Sang and Guo Journal of Inequalities and Applications (2019) 2019:26 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-019-1977-y a SpringerOpen Journal

RESEARCH Open Access

CrossMark

An exact estimate result for p-biharmonic
equations with Hardy potential and negative

exponents

Yanbin Sang'" and Siman Guo'

“Correspondence:
sangyanbin@126.com

' Department of Mathematics,
School of Science, North University
of China, Taiyuan, PR. China

@ Springer

Abstract

In this paper, p-biharmonic equations involving Hardy potential and negative
exponents with a parameter A are considered. By means of the structure and
properties of Nehari manifold, we give uniform lower bounds for A > 0, which is the
supremum of the set of A. When A € (0, A), the above problems admit at least two
positive solutions.
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1 Introduction and preliminaries
In this paper, we consider a p-biharmonic equation with Hardy potential and negative

exponents:

Aﬁ” - “‘1:_;;“ =fx)u+Argx)u” in 2\ {0},

u(x) >0 in £2 \ {0}, (1.1)
u=Au=0 on 052,

where 0 € 2 C RY is a bounded smooth domain with 1 < p < ¥, Adu = A(|AulP~>Au) is
the p-biharmonic operator. A > 0 is a parameter, 0 < j1 < un,p = (W)ﬁ, 0<g<l1
and p — 1<y <p* -1, where p* = NNfgp is called the critical Sobolev exponent. f(x) > 0,
f(x) #£ 0, g(x) satisfies the requirement that the set {x € £2 : g(x) > 0} has positive measures,
suppf N {x € 2 : g(x) > 0} #¥ and f, g € C(£2). Biharmonic equations describe the sport
of a rigid body and the deformations of an elastic beam. For example, this type of equa-
tion provides a model for considering traveling wave in suspension bridges [5, 16, 27, 30,
36]. Various methods and tools have been adopted to deal with singular problems, such
that fixed point theorems [14], topological methods [37], Fourier and Laurent transforma-
tion [18, 19], monotone iterative methods [21], global bifurcation theory [12], and degree
theory [22, 31].

In recent years, there was much attention focused on the existence, multiplicity and
qualitative properties of solutions for p-biharmonic equations under Dirichlet boundary
conditions or Navier boundary conditions with Hardy terms [4, 15, 17, 32, 34]. Xie and
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Wang [32] studied the following p-biharmonic equation with Dirichlet boundary condi-

tions:

2
Aou—p '”'pzp” =f(x,u) in$2,

||

u=2%-9 on 052,

T on

(1.2)

where % is the outer normal derivative. By using the variational method, the existence
of infinitely many solutions with positive energy levels for (1.2) was established. Huang
and Liu [15] considered the following p-biharmonic equation with Navier boundary con-

ditions:

2, P u :
Aju—p W =f(x,u) in £2, (1.3)
u=Au=0 on d§2,

where 1 < p < %’ By using invariant sets of gradient flows, the authors proved that (1.3)
possesses a sign-changing solution. Furthermore, Yang, Zhang and Liu [34] showed that
(1.3) has a positive solution, a negative solution and a sequence of sign-changing solutions
when f satisfies appropriate conditions. Bhakta [4] established the qualitative properties
of entire solutions for a noncompact problem related to p-biharmonic type equations with
Hardy terms.

On the other hand, nonlinear biharmonic equations with negative exponents have been
studied expensively [1, 6, 8, 13, 20]. Guerra [13] gave a complete description of entire

radially symmetric solutions for the following biharmonic equation:
A%u=—u, u>0 inR3

where g > 1. Moreover, Cowan et al. [8] dealt with the regularity of the extremal solution

of the following fourth order boundary value problems:

Azb[:ﬁ in.Q,
O<ucx<l in £2,

u=2%-0 on 0s2.

T on

Very recently, Ansari, Vaezpour and Hesaaraki [1] considered fourth order elliptic problem

with the combinations of Hardy term and negative exponents,

A%u = M| Vull?) Au — Lzu = M9+ k(x)u® in £2,
u=Au=0 ond§2,

(1.4)

where 2 C RN (N > 1) is a bounded C*-domain, A and u are positive parameters and 0 <
a <1,0<y <1 are constants. Here M, / and k are given continuous functions satisfying

suitable hypotheses. By using the Galerkin method and the sharp angle lemma, the authors

proved that problem (1.4) has a positive solution for 0 < p < (W)Z.
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We say that u € W := W>?(2) N W/Ol’p(.Q) is a weak solution of (1.1), if for every ¢ € W,
there holds

f |AulP2Aulig dx — / m|u|p 2ugodx=/f(x)u"’¢dx+k/g(x)u‘%pdx. (1.5)
fo) fo)

The following Rellich inequality will be used in this paper:

|uf?

|AulP dx > uy, ——dx, YueW,
/.Q P Ja x>

and it is not achieved [9, 24]. For any z € W, and 0 < j4 < uun,. The energy functional
corresponding to (1.1) is defined by

1 1 _
IA'“(u):p?/g('A |F—W|M|P> —E/Qf(x)hfﬂl Tdx

A
}/+1 1
— —+ 1 / g(x)|u| dx. (1.6)

For v € [0, unp), W is equipped with the following norm:

||u||7;—f<|A |P—W|u|1’)dx

Negative exponent term ¢ implies that I, ,, is not differential on W/, therefore, critical
point theory cannot be applied to the problem (1.1) directly. We consider the following
manifold:

M= {ue W:||u||ﬁ=/f(x)|u|1’qu+kf g(x)|u|y+1dx},
2 2

and make the following splitting for M:

M= fue Mi @+ q-Dlulf> 2ty +9) [ gl dx), (17)
o)

MO = ue i q= Dl =3y +a) [ gl dx), (18)
o)

M =que M:(p+qg-1ullf, <r(y +q)/g(x)|u|”+1dx . (1.9)
o)

In this paper, we will study the dependence of problem (1.1) on ¢, ¥, f, ¢ and £2 and
evaluate the extremal value of X related to multiplicity of positive solutions for problem
(1.1). Our idea comes from [7, 28, 29]. Our results improve and complement previous ones
obtained in [23, 25]. Denote |[u|’ = [, |u|® dx and D*>?(RN) be the closure of C§°(RN) with
respect to the norm (f]RN | AulP dx)}’.

