x, vi)
= °|V el f|(x). O

The following proposition gives some sufficient conditions for the nonemptiness of the
set [f <0].

Page 4 of 11



Chao et al. Journal of Inequalities and Applications (2019) 2019:38 Page 5 of 11

Proposition 3.3 Ifinfx\qr<o) °|Vf1*(x) > 0 or infy\ciyr<o VS 1*(x) > 0, then
i) [f=<0]#9, (i) cl[f <0] = [clf <O].

Proof Since |Vf]*(x) < °|Vf|*(x) for every x € X \ cl[f < 0], we only need to prove that the
conclusions are true under the condition infx\cir<o) °|Vf1*(x) > 0.

(i) Let o := infx\ay<o) °|VfI*(x). Suppose for contradiction that [f < 0] = #. Thus
infx clf(x) > 0. Let x € domf, then there exist ¢’ € (0,0) and r € (0, +00) such that

clf(x) < igl(fclf(x) +o'r,

By virtue of the Ekeland variational principle [31], there exists x € B,(x) with clf(x) <
clf(x) such that clf(x) < clf(y) + o'd(x,y) < f(y) + o'd(x,y) for every y € X \ {x}. Thus
°|Vf|*(x) < o' < o, contradicting the assumption.

(ii) cl[f < 0] < [clf < 0] is obvious. Next, we prove that cl[f < 0] 2 [clf < 0].

If x ¢ cl[f <0], then

(clf () — fi ().

IVf1*(x) = sup A )

Thus clf(x) > 0. This implies that x ¢ [clf <O0]. O

The following theorem gives two global error bound criteria for the non-lower semi-

continuous functions.

Theorem 3.1
@) Ifinfx\ar<o) [VFI*(x) > o, then f,(x) = od(x, [f <0]), Vx € X.
(ii) infx\ayr<o) °IVfI* (%) = o if and only if f.(x) > od(x, [f <0]), Vx € X.

Proof If 0 <0, then the conclusions are clearly established. In the following, we assume
that o > 0. From Proposition 3.3, one can get

[f <0]#0 and cl[f <0]=[clf <O0].
From Proposition 3.2, we have

inf |Velf]*(x) > o, inf °|Velf]*(x) >o.
X\cll?fgm' cf*(x) > o X\if[lf@]' clf*(x) > o

By [9, Theorem 2.1], [21, Theorem 2.1], and [16, Theorem 2.1], Theorem 3.1 holds. [

The following example implies that the strong slope and the global slope cannot be used
to characterize the error bound of the non-lower semicontinuous functions.

Example 3.1 Let Q denote the set of all rational numbers and P denote the set of all irra-
tional number. Let f : R — R be defined as

-1, ifx <0,
fx) =11, ifx € QN (0, +00),
1-x+[x], ifxePN(0,+00),
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where [x] denotes the largest integer not less than x. It is easy to see that x\ cl[f < 0] = [f >
0]. The function f is non-lower semicontinuous and infs.o) °|Vf|*(x) = inf[r.q) | Vf]*(x) = 0.
It follows from Theorem 3.1(ii) that f does not have a global error bound. One can eas-
ily get inf[r,q) °|Vf|(x) = infjr.01 |Vf|(x) = 1 > 0. This implies that the strong slope and the
global slope cannot be used to characterize the error bound of the non-lower semicontin-

uous functions.

Next, we give the characterizations of local error bounds for the non-lower semicontin-

uous functions.

Theorem 3.2 Let U C [f <0], C:=X \cl[f <0], p >0; and let A := Bp(u) NC and D :=
By, ()N C. Ifcl[f <0] = [clf <0], then

inf— @

e <ap = IV = i VA1)

Proof By Proposition 3.1(i), we only need to show the first inequality. We may assume
that the left-hand side of the inequality is finite. Thus A # @, and so [f < 0] # @. For any
o >infy %, there exists X € A such that

fx) < od(a_c, f < O]).
Let r € (0,d(x, [f <0])) such that f(x) < or. Let g(x) :=f, (x). We have

clg(x) < il)l(fclg(x) t+or.

