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1 Introduction

Considering the most general divided difference derivative [1, 2],

L1y _ -1
(e 106+ D) =F = ) "

t(s + %)—t(s— 3)

admitting the property that if f(t) = P,(¢(s)) is a polynomial of degree » in t(s), then
Df(t(s)) = B, 1(t(s)) isa polynomial in £(s) of degree n — 1, one is led to the following most

important canonical forms for £(s) in order of increasing complexity:

t(s) = £(0); (2)
ts) =s; 3)
£s) = q’; (4)
ts)= L ;qfs; geCsel. (5)

When the function £(s) is given by (2)—(4), the divided difference derivative (1) leads to the

ordinary differential derivative Df (¢) = % (¢), finite difference derivative

Af(s) =f(s+1) = f(s) = (e —1)f(s), (6)
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and g-difference derivative (or Jackson derivative [3])

(gt)-f(t) qi -1
AL @)

D)=L

respectively (see also [4—6]). When £(s) = x(¢°) is given by (5), the corresponding derivative
is usually referred to as the Askey—Wilson first order divided difference operator [7] that

one can write as follows:

fx(q?2)) - f(x(q?2))

D -
f((2) x(q2z) - x(q 12)

where x(z) = % is the well-known Joukowski transformation and z = ¢°.

The calculus related to the differential derivative, the continuous or differential calcu-
lus, is clearly the classical one. The one related to derivatives (6),(7), (8) (difference, g-
difference, and g-non uniform difference, respectively) is referred to as the discrete calcu-
lus. Tts interest is twofold: On the one hand, it generalizes the continuous calculus; on the
other hand, it uses a discrete variable.

This work is concerned with the g-non uniform difference calculus. We particularly aim
to establish g-non uniform difference versions of the well-known in differential calculus
integral inequalities of Ho6lder, Cauchy—Schwarz, Minkowski, Gréonwall, Bernoulli, and
Lyapunov. Another captivating work on the raised inequalities can be found in [8] for
a calculus based on a derivative also generalizing (6) and (7), but one will remark that
even if that work greatly inspired us, there is not any hierarchic relationship between the
calculus considered there (see [9] for a general theory) and the one considered here (see
also [10-12]) based on (8). We will note also that (8) is at our best knowledge the most
general known divided difference derivative having the property of sending a polynomial
of degree # in a polynomial of degree n — 1.

In the following lines, we first introduce basic concepts of g-non uniform difference
calculus necessary for the sequel, and then study the mentioned integral inequalities. The
functions that are considered in the g-non uniform difference calculus are clearly defined
on the set

2 g-Non uniform difference calculus
In this section, we discus the essential elements of g-non uniform integral calculus and
g-non uniform linear difference equations of first order.

2.1 g-Non uniform integral calculus

2.1.1 Integration

We consider the g-non uniform divided difference derivative defined by (from now on
q € R*, s € Z*, as indicated below)

(a2 L0 2) =l *2)

D, 1 1 ’ (10)
x(q2z) - x(q"22)
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=x(¢') = , qeR*,seZ". (11)

A function f(x(z)) is said to be g-non uniform differentiable on x(z) iff the ratio on the
r.h.s. (right-hand side) of (10) exists and is finite. Clearly, every continuous function on T
(in the topology of R) is g-non uniform differentiable on that set.

Let us suppose that DF(x(z)) = f(x(z)); z = ¢° or equivalently

Fle(q** 7)) = F(e(q* 2
(x(q°*2)) - Fx(g"2)) ~ f(x(q")).

1 1 (12)
x(q*2) —x(q"2)
We have
F(e(q™4)) - F(g4)) = [+(a ™) (e ) (x(a),
then we have
E(x(q)) - F(x(q)) = [x(4") = »(a") f (x(q"?))
E(x(q™)) = F(x(q)) = [x(g"™) - 2(4*) ) (x(4"2))
F(x(q" ™)) = F(x(q")) = [x(4"™") - x(¢") [ (s(q" 7))
By adding member by member, we get
F(x(¢') - F(x(q")) = Z:[x(q’) — (g (x(q7)-
Hence
x(z) (")
/ o [(@@) dpx@ € > [x(0) - 2(q0) f (x(tq?))
x\q x(t)=x(z)
AN
= 3 " [x(e) - x(@))f (x(tq2)). (13)

This integral sends a polynomial (in x(z)) of degree » in a polynomial of degree n + 1
[12].
Replacing x(z) =

z+z71
2

in this last equation, we have
[ )= -0 T e(1- Lttt
x(2)) dyx(z) = =(1 - ¢q) t(l - —)/ x(tq?)). (14)
x(qN)f ! 2 ; qt?