A1 denotes the smallest eigenvalue for

Alu- ﬁw 2y = alulu, xeQ\(0LueW, (1.10)
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and ¢; denotes the corresponding eigenfunction with ¢; > 0 in £2 [3, 10, 26, 33, 35]. The

following minimization problem will be useful in the following discussions:

Suzinf/ Aul = L jup dx,ueDz'p(RN),/ Wl dx=1{>0,  (111)
RN |x|2P RN

and S, is achieved by a family of functions [4, 11]. Thus, for every u € W \ {0}, [lu|,+ <
14l Therefore, combining with the Holder inequality, we deduce that

y+1 pr-y-1

/ |M|y+ldx§ |:/ |u|()/+l)% dx:| r* (/ 1dx> r*
2 2 2

*

p-y-1
=121 7 lull))’

LED! ||u||u)”1
<[] 7~ <— ) (1.12)
S,
-q p*fi*rq

/Iull‘qus[f |u|‘1‘q>f’qu}p (f ldx)
2 2 2

*

—-

p 1-
=12] 7 Jull,*

||u||u)1q
<|$2] ¢ , 1.13
<12 ( T (1.13)

and

iy
<
+
b

1-

+1 +1 +1

flull‘qus[/ Iul(lq){—_qu]y (/ 1dx>y
I?) I?) I?)

Y+q _
= |21 7 flul 1. (1.14)

Our main results are stated in the following theorems.

Theorem 1.1 Assume that A € (0, A), where

p-y-1

p=r-1 oY
azm= (T (o) ) ) Gas)
- q+y q+y I lloo lglloo / \ |21%

> 0. (1.15)

Then problem (1.1) admits at least two solutions uy € M*, Uy € M=, with Uy ||, > luoll .-

Corollary 1.2 Let U, . € M~ be the solution of problem (1.1) with y = ¢ + p — 1, where
A€ (0,T,). Then

1
&

Tu\°®
”u)\.,/,L,E ||/L > C/L,E 7
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with

1 2 1-¢q
1 _1 — 1)\ pra1 Q2|N \ pra-1
Cue = |-Q|’l’ (I lloo) PP <1 P ) <| | ) — 00, ase— 0. (1.16)
&

Theorem 1.3 There exists A* = L*(N, 2, 4,q,y) > 0 such that problem (1.1) withf =g =1
admits at least a positive solution for every 0 < A < A* and has no solution for every A > A*.

2 Some lemmas
Lemma 2.1 Assume that A € (0,T,,), where T, is defined in (1.15). Then M* + 0 and
MO ={0}.

Proof (i) We can choose u* € M \ {0} such that fo(x)|u*|1‘qu >0 and [, g(x) x
|u*|"*1 dx > 0 from the conditions imposed on f and g. Denote
1d .
(p#(t) = t—y%h,ﬂ(tu )

= 0 [ - 0 /Qf<x>|u*|1'qu—1 /qu)lu*ly”d% £>0.

Note that ¢/, () = (p — 1 = y)&# 27 lu* |} + (g + )E77 [ f(x) ||~ dx. Let ¢ (£) = 0,
we have

P R e i ke
L:=tmax = [(q + J/)fgf(x)|“*|l_q dx:l ’ (2.1)

It is easy to check that ¢, (f) > —co as t — 0" and ¢, (t) - -1 [, g)|u*|"* 1 dx < 0 as
t — oo. Furthermore, ¢, (¢) attains its maximum at ¢y,«. By (1.12) and (1.13), we obtain

‘pu(tmax)
_|: (y —p+ Dlu*lly ]%””*”P
CLg+y) [of@)lur - dx "

(v —p+ Dl Fer "
_[(qw)fgf(x)w*v—qu} fgf(x)|”| dx

_x/ ge)|u " dx
2

—y—

p=y-1
_ (V—p+1>1-q- (Ilea*[[) =

2

—y—1
q+y (fgf(x”u*'l—q dx)q—z—p
y-p+1\Trr ()T
U g+y (==

(fof @) |u*|'-4 dx) T-ap

_A/ g(x)|u*|y+1dx
o)

p-y-1
1

y -y—q
-1 _ 1 > * 1P\ Tog=
= (q+p )(y Pr ) " (”u ”M) ~ p-y-1 _)\'/ g(x)|u*|y+1dx
q+y q+y (]ﬂf(x)mﬂl—qu)—kw Q
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p-y-1 —v=q

. <q+p—1><y -p+ 1) (1) =7
- + + gl g, poy-l
vy vy [fllol$2] 7 (“J”—“)1 4] >

g2l T (u) "~
WSM

—y— —y— (1-q)(p-y-1)
_(q+p—1>(y—p+1>€z;< 1 )If;;(,P/SM) Bz

q+vy q+vy If lloo Pl poy-l

27
_ y+1
gl 2 T (M)

S,
e o (1-q)(p-y-1)
(5055 ™ ()™ Sy
q+y q+y I1flloo mf";i*q e

P
y+1
_K||g||w(</?)y+1:||| ||,u

= A )]

> 0.

When A(u, A) =0, we get

—

py-

]

(1-q)(p-y-1)
T legp

—y-1
_<q+p—1>(y—p+1>%< 1 >lqp< 1 )(,P/S
avr )\ avy il I8l /) | g T

—

p-y-1 p-y—

(0 ) Glas)
q+y a+y If lloo lgloe /L)%

where we use the following two equalities:

1- —y-1
1-9p-v )H/+1 rlg+y)
l-g-p qg+p-1

and

W -1+q9p-y-1) p'-y-1_ 2(g+y)
p(-q-p) r* N(g+p-1)

(2.2)

In turn, this is also true. Hence A(u,A) = 0 if and only if A = T},. Thus for A € (0, T},), we
have A(u, 1) > 0. Moreover, by (2.2), we derive that ¢, (tmax) > 0. Consequently, there exist

two numbers t, and t; such that 0 < £, <lmax < tu, and

ou(t)=0=0.(27),  9,(t)>0>¢(t).

