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Abstract

In this paper, using Brzdek and Cieplifski's fixed point theorems in a 2-Banach space,
we investigate approximate solution for the generalized inhomogeneous radical
quadratic functional equation of the form

f(v/ax? + by?) = af(x) + bf(y) + D(x, y),

where f is a mapping on the set of real numbers, a,b € R, and D(x,y) is a given
function. Some stability and hyperstability properties are presented.

Keywords: Fixed point theorem; Hyperstability; Radical quadratic functional
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1 Introduction

In this paper, N and R denote the sets of all positive integers, and real numbers, respec-
tively. We put Ng := NU O, Rg := R\ 0 and R, := [0, 00). Also, YX denotes the set of all
functions from a nonempty set X to a nonempty set Y.

The study of stability problems for functional equations originates from a question of
Ulam [28] concerning the stability of group homomorphisms. Popularly speaking, the
question was “Under what conditions a mathematical object satisfying a certain property
approximately must be close to an object satisfying the property exactly?” In the following
year, Hyers [20] first partially answered Ulam’s question, and proved the Ulam stability of
Cauchy function in Banach spaces. Aoki [5] and Rassias [27] generalized the Hyers’ re-
sults by allowing the Cauchy difference to become unbounded. During the last decades,
the Ulam—Hyers—Rassias stability of functional equations has been extensively investi-
gated and generalized by many mathematicians (see [2, 3, 6-9, 11-14, 16, 24, 26, 29] and
the references therein).

Recently, a lot of papers (see, for instance, [1, 4, 15, 17-19, 21-23]) on the stability of

radical function equations have been published. The functional equation

f(Va2+y?) =f () +f0) (1)
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is called a radical quadratic functional equation. Kim et al. [23] investigated the general-
ized Hyers—Ulam—Rassias stability problem of Eq. (1) in quasi-8-Banach spaces using the
direct method. Khodaei et al. [22] introduced and solved the generalized radical quadratic

functional equation

f(\/ax2 + byz) = af (x) + bf (). (2)

They established some stability results in 2-normed spaces by using the direct method,
and proved new theorems about the generalized Ulam stability by using subadditive and
subquadratic functions in p-2-normed spaces. Cho et al. [15] proved the generalized
Hyers—Ulam stability results for Eq. (2) in quasi-B-Banach spaces by using subadditive
and subquadratic functions. Using Brzdek’s fixed point theorem, Aiemsomboom et al. [1]
and Kang [21] investigated the stability of Egs. (1) and (2), respectively, where f is a self-
mapping on R.

Let (Y, ||-,-||) be a2-Banach space, D : R> — Y agiven function, and let @, b € R, be fixed.
The purpose of this paper is to prove stability and hyperstability results for the generalized

inhomogeneous quadratic radical functional equation

f(\/ax2 + byz) =af (x) + bf(y) + D(x,y), x,9€Ro (3)
in a 2-Banach space using Brzdek and Cieplinski’s fixed point results in [11].

2 Preliminaries
Let us recall some basic definitions and facts concerning 2-Banach spaces (see, for in-
stance, [11, 17, 18, 25]).

Definition 1 Let X be a linear space over R with dimX > 2 and let ||-,+]| : X x X — R, be
a function satisfying the following properties:

(1) |lx,9]l = 0if and only if x and y are linearly dependent;

) Iyl = ]l for x,y € X;

(3) llrx,yll = [rlllx, |l for r € Rand &,y € X;

(4) lx+yzl < llwzll + lly, 2|l for x,y,z € X.
Then the pair (X, |-, -]|) is called a 2-normed space.

If x € X and ||%,y|| = O for all y € X, then x = 0. Moreover, the functions x — ||x,y| are

continuous functions of X into R, for each fixed y € X.

Definition 2 Let {x,} be a sequence in a 2-normed space X.
(1) A sequence {x,} in a 2-normed space is called a Cauchy sequence if there are linear
independent y,z € X such that

lim ”xn _xmry” =0= lim ”xn _xrmZ”;

n,m— 00 H,1m—> 00

(2) A sequence {x,} is said to be convergent if there exists an x € X such that
limy,— o [|%, — %, y|| = 0 for all y € X. Then, the point x is called the limit of the

sequence {x,}, which is denoted by lim,,_, oc %, = %;
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(3) If every Cauchy sequence in X converges, then the 2-normed space X is called a
2-Banach space.