Let us stop for a moment on the appropriate writing of (14) to verify in particular
whether in these equations the integral on the left-hand side has a lower bound, actually

-1
lower than the upper bound. Note first that the function x(z) = #5—, z € R*, is decreasing

for 0 < z < 1 and increasing for 1 < z < co.
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Assume first that 0 < g < 1. In this case, according to the construction N > s > 0, one
will have gV < z = ¢° and x(z) < x(g"), and the convenient writing of (14) is

/:(qN)f(x( ) qx(Z)- 1- q)Z (——1>f (x(tq?))- (15)

On the other hand, if 1 < g < 0o, we will have z < gV and x(z) < x(¢") and (14) becomes
(15) again. On the other side, in (15), the factor

1
he) = (1- q)t(—2 - 1); t=qhs et
qt
is always positive regardless of whether 0 < g <1 or 1 < g < 0o (let us agree from now on

that0 < g < 1 and therefore 0 < z < 1). This leads us to the following fundamental positivity
property of the integral in (15).

Property 2.1 Iff(x(z)) > 0 and a = x(q*) < b = x(¢q"), then
b
f f(x(2)) dgx(2) = 0.
Corollary 2.1 Iff(x(z)) > g(x(2)) and a = x(q*) < b = x(¢q"), then

b b
[ 1) dn = [ alae) dprta

2.1.2 Connection between the q-integral and q-non uniform integral
We have

. d, L4 1 2z))d, 16
[ @) - [ (-1 )b de 16)

For N — oo,

*© 1%/ 1 )
/x(z)f( (Z)) dax(2) = 5/0 (ﬁ - l)f(x(qiz))dqz
- %(1 - q)ZZ(qziflzz - l)j(x(q”éz)), (17)
i=0

and the integral with lower and upper finite bound can be written as follows:

b 00 [e%)
/f(x(Z))dqx(Z): / F(x(2)) dyx(z) - /b £(4(2)) dyx(2) (18)

a = x(q%) < b =x(qP) (if the integrals on the r.h.s. of (18) exist).

A function f(x(z)) defined on T is said to be g-non uniform integrable on a finite interval
[%(2),x(g")] iff the sum on the r.h.s. of (15) exists and is finite. If the upper bound is infinite,
the g-non uniform integrability means the convergence of the infinite series on the r.h.s.
of (17). Every continuous function on T (in the topology of R) is clearly g-non uniform
integrable on any finite interval on that set.
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Remark 2.1 It is not difficult to notice that to deal with the case where s > N > 0 it would
suffice to replace in the preceding formulas z = ¢ by ¢V and vice versa.

In this case, from (13), we obtain

*(q™) o e .
/ ( fX@)dxz) = > [x(t) - x(g)]f (x(q¢))

J *(0)=x(a")

zq7!

= > [0 - x(g0)]f (x(a71)) (19)

t:qN

or by replacing x(z) =

f:(qN)f(x( )) dgx(z) = 1 q) Z (1 - —)/ (q%t)). (20)

Passing to the g-integral, we will have

x(qN) 1 z 1 1
[ re@dpe =5 [ (-1 Jato)ase o

For N — 0,

/lx( )f(x(Z)) qx(Z)——(q 1) Z ( L)f(x(ef%t))

t=q~1z

i=0
1 [~ 1 1
- /1 (1 _ E)/(x(qzt))dqt. (22)

Finally, if @ = x(¢*) < b = x(¢"),

b
f f(%(2)) dgx(z) €' / f(%(2)) dyx(z / f(%(2)) dgx(z)
= / f(x(z)) dx(z) - /b: f(x(z)) dx(2). (23)

2.1.3 Fundamental principles of analysis
(i) We can formulate the statement of the fundamental principle of analysis as follows:

“The g-non uniform derivative of the integral of a function is this function itself”
This corresponds to the formula

x(z)
D|: / f(x(2)) dqx(z)i| =f(x(2)). (24)

*(gN)

Page 5 of 22
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(ii) This is the g-non uniform version of the Newton—Leibnitz formula

x(z)
/ \, [PEE) <) =1 (+2) ~/ (x(4")) (25)

(q

2.1.4 Integration by parts
By integrating the formula

f(%(q?2)) Dg(%(2)) = DIfe] (x(2)) — g(x(¢722)) Df (x(2)) (26)

and using the second fundamental principle of the analysis, one obtains

/:c(z) [f(x(q% z))Dg(x(z))] dx(z)

qN)

x(z) 1
1, - /  glx(a12)) Dy (x(2)) ). 27)

(q")

2.2 Linear g-non uniform difference equations of first order
The general linear g-non uniform difference equation of first order is given by