It follows that £, u* € M, and ¢, u* € M~. In fact, if ¢, (¢) = 0, then

0ut) = 171 [}t — 0 /Q )l dx— /Q e@lul" dx =0,

Page 6 of 26
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namely

ligeell = /Q S ltu] " dox + 2 fg g()|eul”* dx.

Hence tu € M. Furthermore, if ¢/ (£) > 0, then

(0= 1= )27l + (g 4 y)E 0 /g £l dx > 0.
That is
p-1-Plelf + @+ p) [ f@lad™ds>o
2

ie.,
= 1=y)lltullf, +(q + y)[lltullﬁ - A/Qg(x)lmly+1 dx] > 0.
Note that tu € M, we have
@+q—1MaMﬁ—AW+y{Lguan“dx>a

Thus tu € M*. By a similar argument, if ¢, (¢) = 0 and ¢, (¢) < 0, then tu € M. Therefore,
both M* and M~ are non-empty sets for every A € (0, T),).

(ii) We claim that M° = {0}. Otherwise, we suppose that there exists z, € M°and u, #0.
Since u, € M°, we have

<p+q—1)||u*||i=x<y+q>/ @)l dx,
2

moreover
= ||u*||ﬁ—/f(x)u}k_qu—k/ g)ul ™ dx
2 2

- p+q-1
= s, - f St ds = I 1

e ALY /fx)u“’dx

For A € (0, T,,) and u, # 0, combining with (2.2), we deduce that

0 < A, Mllae |17

-1

—vY=q
_(a+tr-1 —p+1\Eo ()T q+p-1 »
< — lee. 2, =0,
v =y (e \ 4

q+y

which is a contradiction, Thus u, = 0. That is, M° = {0}. O

The gap structure in M is embodied in the following lemma.
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Lemma 2.2 Assume that ) € (0, T,,), then

U1l > My (A) > Mo > Nl s

U1 >Ne(A) > Nyo > lully, Yue MU e M,

where

pF -1+

1
y+q |£2] P
M, o= s
0 |:)/—]9+1Hf”oo({'/s_)l >

M, (%) [P+q—1 1 (S, V“}M-P
I3 = p*-1-y

2 PSR

Yy tq + o+ prq-
NM,OZ ”f”oo ’

y-p+1 S,

1

p+gq-1 1 Sl y+lp
M= S e |

14 q g o0 |,Q| p y+1)

Proof 1fu e M* C M, then
0<<p+q—1>||u||51—x<y+q>/gg<x>|u|y+1dx
=(p+q—1)||u||’,';—(y+q)[|lu|l{;—/ﬂf(x)lu|1qu}
=(p—y—1)||u||1;+(y+q)/9f(x)|u|1*qu.
We obtain from (1.13) that
(v —p+ Dlul?, < (v +q)/9f(x)|u|1‘qu

e 7
W llool$2] 77 < ”) )
= +9lf s,

which leads to

p-legq

1
PF e
||u||u<[yﬁ T oo ] = Myup.

(/S

By (1.12) and (1.14), we have

SM
pETE)

|_Q| pFy+1)

Sy ooy (], \"
<(y- p+1)—*[|9| 7 (
192> p*<y1+1y) Su

(y —p+Dlull,,

P
+1

Page 8 of 26
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=(y -p+Dlulf,
<t +a) [ Sl ax
2

r+q 1—
< + DI oo 217 el 5

which implies that

r+q, (p¥-1- 1
y+q |2|7+17 PFr+D) 7| praT
=N,

1 loo

[lze]| +1<[
14 y-p+1 Su

If U € M~ C M, combining with (1.12), we derive that

(0 + - DIUIE <Al +q)/9g(x)|uv“dx

gt U]\
<Ay +9lgllol2] 7 (—“ ,

5

which leads to

_ 7S Yy
p+gq-1 1 (¥Sw) ]V ”:MM()\)'

Il >[ -
LMY 40 gl g

Furthermore

S
(p+q-DIUIL,, —

*_1—
12 o)
S wemr U\ 17T
o 2
S(PHI—U%[LW v <p—;)1|
Feliaiza Vou

- (p+q- DU,
<Ay +q)/ g|U" dx
2

<My + gl U1,

which means that

1
p+q-1 1 Sy i|1'+1
)

P
L2111 >|: : =N, (4).
LM+ a) gl g e g

Therefore

p-y-1 p-y-1 q+y

ne ()T ) ) ()
B 2p
q+y q+y 1 lloo gl /\ |2/
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*_1-y

— )7 v+l V*&—I’
- Mﬂ(}\):[p+q 1 1 (S j|

*_1—y

—a\ M_p[p+q 1 1 ({/?)y+1i|m

1 1
y+1l-p ptqg-1 1
_ (w_y) (ﬂ) (1 lo0) P (Il ) 717

q+p-1 y-pt+l

2, +
|Q|Wp(q+p—?)(¥/+l—p) |:p+q—1 1 (p/S )y+1:|ﬁ
X

@y Py
(SM) g~y +1-p)

y+4q gl G

T |_Q|2Wp%‘ph—};y
+ p+q- _1 y=pr)prg- P
= (&) (I[flloo)”“”l —
y-p+1 (p/SM) W y+Ip
@7
y+q P pra-
= :M »
Bl w/sﬂ')lq] o
where we have used the following facts:
2p q+vy o p-l-y
N(y-p+Dp+q-1) py-p+1)
_ 2" -p) a+y _p-l-y
2pp* (y-p+1p+q-1) p*(y-p+1)
_y-p+ )T +g-1)
ply-p+Dp+q-1)
and
q+vy y+l1 pg-qy+y-p-q+1 1-¢q