It is easily seen that (R?, ||-,-||) is a 2-Banach space, where the Euclidean 2-norm ||-, -|| is
defined by

(1, %2), 01, 92) || = e1y2 — ay1ls  (%1,%2), (71,92) € R
The next example following from [11, Proposition 2.3].

Example 1 1f (X, (-,-)) is a real Hilbert space, then (X, ||-,-||) is a 2-Banach space, where
I, -1l is given by

o, yll = VI Y12 = (x,9)% %y €X.

3 Fixed point theorems
Recently, Brzdek and Ciepliniski [11] proved a new fixed point theorem in 2-Banach spaces
and showed its applications to the Ulam stability of some single-variable equations and the
most important functional equation in several variables, namely, the Cauchy equation.
And they extended the fixed point result to the #-normed spaces in [10].
Let us introduce the following hypotheses:
(H1) X is a nonempty set, (Y, |-, ]|) is a 2-Banach space, Y is a subset of Y containing
two linearly independent vectors;
(H2) jeN,fi,....[;i: X=X, g1,....,8 : Yo = Yp,and Ly,...,L; : X x Yo — R, are given
maps;
(H3) 7 :YX — Y¥ is an operator satisfying the inequality

J

[(T&)@) - (T, 2] <" Litxy)||& (@) - n(£@)), &), (4)
i=1
where &,ne YX,x e X,z e Yy;
(H4) A:RP 5 RO san operator defined by
j
(A8)(x,2) := ZLi(x,z)S(ﬂ(x),gi(z)),S eRYMN, xeX,zeY,. (5)

i=1

Now, we are in a position to present the above mentioned fixed point result. We use it
to assert the existence of a unique fixed point of operator 7 : YX — YX,

Theorem 1 Let hypotheses (H1)—(H4) hold and functionse : X x Yo — Ry and ¢ : X — Y
fulfill the following two conditions:

[(To)@) - p), 2

}fe(x,z), xeX,zeYy (6)

and

M

€*(x,2) := (Ale)(x,z) <0, xe€X,zeY,. (7)

~
Il
(=]
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Then, there exists a unique fixed point \ of T with

o) - ¥ (x),2

‘ <e*(x,2), x€X,zeY,. (8)
Moreover,
V(x) = llim (T'o)(x), xeX.
— 00
4 The main results
In this section, we investigate the stability and hyperstability of the generalized inhomo-
geneous radical quadratic functional equation (3) in 2-Banach spaces by using Theorem 1.
In what follows, we assume that &, b € N are fixed, (Y, ||+, -||) is a 2-Banach space, and Yj is
a subset of Y containing two linearly independent vectors.
Theorem 2 Let h,hy : Ry X Yo — R, be two functions such that
1 2 2, b 2 2
Moy :={n€N:ky:= =Ai(a+bn’)hy(a+bn®) + =i (n*)ha(n”) <1
a a
79, )
where
Ai(n) = inf{t eR, :h,'(mcz,z) < th,-(x2,z)},

where x € Ro,z € Y,i = 1,2,n € N. Suppose that f : R — Y satisfies the inequality

If (Vax* + by?) — af (x) - bf (y), z

| < (%% 2)ha (", 2), (10)
where x,y € Ro,z € Yy. Then there exists a unique solution Q : R — Y of (2) such that
“f(x) - Q(x)’zn S )‘-O(x) Z)r RS RO:Z [S YO: (11)

where

Ao (m*)hy (6%, 2) By (%, 2)
ﬂ(l - km)

ro(x, z) := inf {

meMy

X € R(),Z S Y()}
Proof Putting y = mx in (10), we obtain that

f (y/ (@ + bm?)x?) - af (x) - bf (mx), z

| < (2% 2)ha(m°x%,2), (12)

where m € N,x € R,z € Y}, and so

H éf(\/m) - Sf(mx) -fx),z

where m € N,x € Ry, z € Y.

< %hl(xz,z)hz(mzxz,Z), (13)
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For each m € N, we define the operators 7, : YR — YR0 and A,, : Rx0*"0 — Ro*% by

1 b
(Tn€)(x) := ;5(\/ (a +bm?)x?) - ;S(mx),
1 b
(And)(x,2) := ;8(,/(@ +bm?)x?,z) + ;S(rnx,z),

wherex € Ry, & € YR, § RR*Y0 ~ ¢ ¥,. Then the operator A,, has the form (5) with X :=
b