Dy(x(2)) = a(x(@))y(x(g22)) + b(x(2)) (28)
or

Dj(x(z)) = @(x(2))7(x(q22)) + b(x(2)), (29)
where a(x(z)), b(x(2)), 4(x(z)), and b(x(2)) are known, while y(x(z)) and (x(z)) are unknown

functions to be determined.
Consider first the homogeneous equation corresponding to (28):

Dyo (x(z)) = a(x(z))yo (x(q_%z)). (30)
Detailing, we get

Y0(x(q22)) - yo(x(q~22))
x(q%Z) - x(q‘%Z)

= a(x(2)yo(x(4772)),
which gives

Y0(x(222)) = p(x(2)y0(x(q722)),

where

p(x(2) = 1+ (x(2q?) - x(zq7?) ) a(x(2))

(z-z"a(x(2)). (31)

Page 6 of 22
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Using the recursion

70(x(2)) = [p(x(222))] 70 (x(q2),

we obtain

z

$0(x@) =30(x(z0)) [T [p((ta?))]” (32)

t=q1z9
or

N-1

x(z) = 1_[ 22 o(x(qu)). (33)

i=

For N — o0 (or zg —> 0), we obtain
yo(x(2) = (ﬁ[p(x(zq”%))]‘1>yo(x(0>)' (34)
-0
Let us define the exponential function
E i (x(z0)ix(z) € ]‘[ [p(x(tq2))] " (35)

a,q
t=q"1zp

It is clear that

[e¢}

EM (x(0);x(2)) = ]"0[ (36)
and
an x(zo) (%) =1_[ q zoq 1. (37)
’ i=0

Similarly, for the homogeneous equation corresponding to (29)

Djo(x(2)) = &(x(2))70 (¥(g2)), (38)

developing, we have

Fo(%(222))p(x(2) =Fo(x(q772)), (39)

where

(z-z")a(x(gz)). (40)
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Using the recursion

50(x(2)) = B(x(422) )70 (x(42)),

we obtain
50(%(2)) =50 (x(20)) ﬁ [ﬁ(x(tq%))] (41)
5ufo(@) = [T *4)) o) @)

For N — o0 (or zg —> 0), we have

5o (x(2)) = [ [[2(x(z4""2)) 5o (x(0)). (43)

—,

i}
(=]

i

Let us now define the second exponential function

z

E_ 1 (x(a0).2(2) T [Be(ea?))]- (44)
t=q712
We have
F, 3 (0,56 = TT[pteea ) @9
and
E, 3 0 0) =TTl o0 o)

From (35) and (44) we obtain that:
If a(x(2)) = —a(x(2)), then p(x(2)) = p(x(z)) and yo (%(2))y0 (%(2)) = yo(x(20))¥0(x(20)). Hence

we have the following.

Theorem 2.1 Ify(x(z)) and y(x(z)) are solutions of

Dy(x(2)) = a(x(2))y(x(q722))

and
Dj(x(2)) = -a(x(2))i(x(132)).

respectively, and satisfy y(x(z0))y(x(20)) = 1, then y(x(z))y(x(z)) = 1.
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Direct proof

D) = y(x(q72)) Dy ((2)) + 7(x(24?)) Dy(x(2)
= ~a(x(2))7(x(2q?))y(x(zq ) + a(x(2)7(x(zq?))y(x(zg77)) = 0

= D(yy)=0; yy=const.
As well y(x(z0))y(x(z0)) = 1, then y(x(2))y(x(2)) = 1. O

Corollary 2.2

E -1 (x(zo);x(z)).E 1 (x(zo);x(z)) =1= E_W[% (x(zo);x(z)).E“,q% (x(zo);x(z)).

a,q —a,q

Let us consider now the non-homogeneous equations (28) and (29). To find the solution
of the non-homogeneous equation

Dy(x(2)) = a(x(z))y(x(zq’%)) +b(x(2)), (47)

we assume that yo(x(z)) is the solution of the corresponding homogeneous equation

Dy(x(z)) = a(x(z))y(x(zq’%)), (48)

and use the Lagrange method (variation of constants method) by taking

¥(%(2)) = y0(%(2))c(%(2)) (49)

as the solution of (47), where c(x(z)) is unknown. By placing (49) in (47), we have

D[yo (x(z))c(x(z))] = a(x(z))c(x(zq’%))yo (x(zq_%)) + b(x(z))

Dc(x(@)) yo(x(2q2)) + c(x(zq~2)) D[ro(x(2)]
- a(w(@)e(x(aq~ ) olleq ™)) + b(x(2)
Then, since
Dyo(x(2)) = a(x(a))yo(x(zq 2)),
we get
Dle(x(@) o (x(eq?)) + cls(eq™)alx@)3o sz }))
- a(w(a))c(x(aq~ ) yol(eq ) + b(x(@)