Py p+)p+ra-1) yv+i-p (G -p+Dp+q-1) prq-1
Similarly

p-y-1 pr-y-1 q+y

q+p-1\[(v-p+1 == 1 T-q» 1 A
A=T, = — — o :
q+y q+y 1flloo lglee /L1621

p+tq-1 1 S, i|1'+ip
My +9) gl | o)

_1
e T
)

& A@Q):[

pr-1-

My +a) lgllso 15 MV

- (ﬂ) e (‘”—V) 117 (1)

g+p-1 y-p+1

|_Q|Nq+17;”;+1—p)|:p+q 11 S, }y‘Tp
X

(SM) (p+q-1)(y+1-p) )“(y + q) || W”OO |Q| p*(}/+1))
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preT ?v*p< SV *(p*l_)g_yl )
— —p+ +q— + +1-,
_ q+y pHq (”f” )p+111—1 |Q| y-p q pry+)(y+1-p
—pn+1 * ary 1
y—p (S,) P+ D=1~ v+1p
v+q , (p*-1-y) 1
yrq o @17 F 1
= = 70
y-p+1 *© Su e

where we have applied the following equalities:

2p qa+y p p-l-y
N(y-p+Dlp+q-1) “py+1y+1-p)
_ 2" -p) q+y p-1-y

2wp* (y-p+Dp+q-1) ply-p+1)
_ytq pi-l-y
y+1 Tpiy+ 1)’

and

q+y v qty-ptg-1) 1
(y-p+Dp+q-1) y+1-p (y-p+Dp+q-1) p+q-1

Consequently, M, (1) = M, if and only if > = T}, and N,(A) = N, if and only if A = T,
respectively. This completes the proof of Lemma 2.2. d

Lemma 2.3 Assume that » € (0,T),). Then M~ is a closed set in W-topology.
Proof We choose a sequence {U,} such that {U,,} C M~ and U,, — Uy with Uy € W. Then

. P
1ol = lim 22,1,

lim [/ f(x)|Un|1_qu+kf g(x)|l,[,,|y+1dx:|
n—0o0 0 0

[ o [ gwiunras
o) o)
and

O+ - DIl -3ty +0) [ Wil ds

fe)
= lim [(p +q = DIUE, = A(y +q)f g(x)lunl“ldx] <o.
n—0o0 0

Hence Uy € M~ U M°. By Lemma 2.2, we have

1ol = Hm [[Lll,e = Myo >0,

that is, Uy # 0. Combining with Lemma 2.1, we obtain Uy ¢ M°. Thus U, € M. There-
fore M~ is a closed set in W-topology for every A € (0, T),). O
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Lemma 2.4 For u € M%*, there exist a number ¢ > 0 and a continuous function g(h) > 0
with h € W and || h|| < € such that

70)=1, Fh(u+h)eM*, VheW,|h|<e.
Proof We only prove the case that M*. Define a function F : W x R* — R by:
E(h,s) =" u + hllf, - /Qf(x)|u +h|Y T dx — As¥H /.(Zg(x)|u +h|” 1 dx.
Note that # € M*, we obtain
F(0,1) = lull, - /Q ) dx— /Q g@lul’* dx =0,
and
F01) = (- 1+llull, - (g + ) /Q g@)lul* dx >0, (23)
At (0, 1), using the implicit function theorem, we know that there exists & > 0 such that for

h e W and ||h|| <&, the equation F(h,s)=0hasa unique continuous solution s = g(4) > 0.
Hence g(0) = 1 and

0:§(h)P*1+q||u+h||llj—fgf(x)m+h|1*qu—x§(h)y+q/9g(x)|u+h|V+1dx

U+ W) — [ f )G+ ) i — . [, g(x)[G() (1 + 1) |7+ dx
B O ’

gh)(u+hyeM, VheW,|h|<E,
and

E(hg(h) = (p -1+ @& 2|lu+ hll, — (q + y)rg(h) 17! /Qg(x)lu +h|"* dx

-1+ W+ WL~ (g +v)x [ g@) G + )7 dx
B 7 1(h) ’

together with (2.3), these imply that we can choose ¢ > 0 small enough (& < ) such that
foreveryh e W and ||h| <¢

-1+ g+’ - (g +y) /Qg(x) G+ )| dx >0,
that is,
g u+h)e M*, VYheW,|h|<e.

This completes the proof of Lemma 2.3. O
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3 Proof of Theorem 1.1
For every u € M, by (1.13), we have

1 1 A
L) = ~||ulf?, — —— -4 ——/ vilg
o (24) pllullﬂ 1_q/gf(x)lul x o1 Qg(x)lul %

:Ilﬂllullﬁ—qufgf(x)mﬂ—qu—%[llullﬁ—/f(x)ul—qu]

(11 1 -
(- - (5 - ) [t vas

o
= (5 5 1= (g = s g
o= K(llull,0)- (3.1)
Let
/ » 1 i
K(||u||u)=(1—m)nunﬁ —(1—y—)nf||oo (I =0
We have

p*71+q

IQI 7
( V+1 ”f”oo p 1 -q pﬂli 1
1-— _p_

ol = (Netllpe) i =

y+1

Since K" (||ull ) > O for all ||z, > 0 with C(||«]l,) — O as |lx||,, — 0 and K(]j«||,) — oo as

llz]l,, = oo. Therefore IC(u) attains its minimum at (|||, )min, and

P**1+q
12
K1) ) (1 1 )[( S }
Win) =\ p Ty 41 1- -ty
pi-ltq 1+q
Pl 2 ¥ -
( ) 21" [ - 'V”“W”}%
1-q y+1 OO(zﬂ/SM)lq 1—% ’
By (3.1), we deduce that
| Hlim Lo (w) > | l}im K(llull.) =
ull—o00 u| =00
namely, I, , (1) is coercive on M. Combining with (3.1), we have
L) = K() = K((ll ), )- (3.2)