By virtue of the Ekeland variational principle [31], there exists & € B,(¥) such that clg(%) <
clg(x) and clg(x) < clg(y) + od(%,y) for every y € X \ {#}. Note that r < d(x,[f < 0]) <
d(x,U) < p. For x € B,(X) C By,(U), we have clf(x) > 0 since cl[f < 0] = [clf < 0]. Thus
x € D. Furthermore,

0<clf(x) <fi(y) +od®,y), VyeX\{x}.
One can get °|Vf]*(x) < o. Thus infp °|Vf|*(x) < o, and the conclusion follows. O

As a special case of Theorem 3.2 that U is singleton, some characterizations of the local
error bounds are obtained as follows.

Corollary 3.1 Let C:=X \cl[f <0],x € [f <0], p >0, and D := By,(x) N C. Assume that
cl[f <0] = [clf <0]. Ifinfp |Vf|*(x) > o orinfp °|Vf [ (x) > o, then f,(x) > od(x, [f < «]),
Vx € B,(x), that is, f has a local error bound at x.

4 The convex case

In this section, we focus our discussion on the convex case. We show that the strong slope
and the global slope could be used to characterize the error bound of the non-lower semi-
continuous convex functions under mild assumptions. Throughout this section, let X = R”
be the n-dimensional Euclidean space with Euclidean norm || - || and f : R" — R U {+00}



Chao et al. Journal of Inequalities and Applications (2019) 2019:38 Page 7 of 11

be a non-lower semicontinuous convex function. Let ri(domf) denote the relative inte-
rior of the set domf. It is well known from convex analysis (see, for example, [32]) that
clf(x) = f(x) for all x € ri(domf).

Proposition 4.1 Ifx € X\ cl[f <0], then
IVFI(x) = IVfI(x) and °|VfI*(x) = |[Vf]"(x).

Proof According to Proposition 3.1, we only need to show that °|Vf|*(x) < |Vf|*(x) and
°IVf](x) < |Vf|(x) for all x € X \ cl[f < 0]. We only show that °|Vf|*(x) < |Vf|*(x) for all
x € X \ cl[f <0]. Similarly, one can show that °|Vf|(x) < |Vf|(x) for all x € X \ cl[f < 0].

Letx € X\ cl[f > 0]. If °|Vf|*(x) = O, then |Vf|*(x) = 0. Next, we assume that °|Vf|*(x) >
0. Let A € (0,1). For any y(# x) such that f(y) < clf(x), one has

(Cf @) ~£,0)). _ (elf@) - clfO).
=l
_ (@f @) —elf G+ (1= 1)),
= G+ (L= )l
~ tim ) =l G + (1 =),
M =Gt -2l

Let {2, },.¢(0,1) be such that

f@)=clf(Ax+ @ -1)y) +o(llx—zl) asitl,

and
o =2zl = [|x = (Ax + (L= 1)) || +o(lx—2]l) asit 1.
Thus
(clf(x) i)+ <lim (clf(x) —f(z2) + o(llx — z: 1))+
llx =yl Tl % =zl +o(llx = z1I)
— lim (clf(x) —f(z3))+ < limsup (clf(x) —f(2)). V).
Al lx =z 1% llx - z|l
Thus
1 —J+ +
911 = sup LD SO 9y,
yEx ||x _.y”
The proof is completed. O

Lemma 4.1 If[f < 0] #9, n := infei@om\ritdoms) CLf (%) > 0, and B € (0, 1), then

inf °|Vf|*(x) < inf °|Vf]*(x).
Jnf | f|()_[f>ﬁ] IV (x)
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Proof Assume that infj;_g) °|Vf|*(x) > 0 and infis, 4 °|Vf|*(x) < +00, thus B > infy f. For
any fixed o € (infr, 51 °|Vf|* (%), +00). Let X € [f > B] and & > °|Vf|*(X). Let

g0) =) +oly-xI+8s(f <Bl),

where §(y|[f < B]) is the indicator function of the set [f < S].

We claim that g(y) > c1f(x) for all y # k. Suppose for a contradiction that there exists y €
[f < Bl suchthatf(y) +o ||y —x|| +3GF|f < B]) < clf(x). Since B € (0,n), then y € ri(domy).
By [32, Theorem 6.1], one has Ay + (1 — )X € ri(domf). By [32, Theorem 10.1], one has
clf(3) =f(®) and clf(Ay + (1 = 1)x) = f(Ay + (1 — 1)) for all & € (0, 1). Since liminf, ;o f (1) +
(1 — A)x) = clf(x), then f(Ay + (1 — A)x) > O for sufficiently small A € (0,1). If A € (0,1) is
sufficiently small, then

(clf ) ~£o(45 + (L= D).
1E— 5+ A -nD
U@ -f05+1=2D). _ @G, _
E-05+A-0 — Z-»I

IV ®) =

a contradiction, where the second inequality follows from f(Ay + (1 — 1)%) = clf(Ay + (1 —

A)x) < Aclf(x) + (1= A)clf(®) and clf(§) = f(9).
Let ¢ € (0,0 —°|Vf|*(¥)) and ¥ € [f < B]. Since g(y) > clf(x) for all y # X, there exists
7e > 0 such that

clg(y) <infclg(y) + ere.