D[c(x(2)) ]yo(x(zq?)) = b(x(2)), (50)
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then
Dlc(x(2)] = 55" (x(2q?) )b (x(2))- (51)

This gives us the following relation:
x(z) 1
o(x(2)) = c(x(z0)) + / %! (x(tq3))b (x(0)) (0. (52)

x(z0)

Placing (52) in (49), we obtain

x(z) 1
¥(x(2)) = yo(¥(2))c(x(20)) + / ( )yo(x(z))yal(x(tqf))b(x(t)) dgx(t), (53)
hence
c(%(20)) = ¥y (%(20))y(%(20)). (54)

The relations (53)—(54) give

x(z) 1
y(%(2)) = ® (x(2), x(20)) [y(x(zo)) + f( ) @ (x(20), x(£q2 ) ) b(x(2)) dqx(t)i|, (55)
where
®(a,b) = yo(a)y," (b). (56)

We do the same with the equation associated to (28), equation (29), using the Lagrange
method with

§(%(2)) = ¢(x(2))30(%(2)), (57)

where ¢(x(z)) is an unknown function. Placing (57) in (29), we have
x(2) oo~
E(x(z)) = E(x(zo)) + / 5/(‘)1 (x(tq‘f))b(x(t)) dx(t). (58)

x(z0)

Placing (58) in (57), we obtain

%(2) oo
5(x(0) = o (x(@)E(x(z0)) + / ol (x(ea71)) x0) ) (59)
hence
¢(x(20)) = 5" (x(20))7(%(20)). (60)

Now we can write the general solution of (29) like

x(z)

§(x(2)) = & (x(2),(z0)) [y(x(zo)) " f

x(z0)

B (x(20), %(tq 7% ) ) b(x(2)) dqx(t)], (61)
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where
®(a, b) = jo(a)y, " (b). (62)

3 g-Non uniform difference integral inequalities

In this section, we will first establish g-non uniform versions of some integral inequali-
ties of classical mathematical analysis such as the integral inequalities of Holder, Cauchy—
Schwarz, and Minkowski. It can be seen that the techniques used in classical analysis re-
main valid here. Then we establish g-non uniform versions of some other integral inequal-
ities based on the linear g-non uniform difference equations of first order and the corre-
sponding Lagrange resolution method: the inequalities of Gronwall, Bernoulli; and finally
we prove the Lyapunov inequality for the solutions of the g-non uniform Sturm-Liouville

equation.
3.1 g-Non uniform Holder and Cauchy-Schwarz inequalities

Theorem 3.1 (g-non uniform Holder inequality) Let a,b € [1,00[NT. For all real-valued

functions f, g, defined and q-non uniform integrable on [a, b], we have
b
INCRTCOEES
b . 1 b 5
= ( / [f (x(2))| dqx(z)> ( / lg(x(2))] dqx(2)> (63)

witha>1and§+%=1.

==

Proof Let us first show that for A, B € [1, oo[ we have

==

R~

A«B

=

QI

B
=, 64
+/3 (64)

Indeed, since L + % =1,A,Be[l,00], % + 2 runs through the segment [A%, B?], while

o B
IOgQAa + logﬂBﬁ runs through the segment linking the points (4%,log A%) and (4#,log A?).

log A log BP _
Y« T <
log(AB). By applying the exponential to the two members of this inequality, we obtain (64).

By concavity of the logarithm function, we conclude that log(%u + %ﬂ) >

Let us now take

) If (x(2)) |

lg(x(2))”
) [7 1 (@) dyx(z) B(x(z)) =

A = ’
(x(2) I 18@@)1P dy(z)

considering that

b b
(/ [f(x(z)) ‘a dqx(z)) (/ |g(x(z)) ‘ﬁ dqx(z)) #0 (65)

(otherwise, clearly f =0 or g = 0 and (63) becomes equality). Due to Property 2.1 and its
Corollary on the positivity of the integral, by substituting A(x(z)) and B(x(z)) in (64) and
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integrating on [a, b], we have

b
/ If (x(2)) lg(x(2))] d,5(2)

o (2@ dr(@)7 ([° 1g(a(2))IF dy(2)) P

by
=f A« BF dx(2)
a

b
§/a {§+§}dqx(z)
b o
_ / {1 [f (x(2)) +1 lg(x(2)) } dx(2)
o Lo [P)f(@)|e dgr(z) B [} 1g(x(2))|P dya(z)
b o
_ 1/ { [f (x(2)) } / { lg(x(2))|P }dx(z)
[ 1f (@) dyx(z) 17 18(x(2))I# dyx(z)
=—+l=1,
a B

which gives us directly the g-non uniform Holder inequality

T/ b 7
/ If (%(2))g (x(2)) | dgx(2) < (/ If (x(2)) | dqx(z> (/ ]g(x(z))|’3dqx(z)>ﬂ. (66)
O

If we take @ = B = 2 in the g-non uniform Hoélder inequality (63), we have the g-non

uniform Cauchy—Schwarz inequality.