Thus I,,,(u) is bounded below on M. According to Lemma 2.3, if A € (0,7,), then
M* UM and M~ are two closed sets in M. Therefore, we apply the Ekeland variational
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principle [2] to derive a minimizing sequence {u,} C M* U MO satisfying:
i) I inf I, L
(i) A () < MPLIJMO A (u) + Z¢
1
(i) Loy (0) = D ua) = =l — wnll, Ve M*UM°.
n

Assume that #, > 0 on £2 \ {0}. Note that I, ,(#) is bounded below on M. By (3.2), we
get

. 1
K((laeal) ) < Do) < ik L)+ <G, (33)

for n large enough and a positive constant C;. Hence {u,} is bounded in M. Let us, for a
subsequence, suppose that

U, — Uy in W,
U, (x) = up(x) a.e.in £2,

Uy — U in L'79(£2) and LY *1(£2).
For every u € M*, we deduce from p > 1 that
Do) = Sl - i/f(x)w-qu— L/ g@lul* dx
T 1-q g y+1Jgo
1 1 . A .
vt = g [ gonras| -2 [ g as
11 1 1
- (— - —) lull, + (— - —)A/ gl dx
p l-gq -qg v+1) Jo

1 1 1 1 \p+gq-1
<\ == Jlullf + - 17214
pr l-g¢g l1-g v+1) y+q

+g-1 1 1
S () <o,
v+q \y+1 p) "

which implies that inf pq+ £, () < 0. For A € (0, T},), it follows from Lemma 2.1 that M° =
{0}. Thus u,, € M* for n large enough and inf y ¢+ pq0 I, () = inf g+ 1y, (1) < 0. Therefore

I)L,M(I/l()) < liminfl,\,u(u,,) = inf I)\YM <0,
n—0oo MHUMO

i.e., up > 0and uy # 0.

In the following, we prove that, when X € (0, T),),

@+q—1{/f@ﬁ%ﬂdx>My—q+1{/g@ﬁ%”dx (3.4)
2 2

For {u,,} C M*, we have

p+q-1) / f@uy Tdx =y —p+1) / goyuy™ dx
o 2



Sang and Guo Journal of Inequalities and Applications (2019) 2019:26 Page 15 of 26

= lim |:(p +q-1) / f)utdx—A(y —p+ 1)/ g)ur ! dx]
n—00 2 Q
= lim {(p +q- 1)[|Iunll’,i - K/ gx)ul ™t dx] -AMy-p+ 1)[ gxu ! dx}
Hn—0Q Q Q
= lim [<p+ - Vlunl 1y + ) f P dx] >0,
n—0o0 0
We suppose that
p+qg-1) / f(x)u(l)fq dx— Ay —p+ 1)/ g(ac)ug+1 dx=0. (3.5)
2 2
It follows from u,, € M, the weak lower semi-continuity of the norm and (3.5) that
0= lim [Ilunllﬁ —/f(x)ui‘qu%/ g(x)uZ”dx]
n—0oQ I} 0

> [|uoll?, — /Q F®)uy T dx -1 /Q gw)ul* dx

1
lutoll = 3222 [ goudy ™ di,

p 1-q
luoltn = 2555 Jo f )uy * dx.

Hence, for every A € (0, 7)) and uy # 0, combining with (2.2), we obtain

0 < A, M) [luol|7;!

pr-y-1 ot

-1 — 1\ =4~ P\1=g=p
=< <q+p )(V pY ) qp Uluoll) P —)»/g(x)|uo|y+ldx
q+vy q+vy (fgf(x)|u0|1—q dx) ar Q
p-y-1

—r=q9
<<q+p—1><y—p+1>l—q—p (uollf) ™7 prq-
< -

—y—1
q+y q+y yp+ly . 1 P\ry
(5 o) o

—

1
lluollf, =0,

which is a contradiction. In view of (3.4), we get

p+g-1) /Qf(x)ui’q dx—- My -p+1) /Qg(x)uZ+1 dx > C, (3.6)
for n large enough and some positive constant C;. Since u,, € M, we have

0+ q-Dlwl? -y +q) /Q ¢@ul dx = Cy > 0. (37)

Set ¢ € M with ¢ > 0. Using Lemma 2.4, there exists g, (¢) such thatg,(0) = 1 and g, (¢)(u,, +
tp) € M*. Thus

ol ~ [ Syl s [ gy dx=0
2 2

and

L)l + tpllf, - 3,79() /Qf(x)(un +t¢) T dx — 1) () /Qg(x)(un + 1)’ dx = 0.
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Therefore
0=[g(t) = 1] + |12, + (14 + DN, — |42
@0 -1] / F) s + 1)1 dx
2
- / £t + 1) — ] e~ 2[F (1)~ 1] f )ity + 1) dx
2 2
- A[ g(x)[(un +tp) ! - uZ*l] dx
2

< [ = 1]llun + BN, + (Nt + tIE = llunll?,)

~[0-1] [ S, + 91
2
- g -1] f 80)(uty + ) dx / g0) (a + £) " — ul* ] .
2 2

Dividing by ¢ > 0 and letting ¢ — 0, we have

_, , - |l 2t
Ofpgn(o)”un”u‘*'p |Aun| AunAq)_ﬂW dx
2

- (- F0 [ feouids
2
— Ay + I)E;(O)/ g@)ul M dx - Ay + 1)/ g)ul ¢ dx
2 2
=Z,(0) [pnunnf; ~(1-¢) / g dx}
2

p-2
+p/ (IAunlp‘zAunAq& _ MM) dx
Q

|| 22

- My + 1)/;2g(x)u5¢dx

=§;(O>[(p +q=Dlltllf, =2y +9) /Q g dx]

|4 P>t p

||

+p/ (|Aun P2 Au,Ap — ) dx— My + 1)/ gx)ul ¢ dx, (3.8)
fo) 2

where ¢ (0) denotes the right derivative of g,(¢) at zero. If it does not exist, g,(0) should
be replaced by limy_, o E”(%f”(o) for some sequence {t}2, with limy_, o & = 0 and £ > 0.