Ry, j = 2, fi(x) := \/(a + bm?)x2, fo(x) := mx, g1(2) = g2(2) :=z,L1(x,2) := % and Ly(x,z) := 2

for all x € Ry and z € Y;. Next, put e
€n(x,2) = éhl(xz,z)hz (m*x*,z), meN,xeRy,zeY,
and observe that
€nlx,2) = éhl(xZ,z)hz (mzxz,z) < ikz (mz)hl (xz,z)hz(xz,z),
where m € N,x € Ry, z € Yy. Then, inequality (13) can be rewritten as

meN,x € Rg,ze Y,

(T ) ) = f (%), 2] < €m(,2),

and we have

|(T8) ) = (Toum)(x)), 2

1 b
= H ;g(, [(a+bm?)x?) — ;E(mx)

1 b
— 2\ 42
T}( (tl +bm )x ) + }'}(VI’L?C),Z

<

és( (a+bm?)x?) - in( (a+bm?)x?),z

b b
—&(mx) — —n(mx), z
a a

+

i I€(\/ (a + bm?)x?) = n(,/ (a + bm?)x?),z

b
- ||& (mx) — n(mx), z

=Li(%2)|&(A®) - n(A®).z

+Ly(%,2) £ (L) - n(A(®)),z (14)
for any x € Ry, &, 1 € YR,z € Y;. Therefore,
2
(o)) = (Tum) (%)), 2| < Zli(x, 2)| & (fix) - n(fix)), 2], (15)
i=1
s0 (4) holds for T := T, with m € N. By the definition of A;(n), we have
(16)

hi(nx,z) < i(mhi(x*,z), x€Rg,z€Yy,i=1,2,n€N,
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whence, using induction, we get
(A:’nem)(x, z) < ékz(mz)kfnhl(xz,z)hg (xz,z), n € No,x € Rg,z € Y. (17)

Indeed, for n = 0, (17) is obviously true. Next, we will assume that (17) holds for n =,
where j € N. Then, we have

(A’y:lem)(x, z)
= (An(A),€m(x,2)))
= i(Aj;”em)( (a + bm?)x2,2) + Z(A’;nem)(mx, z)
= %)\z(mz)k{nhﬂ(d + bmz)x2,z)h2((a + bm2)x2,z)

2 ()R (' 2) s (%, 2)

< L (2 2 Bxl (a + i) aa(a + b?)
D mia(?) |

= ikz(mz)k’,;'lhl(xz,z)hz(xz,z), x € Ro,z € Yo, m € M.

This shows that (17) holds for #n = j + 1. Now we can conclude that inequality (17) holds
for all n € Ny. Therefore, by (17), we obtain that

[e¢]

en@2) =Y (Anem)(x,2)
n=0
< () (7,2 (7,2) 2k,

)\2(}’}’12)]’11 (x2, Z)hZ (xz’ Z)
a(l - ki)

for all x € Ry, z € Yy and m € M. Thus, according to Theorem 1, for any m € M, there
exists a unique fixed point Q/,, : Ry — Y of T, which satisfies the estimate

2(m*)hy (%2, 2)hy (%2, 2)

a(l - k) ' (18)

A
| <e€k(x2) <

If %) - Q,,(x), 2

where x € Ry, z € Yy, m € My. Moreover,

Q,,(x) := lim (T,V’Zf)(x), x € Ry, m € M.

n—00

and for any m € M, the function Q,, : R — Y, given by the formula

Qu(0) =0, Qu(x):=Q,, (%), x€Ry,

Page 6 of 13
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is a solution of the equation

1 b
Qx) = ;Q(\/ (a+bm?)x?) - ;Q(mx), x e R,m e M. (19)

Now, we show that

|| (T,Zf) (\/cwc2 + byz) - a(T,:’Lf) (%) — b(T,j’Lf) ),z
< klhi (%% 2)hy (v, 2) (20)

for any x,y € Ry, z € Yy, m € My and n € Nj.
Since the case n = 0 follows immediately from (10), take j € Ny and assume that (20)
holds for n = j, x,y € Ry, m € My and z € Y. Then, by (16), we get

[(Tof) (Vas* + by?) = a(T3f) () = (T3 ) 02|
L0 s bt 52) - (7)o )

- (T,Lf)( (a + bm?)x?) + b(T,{lf)(mx)

2T v b)) « 2 (T o

< i(T,ﬁf) (\/(a +bm?) (ax® + by?)) - (TLf) (\/ (a + bm?)x?)
- Z(T,{‘f) (y/(a +bm?)y?),z
+ Z(T,Lf) (m\/mc2 + byz) - b(T,ff)(mx) — %Z(T,ff)(my),z

< 21 ((a-+ bm), 2y (a + )2, 2)

a
+ Zk{nhl(mzxz,z)hz(mzyz,z)
<Kk (xz,z)hz (yz,z) [é)”l (a + bmz)kg (a+ bmz) + Skl (m2)kz (mz):|

= k’;lhl (xz,z)hz(yz,z), x,9 € Ro,z € Yo,m € M.