Corollary 3.1 (g-non uniform Cauchy-Schwarz inequality) Let a,b € [1,00[NT. For

all real-valued functions f, g, defined and q-non uniform integrable on [a, b], we have

/a b[f(x(z))g(x(z)) | dgx(z) < \/ ( / b[f(x(z)) ? dqx(z)> ( / b|g(x(z)) |2dqx(z)>. (67)

3.2 g-Non uniform Minkowski inequality

We can now use the g-non uniform Holder inequality to deduce the g-non uniform

Minkowski inequality.

Theorem 3.2 (g-non uniform Minkowski inequality) Let a,b € [1,00[NT. For all real-

valued functions f, g, defined and q-non uniform integrable on [a, b], we have

(/ (F + ) (x(2) | dyate ) (fy |dqx(z>1

1

(/ ‘g ’ dgx z)) (68)

with$+%=1,wherea>lamd/3>1.
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Proof We have

b
[l a6 4@ = [ 16+ @) |1+ x| o
< / 1 + 9 (32) " f (x(2)) | da(@)
b 1
+ / |(f +2) (%) |* |g(*(2)) | dgx(2). (69)

Using the g-non uniform Hélder inequality with g = —%, we will obtain

b
/ 1 +0)(+@)|* dyx(2)

] {/b dal dqx(z)} é U b|(f +9)(x@) [ dqx(z)} E
+ {[zb|g(x(z))|“dqx(z }1{/ | + ) (x(2)|“™ | dyx(z )}
[{ [y asof | [ aso |

b £
x { / |(F +g)(x(Z))!“|dqx(Z)}ﬂ. (70)

—

1

Dividing both sides of this inequality by { ab [(f + 2)(x(2))|*] dqx(z)}%, we have

(/ab](f+g)(x(z))‘adqx(z) 5{/ If (x(2)|* az,,xz)}1
+ {/ﬂb|g(x(z))|adqx(z)}é. (71)

As1- % = 1, this gives us the g-non uniform Minkowski inequality. O

3.3 g-Non uniform Gronwall inequality
Let us first introduce the following inequalities based on the Lagrange method for the

linear g-non uniform difference non-homogeneous equations.
Lemma 3.1 Let y, f be real-valued functions defined and q-non uniform integrable on
le,d], Ve, d € [1,00[N'T. Let a(x(z)) such that p(x(z)) = 1 + (q% — q"2)(z - z Va(x(z)) > 0.

That means a(x(z)) > 0.
Suppose that yo(x(z)) is a solution of

Dyo(#(2)) = a(x(2))yo (7 2 %(2)) (72)

such that yo(x(z0)) = 1.
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If
Dy(x(z)) < a(x(2))y(x(2q72)) +f(#(2) Vx(z) € [1,00], (73)

then
¥(%(2)) < y0(%(2))y(x(20)) + ¥0(x(2)) /x :O: 75t (x(tq?))f (x(2)) dye(2). (74)

Proof Let yy(x(z)) be the solution of the homogeneous equation

Dyo(%(2)) = a(x(2))yo (x(zq‘% ) (75)

such that yo(x(zo)) = 1. By looking for the function y(x(z)) satisfying (73) by the Lagrange
method

¥(%(2)) = ¢(%(2)) 70 (x(2)), (76)
where c¢(x(z)) is indeterminate, we replace (76) in (73) and we have
Dc(x(@))0(x(2))] < a(x(2)) [e(x(z))y0(x(zq72))] + (x(2) (77)

or

y0(%(2q?))De(x(2)) + c(x(2q72 ) Dyo (x(2))

< a(x(z))c(%(2))yo (x(zq%)) +f(%(2)). (78)

Using (75), we have

J’o(x(zq%))Dc(x(z)) + c(x(zq—%))ﬂ(x(z))yo(x(zq—%))

< a(x(@)c(x(zq7?))yo(x(247?)) +/ (x(2)). (79)
Simplifying this gives
Y0((2q%)) De(x(2) <f (x(2)) (80)
or
De(x(2) < 55" ((247) )f (x(2)), (81)

since a(x(z)) € R* implies yo(x(z)) > 0. By integrating the two members of the equality
from x(zy) to x(z), we will have

x(z) 1
c(#(2)) = c(x(z0)) < / o' (x(tq2) )f (x(2)) dya(2). (82)