Combining with (3.7) and (3.8), we have g/,(0) # —0o. Now we prove that g,(0) # +00.
Otherwise, we suppose thatg, (0) = +oo. Note that g,(¢) > g,(0) = 1 for n large enough, and

180(8) = 1] - llall + 2, DBl = [[[80(8) — 1]ua + 2 (0)0 |
= ”En(t)(un +19) — uy, ” (3.9)
Using condition (ii) with u =g,(¢)(u, + t¢) € M*, we deduce that

loll

n

[.(0) -1

AL
n



Sang and Guo Journal of Inequalities and Applications (2019) 2019:26 Page 17 of 26

—_

= ”gn(t)(un + 1) — uy ”

S

> L (un) — I)L;L(gn(t)(un + t¢))
lnunnp - —/f(x)lu 14 —f @)l i~ —gfz(t)nun L1l

b / f(x)|§,,(un+t¢)|1_qu+ / £0) |Gl + t0)|""
1-qJg v+1lJg

1 1 +1 A +1
=1—9llunll,’i—ﬂ[llunllﬁ—)\/gg(x)lunly dx]—mfﬂg(x)lunly dx

1. 1 [
- O+ 1, 4 —[ 2Ol + 201~ | gl + 11" dx]
h 2

+ Y t)f g@)|uy + t]"* dx

1 1 1 1
_(Z__- V4 - y+1
(p = q)n il (1= g ) [ e
1
(15— Bt ol

LN )xg”l()/g(x)|un+t¢|y+ldx
2

l1-qg y+1
- (:1 _l;>(||un + |10~ lluall?) + <Tq —1—9)[ L) = 1]llu, + 2o,
_(L_ - )xz;“(t) f g)[(n + )" — ! d
-qg y+1 2
(i
l-qg y+1 " 2 ! '

Dividing by ¢ > 0 and letting ¢t — 0, we obtain

2,(0)-

1 1 p-2
> (150 ) p [ (1aw2ana0 - e Y as
l-q p Q |x |2

11\
+ (fq _l;> - P8, (0) | un |7,

lanll NIl
+ —
n n

1
1
- —-— (y+1)/ ()uy d dix
(l—q Y+ ) ¢
1 1
_ x(l— . —)(y + 1Z,(0) / @l dx
-q Y+
-1 np72 n 1+q.
:u/ (IAunlp_zAunA¢—pcM)dx+u 7 (012t %,
1-¢g Q [ [ l-q

_ k— (x)uygbdx Ay—qEL(O)/ g(x)ufrl dx
-9q Q
= ‘%0; [(10— 1+ q)lluallf, - A(y + q)/ gult dx]

-1 n n
+p7”’f (IAunlp_zAunA¢— '”'72”"’)4 Mo | s
1-q Jo | x| 2P l1-¢g



Sang and Guo Journal of Inequalities and Applications (2019) 2019:26

that is,
||¢|| ()[(p 1+ lunll, - y+q)/ (! (1—q)||un||:|
n

n
-1+ P~y
+p q/ |Aun|”_2Au,,A¢—M4|u"| n$ dx

1-q Jo w2

—Au g § dx, (3.10)
—-qJe

which is not true since g,,(0) = +00 and

1- . 1-9)C
Ul , ¢, 4-0G

B -1+Qluall, -1y +4q) /Qg(x)u,ﬁ” dx -
It follows from (3.7), (3.8) and (3.10) that
2,00 =< C4
for n sufficiently large and a suitable positive constant C.
In the following, we prove that uy € M™ is a solution of problem (1.1). By (3.9) and

condition (ii) again, we have

1 ~
;[Ign(t) 1| Juall + 2.l ]

—_

= ”gn(t)(un + 1) — uy ”

S

> Ly (un) = Iku(gn(t)(un + tff’))
lnunup - —/f(xnu 4 —f @)l dx gff(t)nun o,

- / 4@ Gulin + 10)] " d
2

x) |§n(un + t¢>)’17q dx +
Y+

~n - 1 ~n
g (2 - & ;) (It + 012 — l126,]12)

~1 —q
+ (t) /f(x Uy + ) dx

1 1- 1- k@+l(t) -1) +
+ l_q/;2f(x)[(u”+t¢) q_un q]dx+ y+1 /;}g(x)(un"’tfp)y dx
L +1 _ +1
T /Q g [(ty + t0) " — 1l .

Dividing by ¢ > 0 and letting £ — 0%, we derive that

[I 2] - lltall + 11011]
-2
> 2,0l - [ (lAunlp‘zAunm - u'””'p—W) dr+ g0 [ Sl s
2 |x|2p o

+2g,(0) / g)ul  dx + A / gXul ¢ dx
2 Q
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+ liminf dx

t—0t 1 — q
=-£,(0) [Hunll,’i - / fx)uldx - A/ g dx}
12 2

1 / F )Wt + ) = 14y 7]
o t

|t P2t

- | Aut, P72 A, A —u—)dx+k/ (x)ul ¢ dx
/g( O S

1 / F @)Wt + ) = 1y 7]
o t

dx.