By virtue of the Ekeland variational principle [31], there exists y, such that

clg®) +elly = yell > clg(ye) forally #y..

Thus y, € [f < B] Cri(domf) and

SO +oly=xll =fe) +ollye — %l —€lly -yl forallye [f < B]. 1)

We claim that f(y.) = B. Indeed, we may assume, for contradiction, that f(y.) < 8. Let z,
be a point in the open segment (%, y.) with f(z;) = 8 > 0. Then z, € ri(domf). Writing (1)
for y := z, yields

fze) = f(e) = G(||ys — x|l = llze _9_‘:”) —&llze —yell = (0 — &)llze = yell,
where the equality follows from z, € (¥,y.). For A € (0,1) is sufficiently small, one has

(clf (%) — £ (ze))+
% -z |l
_ (@f(z) - fi(( = M)z + Aye)).
llze = (1 = A)ze + Aye)ll
(el f(ze) = (1 = M)ze + Aye))s
oz = (L= W)z + A

IV ®) =




Chao et al. Journal of Inequalities and Applications (2019) 2019:38 Page 9 of 11

) -FO _
B llze = yell n

a contradiction. Thus f(y,) = 8.
Now, we derive from (1) again that

) =f) <o (lly =%l = llye —xl) + elly = el < (0 +e)lly -yl forallye[f <g].

Thus
V1) =sup LI LD
y lye =yl
which shows that infiz_g) °|Vf|*(X) < 0. Thus infjr_g) *|Vf|*(¥) < infjs, g1 *|Vf " (%). a

Proposition 4.2 If [f < 0] # ¥ and infciomf)\ri(domys) CLf (%) > 0, then

dnf VA = inf V1)

= inf °|Vf|*(x) = f v
X\clf[‘fgmlﬂ(x) 1n Ifl(x)

Proof By Proposition 4.1, we only need to prove

*IVfI(x) = inf °IVfI*(x).

X\cl[f<0] X\cl[f<0]

By Lemma 4.1, we have
inf °|Vf|(x) > inf °|Vf|*(x) > inf °|Vf|"(x
int IV )_M VA1) = inf IV 1"

inf  °|Vf|(x),
[f<ﬂ \Cl[f<0] f| ) [f<B\cl[f=<0] | f|( )

where the equality follows from [f < 8] C ri(domf). Thus
inf  °|Vf|(x :min[ inf Vfix 1nf °|V x}
o V(%) B VLI ) PR V(%)

= inf  °|Vf|(x
[f</3]\01[f<0] f|( )

and

inf °|Vf"(x =min{ inf  °|Vf|*(x), inf °|V *x)}
X\cl[f<0] | fl ) [F<B\cl[f=<0] | fl )[f>ﬂ]\01[f§0] | f| (

= inf  °|Vf]*(x)
[f<ﬁ]\‘31[f<0] f| (

The above three formulas imply that

inf °|V = f °V
ne VAW = inf VST 0

By Theorem 3.1 and Proposition 4.2, we have the following result, which gives charac-
terizations of global error bounds for the non-lower semicontinuous convex functions.
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Theorem 4.1 Assume that infidom)f\ridom)f CLf > 0. Then the following statements are
equivalent:
(i) fi(x) =od(x, [f <0]), Vx e X.
(ii) infx\ay<o) °IVfI(x) = 0.
(iif) infx\air<o) [Vf1(x) > 0.
(iv) infx\apr<o) °IVf* (%) > 0.
) infx\r<o) IVFI* (%) > 0.

5 Conclusions

In this paper, we establish some necessary and/or sufficient conditions of global and local
error bounds for the non-lower semicontinuous functions. We also emphasize the special
case of convex functions defined on Euclidean space. We get several necessary and suffi-
cient conditions of global error bounds for convex functions defined on Euclidean space.
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