%(20)
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However, from (76) follows c(x(20)) = y(x(zo)), given that yo(x(z0)) = 1. Hence

x(2) L
c(x(z)) < y(x(zo)) + / yal (x(tqf))f(x(t)) dx(t). (83)

%(20)

Placing (83) in (76), we get

¥(%(2)) = c(x(2)) yo (%(2))

x(2) 1
< 50(x(2) [y(x(zo)) RO dqx(t)}, (54
which gives the desired result
x(z) 1
¥(%@) = 70(x@)y(x(z0)) + 70 (%(2)) / R el () ), (85)
’ 0

Taking account of Corollary 2.2 and the fact that by the definition E _ 1 (x(z0);x(20)) =
aq

E 1 (x(z0); x(20)) = 1, we obtain the following.
aq

Corollary 3.2 Ify, f, and a are functions satisfying the conditions of Lemma 3.1, then

y(x(2) < E (%(20), 2(2))y(x(20))

x(z) 1
+ Ea;q' 1 (%(z0),%(2)) / Eﬁa;q ] (x(z0), x(tq2) )f (%(2)) dyx(2). (86)

%(z0)

Lemma 3.2 Let y, f be real-valued functions defined and q-non uniform integrable on
le,d], Ye,d € [1,00[NT. Let a(x(z)) such that

1

p(x(2)) =1- (q% -q %) (z-z")a(x(z)) > 0.

This means that a(x(z)) < 0.

Suppose that yy(x(z)) is a solution of

Dyo(#(2)) = a(x(@)yo(x(2q?))

such that yo(x(zo)) = 1.
In that case, if

Dy(x(z)) < a(x(@)y((x(zq?)) +f(¥(2)), V¥x(2) € [1,00], (87)

then, for all x(z) € [1,00[, we have

x(

z) 1
¥(%(2)) < y0(x(2))y(x(20)) + ¥0(x(2)) / Yo' (x(tq™2))f (%(2)) dgx(2). (88)

x(z0)
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Proof Let yo(x(2)) be a solution of the homogeneous equation

Dyo(x(2)) = a(x(@))yo(¥(2q7)),  yo(x(z0)) = 1. (89)

Looking for the function y(x(z)) satisfying (87) by the Lagrange method

¥(%(2)) = c(x(2))y0(%(2)), (90)

where ¢(x(z)) is indeterminate, we replace the function y(x(z)) in (87) and we have

D[c(x(2))y0(x(2))] < a(x(2)c(x(2q?))y0(x(2q?)) + (x(2)

or

c(x(zq% ))Dyo(x(2)) + ¥o (x(zq’% ))De(x(2))

Using (89), we have

e(x(zq?))a(x@))0(x(zq?)) + y0(x(eq ")) De(x(2))

< a(x(@))c(x(zq? ) )y0(x(2q)) +f (x(2)). (o1)
Simplifying this gives
Yo((zq7%)) De((2)) < £ (x(2)) (92)
or
De(x(2)) < 55" (x(2a72))f (+(2) (93)

since a(x(z)) < 0implies yo(x(z)) > 0. By integrating the two members of the equality above
from x(zp) to x(z), we will have

x(z) 1

e(x(2)) - c(x(z0)) < [ 2! (et ) (x(0)) (o). (94)

%(20)
However, from (90) follows c(x(z0)) = ¥(x(20)), given that yo(x(zp)) = 1. This gives

x(z)

c(1(2)) < y(x(zo)) + f | 5t (x(tg3))f (x(0)) dya(). (95)

x(ZO

Then we obtain
y(%(2)) = c(x(2))y0(%(2))
< yo(%(2)) [y(x(zO)) + /

x(z)

3o (e(tq ) (x0) dqx(t>], %)

(20)
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which gives the desired result

(.

z) 1
¥(%(2)) < y0(%(2))y(%(20)) + yo(x(2)) / o' (x(tq72))f (%(2)) dgx(t). (97)

x(z0)

As well as for Corollary 3.2, we deduce the following.

Corollary 3.3 Ify, f, and a satisfy the conditions of Lemma 3.2, then

y(x(2) <E 1 (x(20),%(2))y(x(20))

a;q2

+ Eﬂ;q ! (#(z0),%(2))

x(z) 1
X / E ! (x(zo),x(tq_f ))f(x(t)) dx(t). (98)

(z20) ~%4

Theorem 3.3 (g-non uniform Gronwall inequality) Lety, f be real-valued and q-non uni-
form integrable functions on [c,d], V¢, d € [1,00[NT, and a > 0. If

x(2) 1
@) <£ () + (e ))ae) dget (99)
then
y(x(2)) <f(x(2))
+ Eu,q'% (#(20),%(2))
x(z) 1 1
X /( ) a(x(t))f(x(tq‘i))E_a,q% (#(z0); x(tq?)) dygx(t). (100)