+ liminf
t—0t 1 — q

Noting f(x)[(u, + t¢p)' 9 — ui_q] > 0, for every x € £2 and ¢ > 0, together with the Fatou

lemma, we find that

— 1-¢q
liminf[f(x)[(m, + 1)1~ u, ]}

t—0* t

is integrable, and

/f(x)u;qudx
2
1 _ 149
< liminf 1 /f(x)[(un+t¢) Un ]dx
t—0* l—q Q t
~r p—2
< BOWL WL [ (|2 0 1 unqb)dx
n Q ||
—A/ gwul ¢ dx
2
p-2
§M+f |AL¢,,|‘”’2AM,,A<,25—/LM dx—)»/g(x)u%d)dx.
n Q |2 2

Applying the Fatou lemma again, we have

/g F)uy ' dx
_ /g [linrgg}ff(x)u;%] dx < liminf /Q f)u;9¢ dx

CC
§liminf|:73 (Rl +[
n

n—00 Q

p-2
|Aun|p72Au,,A¢ _ ILM dx
||

—)\/Qg(x)uZd)dx]

|uo P10
|x|2

:/ <|A1/l0|p_2Au0A¢_M )dx—/\/g(x)ugqbdx.
2 2

Since fg uaq<p1 dx < 0o, we have 1 > 0 a.e. in £2. For every ¢ € M and ¢ > 0, we have

|uolP2uog

|22

/<|Auo|p_2AM0A¢—M )dx—ff(x)ua%dx
e 2

- A/ gx)ulpdx>0. (3.11)
2

Page 19 of 26
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Set ¢ = up in (3.11), we derive that

ol = [ (1200l = 120" e g ry
ollf, = ul? — x> | fuy "dx+r | glx)uy  dx.
Q2 2 2

|22
Furthermore

luoll?, < Timinf |14, 2, < lim sup |z,
n—00 n—00

= limsup[/ flout dx+k/ g)ur dx:|
@ @

_ / Ful dx 42 / g dx. (3.12)
2 2
Hence
Jll = [ oty s [ gtors . (3.13)
2 2

Therefore u,, — 1y in M and uy € M. By (3.4), we have
0+ g Dlluoll, ~ A(y +) /Q gl dx
=(p+q- 1)|:/Qf(x)u(1)_q dx + )»/Qg(x)ug+1 dx:| My +q) /Qg(x)ué“rl dx
=(p+q-1) /gf(x)ué_q dx— My - 1)/Qg(x)ug+1 dx >0,

ie., ug € M*.
Next, we only need to show that u is a positive weak solution of problem (1.1). Define

D =(uy+ep)t, ¢peW,e>0.

Substituting @ into (3.11), combining with (3.12), we deduce that

uolP2ugd _
0< / [|Au0 P2 AugAD — M|O|ITPO —f@uytd - kg(x)ug¢:| dx
2
- o [P~ 210 @ _
= / |:|Au0|p ZAugA® — u% —f®)uy1® - Agx)ul @ | dx
2
uo?2uy @ _
+ / [|Au0 P2 Aug AP — M|0||Tpo —f®uy'd - Ag(x)ug<1§:| dx
§29

|uolP2uo(uo + £¢)
|| %

—f )y (uo + )

= / [lAMo|p_2AM0A(M0+8¢)—M
2

— Ag(x)ul (uo + e¢):| dx

|uolP2uo(uo + £) B
|x |22

—/9 [|Auo|p_2AM0A(M0+8¢)—M S@)ug (1o + £¢)

— Ag(x)ul (uo + e¢):| dx

Page 20 of 26
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»
:/ |:|Au0|p—u|u°| —f(x)ué_q—kg(x)ug+l]dx
2

|| 22

|uo P2 1o
|c|2

+ s/ [IAuo P2 AugAd — —f(®)uyTp — Ag(x)u) ] dx
2

|uo P21 (uo + 8¢)} J
X

- [ 1w + el s - .
29 |x| 4

- /;2 [—f(x)uaq(uo +ep)— )»g(x)ug+1 - skg(x)ugqﬁ] dx

|uo P2 1o
|x]%

<e /g [muo P2 AugAG - 1 — [ @) - rg )i ¢] dx

—s/ |Au0|ﬂ-2Aqu¢dx+A||g||oo/
2

22

|£¢|V*1dx+£A/ g(x)ul ¢ dx
2

|uo P2 1o
|x|2

= s/ |:|Au0|p_2Au0A¢> —u —f(®)uyp - )Lg(x)ug¢>:| dx
2

—8/ |Auo|p_2Aqu¢dx+sksy||g||oo/ |¢|V+1dx+8k/ gx)up ¢ dx,
§29 §29

§22

where 27 = {x|uo(x) + ep(x) > 0,x € 2} and 2, = {x|ug(x) + ep(x) < 0,x € §2}. Since the
measure of £2; tends to zero as € — 0, we have f92 | AuglP 2 AugAp dx — 0 as ¢ — 0. By
the same arguments, we have A&? ||g]l 0o sz |p|”*dx — 0 and A sz gwul pdx — 0 as

¢ — 0. Dividing by ¢ and taking the limit for ¢ — 0, we deduce that

|10 P2 ug

/ [|Au0 P2 AugAd — ¢ —f(®)uylep - )\g(x)ugcp] dx > 0.
2 ||

Therefore u is a positive weak solution of problem (1.1).
We adopt the Ekeland variational principle again to derive a minimizing sequence U, C
M~ for the minimization problem inf - I, , such that for U, € M, U, — U, weakly in

M and pointwise a.e. in §2. By similar arguments to those in (3.4) and (3.6), for A € (0, T),),
we have

(p+q—1)/f(x)|uo|1_qu—k(y —p+1)/ g(x)|L[o|y+1dx<0, (3.14)
2 1?)
which leads to
ra-1 [ O =2ty -p+1) [ gt ds<-C
2 I?)

for n large enough and a positive constant Cs. Therefore U > 0 is the positive weak solu-
tion of problem (1.1). Furthermore U, € M. By (3.14), we obtain

+q-DIUlE - (q+ y)xf gyuy™ dx
17
=(p+q- 1)[/ f(x)LIéfqu+)»/ g(x)LI(’)Hrl dx] - Ay +q)/ g(x)l,l(’,“rl dx
2 I7) 2

:(10+q—1)/9f(x)l,[éfqu—k(y —p+1)/ﬂg(x)ug+ldx<0,
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i.e., Uy € M~. According to Lemma 2.2, we know that problem (1.1) has at least two posi-
tive weak solutions uy € M* and Uy € M~ with ||Up||, > lluo ||, for every A € (0, T),). This

completes the proof of Theorem 1.1.