Proof Let us define

x(z) 1
v(x(2)) :/ y(x(tqg~2))a(x(2)) dgx(2). (101)

(z0)

Then v(%(z)) = 0 and Dv = y(x(zq"2))a(x(z)).
Hence hypothesis (99) gives

y(*(2)) <f(%(2)) + v(x(2)) (102)

and

Du(x(2)) = y(x(2q2))a(x(2) < [f(x(zq7?)) + v(x(zq?))]a(x(2)), (103)

or

Dv(x(z)) §f(x(zq’%))zz(x(z)) + v(x(zq’%))a(x(z)). (104)
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From Lemma 3.1, inequality (104) gives

v(x(z)) < v(x(zo))E 1 (x(zo);x(z))

aq 2
+ Ea,q_% (%(z0); %(2))
x(2) 1 1
X f( ) a(x(t))f(x(tq‘i))E_u'q% (%(z0);x(tq?)) dgx(2), (105)

and inequality (102) implies that (with v(x(zo)) = 0)

y(%(2)) <f(x(2))
+ Ea,q’ 1 (¥(z0); %(2))
(2) 1 1
X f( ) u(x(z))f(x(tq‘f))E_aq% (x(zo);x(tq?)) dgx(t), (106)
x(z0 ’
which is the g-non uniform Gréonwall inequality. g

As a direct consequence, we get the following results.

Corollary 3.4 Let y, f be real-valued functions defined and q-non uniform integrable on
[e,d], Ve, d € [1,00[NT and a(x(z)) such that 1 + (q% - q‘% )z -zYa(x(2)) > 0. That means
a(x(z)) > 0. Then
x(2) 1
y(x(z)) < / y(x(tq‘f))a(x(t)) dx(t) (107)

*(20)

for all x(z) implies that y(x(z)) < 0.
Proof This is due to Theorem 3.3 with f(x(z)) =0 O

Corollary 3.5 Leta>0and o e R. If

x(z) 1
y(x(z)) <a+ / y(x(tq‘f))a(x(t)) dgx(t) (108)

X0

for all xy = x(zo) > 0, then y(x(z)) < «E ! (%0, %(2)).
aq

Proof By the g-non uniform Gronwall integral inequality (100), if we take f(x(z)) = «, then

x(z)

y(x(z)) <o+ Eu,q'% (xo,x(z)) / ota(x(t))E_ﬂ’q% (xo,x(tq%)) dgx(t)

X0

x(z)
—a (1 - EM[% (%0, %(2)) /xo DE_M% (%0,%(2)) dqx(t)>

=a(l _Ea,q‘% (%0,%(2))(E 1 (x0,%(2)) —E

1 1
-a,q2 -a,q2

(xO’xO)))
—o— aEa’qf ! (xo,x(z))E_a;q ! (03 x(2)) + aEa,qf ! (%0, %(2))

= O[Ea,q’ 1 (xo, x(z)). O

Page 18 of 22
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3.4 g-Non uniform Bernoulli inequality
Theorem 3.4 (g-non uniform Bernoulli inequality) Let « € R. Then Vx(z), xo = x(20) €
[1, co[ with x(zq‘%) > xg, we have

EW[% (xo,x(z)) >1+ a(x(z) —xo). (109)

Proof Let us take y(x(z)) = a(x(z) — x0), x(zq‘%) > %9, Vz. Then Dy(x(z)) = ¢ and we have
oty(x(zq_%)) +a= a2(x(zq_%) - xo) +ta>o= Dy(x(z)),

which implies that Dy(x(2)) < ay(x(zg 2)) + c.
On the other hand, by Lemma 3.1, we get (with y(xy) = 0)

x(z) 1
y(x(2)) < y(xo)Eu’q_ 1 (%0, %(2)) + EM_ 1 (%0, %(2)) / aE_a,q 1 (%0, %(2q2)) dg(t)

x0

x(z)

“E,_y(sta) [ O (s0,5(0) dya()

X0

= —EM_ 1 (%0, %(2)) (E (%0, %(2)) = 1)

1
—a,q2

=-1+E (%0, %(2)).
That is why E -1 (%0, 2(2)) = 1 + y(x(2)) = 1 + a(x(2) — x0). a
aq
3.5 g-Non uniform Lyapunov inequality
Let us now turn to g-non uniform Lyapunov inequality regarding the derivative and inte-
gral introduced. For that, consider the following g-non uniform Sturm-Liouville equation:

DD*u(x(z)) +f(x(z))u(x(zq%)) =0, (110)

where D" is defined by D*f (x(z)) = fi(xﬁg;;:é g;z)) .
Let us define the function F by

F(y) = / b[(Dy(x<z)))2 - f (#(@) (y(x(2q?)))"] dgx(2). (111)

Lemma 3.3 Let u be a non-trivial solution of the g-non uniform Sturm-Liouville equation
(110). Then, for all y belonging to the domain of F, the following equality remains verified:

F(y) = F(u) - F(y — ) = 2(y = ) B)D* u(b) - 2(y - ) (@)D" u(a). 112)
Proof We have
F(y) = F(u) - F(y - u)
- [ 1)) o) i)



Bangerezako et al. Journal of Inequalities and Applications (2019) 2019:28 Page 20 of 22

- (Du(x(2)))* ~f (@) (4(x(q22))) - (Dl - )(x(2)))”
~f(%(2) (0~ W) (x(q72)))"} dge(2)

=2 / b{—(Du(x(z)))2 +f(%(2)) (u(x(2q2)))* + Dy(x(2)) Dus((2))
~f (£(2)y(x(zq?))u(x(zq2))} d;x(2)

-2 / (C(Du(e(2)) - u(x(z03))DD* u(x(2)) + Dy(x(2)) Du(x(2)
+y(x(2q?)) DD u(x(2)) } dyx(2)

~2 / Dy (x()) Du(x(2)) + 5(x(24)) DD u(x(2)
~ [(Du(x())? + u(x(zq? ) DD* u(x(2) ]} dy(2),

(using f (x(2) u(x(zq?)) = ~DD* u(x(2))), or
F(y) ~ F(u) - F(y - u)

_2 f (D[ (x(2) D u(x(2)] - D[u(x(2) D" ()]} dy(2)

~2 / ’ DU((x(2)) - (x())) D" (x(2))} dy(2)

= 2(y(b) - u(b))D*u(b) - 2(y(a) — u(a)) D" u(a). 0

Lemma 3.4 Let y be in the domain of F, then Va,b € [1,00[NT and c,d € [a,b] N'T such
thata <c<d <b, we have

d
/ (Dy(x(2)))” dp(2) > %yf))z. (113)

Proof Let us take

d) - dy(c) - cy(d
u(x(z))=y(;_)c/(c)x(z)+ y(c;_ccy( )'

Then D*u(x(z)) = % (‘23 9 and DD*u(x(z)) = 0, which proves that u(x(z)) is a solution of
(110) with f(x(z)) = 0, Vx(z) € [1,00[NT and

Fo)- [ ’ (Dy(x(2) dyx(@)
¥y(x(2)) from the domain of F. From Lemma 3.3, we get

F(y) = F(u)— F(y —u) =2(y — u)(b)D" u(b) — 2(y — u)(@)D* u(a) = 0.
Consequently,

F(y) = F(u) + F(y — u) > F(u).
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This leads us to the following result:
¢ 2 ¢ 2
/ (Dy(x(2)))’ dyx(2) = / (Du(x(@)))’ dyx(2)

d d) — 2
JAS =D

~ ((d) - y(0))?
N d-c

d

Theorem 3.5 (g-non uniform Lyapunov inequality) Let f be a real-valued function de-
fined and q-non uniform differentiable on [a,b],Va,b € [1,00[NT, a < b, and let u(x(z)) be
a non-trivial solution of equation (110) with u(a) = u(b) = 0, then

b b DD u(x(z)) 4
v/ﬂ\ f(x(z)) dqx(z) = —</a Wq%)) dqx(z) > m (114‘)

Proof From Lemma 3.3 with y = 0 and u(a) = u(b) = 0, we have
b 2 1y\\2
F(u) = f [(Du(x(2)))” —f (%(2)) (u(x(247))) "] dgx(z) = 0. (115)

Let M = max{uz(x(zq%));x(q%z) € [a,b]N'T} and ¢ € [a,b] N T such that #%(c) = M. Then
M = u*(c) > u2(x(zq%)) >0,

and
b b X
M / f(x(2) dyx(z) = / f(x(2)u? (x(2q2)) dgx(z)
b
= / (Du(x(z)))2 dx(z)

c b
= / (Du(x(z)))qux(z)+ / (Du(x(z)))2 dx(z)

|: a+b-2c)? 4 :|
=M

c-a)b-0b-a) b-a

>M ,
T b-a
which implies that [ f(x(2)) dyx(2) > M 2.
The g-non uniform Lyapunov inequality is thus proved. O

4 Conclusion
In this paper, g-non uniform difference versions of the integral inequalities of Holder,
Cauchy—Schwarz, and Minkowski, and also the integral inequalities of Gronwall and
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Bernoulli based on the Lagrange method of linear g-non uniform difference equations
of first order were established. Finally, the Lyapunov inequality for the solutions of the
g-non uniform Sturm-Liouville equation was proved.
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