4 Proof of Corollary 1.2
For every U € M~, by Lemma 2.2, we deduce that

Ul > My (3)
_ |:p +g-1 1 (,P/S,L)V”]wﬁp
My +4) lgloe | o 5

+1
<1>y+11—p (p_,_q_ 1> y+%—p < 1 >y+11—p P/S )V}il—p
)\. )/ +q ”g”oo |Q|P *y+11_—p)

(T)mp(l”q I)V—U( 1 )rlp@(ﬁ)ﬁ
Tl ! .

Yy +4g ”g”oo |,Q|17 *Vj{fp

Combining with the definition of T),, we have

1 2 gty 1

q+y y+1-p q+y p+q prqg—1 pil |Q| N p+q-1 y+1-p

s (G5 55) " () W ey
q+p_ 14 _p+ S}z+q—l y+l-p

+1
<p+q 1>y+1—p( 1 >y+11—p (17/5 )V%/*lfp <T >y+1—p
Y +q €100 IQIP*VLVP A

W gty 1 _pF-l-
T

N e il TEA GG
y-p+1 ({/S_)qu 1y+1p y}glp A
1 _1-q_ _1
=|9I5< q+y )M_ (|[f||oo)P*q1<|Q|N)M_l <£>y+1—p
y-p+1 YSu A
14

1 5 L
= 1217 (If 1) P70 (1 R m> (|9|N ) (1)
> ‘)/_p"']. \p/g )\‘ ’

where we adopted the following facts:

p q+y 1 p-l-y
Np+q-1y+1-p p*(y+1-p)

_ p-l+qg N2p+q 1
Pera-1) F(prg-1)
N(p+q D+2p(l-q) 1 2 1-¢
Nplp+q-1) “p N prq-1
4ty 1 r+1  (A-9ly+1-p)  1-¢
p+q-ly+l-p y+l-p (@p+q-1)(y+1-p) p+q-1
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Let U, ;. € M~ be the solution of problem (1.1) with y =& + p — 1, where A € (0, T,).
Then

T.\¢
||uk,u,€||u>cu,e T )

where C,, . is given in (1.16). This completes the proof of Corollary 1.2.

5 Proof of Theorem 1.3
For simplicity, we consider problem (1.1) with f =g =1,

A2u—p WP 2u _ g 4 ay? in Q2 \ {0}

I |x|% ’
u(x) >0 in 2\ {0}, (5.1)
u=Au=0 onds2.

Let us define
A =AY (N, 2, 0,q,y) = sup{)L > 0: problem (5.1) has a positive solution}.

Using Theorem 1.1, we provide uniform estimates for A*(N, 2, 1, g, y)-

Lemma 5.1 For1<p<%,O<M<MN,p,O<q<1<y<p*—1and{2 e U, whereU={$2 €

RN :Q isan open and bounded domain}, we have

O<A <A <At <oo,

where
x=<q+P—1><V—P+1>H;[ S ]”Z;yl
qa+v q+v |Q|2ﬁp
and
via 1\ 71 -1 1
Y +q Y +q 2

Proof (1) Assume that A € (0,17), then problem (5.1) has at least two solutions. By the
definition of A*, we have A* > A~ > 0.

(2) Assume that (5.1) has a positive solution u. Integrating over £2 by multiplying (5.1)
by ¢, we obtain

p—2
)»1/ |u|p’2u<p1dx=f (AZM—MM—Zu)tpldxzf u’q<p1dx+)\/ u’rdx. (5.2)
) o) || o) 2

We claim that there exists A* > 0 such that

FI4 0 > P, VeSO, (5.3)
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In fact, letting

B =t T+t =t =t/ (697 4 =t 7P =87 . Go(t), >0, (5.4)
We have

Gt)=(—y -t 7T s My —p+ DEVP2 =0,

ie.,

1
y+a T
t=tpyin=| ——— .
m (M(V—p+1)>

Then G, (t) attains minimum at ¢,;,, and

y-p+l
Y -p+1\rT1l-—p-—
O G
y+q v +q

y+q

T pel 2L g
We may choose A = o[~ (L2 g1 =240 L _ 3+ 5 0 such that
y+q v+q 2

1
G+ (£) = G+ (bmin) = 3 >0, fort>0.
Therefore
F+@)=t" -Gu({t)>0 fort>0.

Using (5.3) with ¢ = u, we have

/u’qwldx+k+/ u”goldxz)q/ |ulP2ugp, dx. (5.5)
I?) I?) 2

Combining with (5.2) and (5.5), we obtain A < A*. Since A is arbitrary, we have A* <
At <o0. O

Proof of Theorem 1.3 We only prove the case that 0 < A < A*. By the definition of A*, there
exists A € (A, 1*) such that the problem

|l u

=u T+
|2

2
A U
has a positive solution, denoted by us. It follows that

_|P-2,,_
2 luzlP"uz 4 =y -q 14
AP”/\_MW_”X +)‘”XZ”X +)‘MX‘

Hence u; is an upper solution of (5.1). Note that lim;_.¢+ G, (t) = 00, we can take ¢ > 0 small
enough with e¢; < 15 and Gy (e¢;) > 0. Thus

Fi(s¢1) = (6¢1)" Go(e@1) =0, forall A >0,
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ie.,
Mt < (e@1) ™+ Ale)?, foralla>0. (5.6)

Combining with (1.10) and (5.6), we obtain

[(ep)P2(e@1) | P~
A2opy) - pm POV _ (A2 - A

|| || 2P

= e Ml = M(e@) ! < (e91) T + A(egr1),

M
%27

(5.1) has a positive solution u; with g1 < u; <u;. O

namely, e¢; is a lower solution of (5.1). Note that A; - is monotone, then problem

6 Conclusions

In this paper, we study a class of p-biharmonic equations with Hardy potential and negative
exponents. We establish the dependence of the above problem on ¢, y, f, g and £2 and
evaluate the extremal value of A related to the multiplicity of positive solutions for this

problem.
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