Thus, by induction, we have shown that (20) holds for any # € Ny, x,y € Ry, z € Y and
m € My. Letting n — oo in (20) and using Lemmas 2.1 and 2.2 in [11], we obtain that

Qu(Vax? + by?) = aQu(x) + bQu(y), %,y € Ro,m € M. (21)
This way, for each m € M, we obtain a function Q,, such that (21) holds for x,y € R and

If %) - Quix), 2| < Ra(m?) I (62, 2)ha (57, 2)

s eR,ze Yy, me M. 22
< 2=k xeR,zeYy,meM (22)

Page 7 of 13



Ding and Xu Journal of Inequalities and Applications (2019) 2019:31

Let L > 0 be a constant. Next, we will see that every generalized radical quadratic map-

ping Q: R — Y satisfying the inequality
If @) = Q). 2| < Lhi (2, 2)ha(x%,2), x€Rp,z€ Yy (23)

is equal to Q,, for any m € M. To do this, fix s € My and let Q: R — Y be a generalized
radical quadratic mapping satisfying (23). By (18), we have

” Qs(x) - ;

= [Qx + 7@

Aa(s*)
< <a(lzjks) +L)h1(x2,z)h2(x2,z)

= Lol (xz,z)hz (xz,z) Zk", x € Ry, z€ Yo, (24)

s
n=0

where Ly = aL(1 — k) + A1(s%). Observe also that Q and Q; are solutions of equation (19)
for any m € M,.

Now, we will see that, for any j € N,

[ee]

1(x2, Z)hz(xz, Z) Zk;l’ X € Ro,Z (S Y(). (25)

n=j

” Qsx) -

The case j = 0 follows from the previous inequality. Fix aj € Ny and assume that (25) holds.
Then, by (16), we get

[[oXC

b 1 b
= ;QS( (a+bs?)x?) - ;Qs(sx) - ;Q( (a+bs?)x?) + ;Q(sx),z

< H iQs( (a+bs?)x?) — %Q( (a+bs?)x?),z

+ éQs(sx) - éQ(sx),z
a a

1 oo
< ;Lohl ((a + bs*)x*, 2)ha((a + bs®)x*, ) Z k!

n=j

b o0
+ ;Lohl (s°4%,2)ha (s°4%, 2) Z k!

n=j

< Lol (%%, 2) 2 (%, 2) (ékl(a +bs*) o (a + bs”) + b)q ) Zk“

oo
= Lohy (%%, 2) ha (%%, 2) Z K, xeRgyzeY. (26)
n=j+1

Page 8 of 13



Ding and Xu Journal of Inequalities and Applications (2019) 2019:31 Page 9 of 13

Thus (25) is valid for any j € Nj. Letting j — oo in (25) and using Lemma 2.1 in [11], we
get

Q) = Qs(x), x€Ry, (27)

which, together with Q(0) = Q,(0) = 0, gives Q = Q,. This means that Q,, = Q, for any
m € My. Therefore, by (18), we have

’ - Ao (le)hl (xzf 2)hy (x2, z)

I - Qw2 =

, XE€E R(),Z € Yy, m € M. (28)
Hence, we get inequality (11) with Q:= Q;. O
In a similar way, one can prove the following.
Theorem 3 Let H : Ry x Yy — R, be a function such that
1 n.b s
M= neN:—p(a+bn)+—p(n)<1 £, (29)
a a
where
p(n) = inf{t € R, : H(nx? z) < tH(x*,z),x € Ro,z € Yo, n € N}.

Suppose that f : R — Y satisfies the inequality

|f (vax? + by?) - af (x) - bf (y), 2

| SH(xz,z) +H(y2,z), (30)

where x,y € Ro,z € Yy. Then there exists a unique solution Q : R — Y of (2) such that

“f(x) - Q(x),z ‘ = pO(xr Z)r X € RO:Z € YOr (31)
where
. (1+ p(m*)H(x*2)
Pol#,2) 1= mlélffxl{ a— pla+bm?) - bp(mz)'x €Roze YO}'

From the above theorems we can obtain results analogous to Theorems 2 and 3 for the
inhomogeneous radical quadratic functional equation.

Corollary 1 Let hy,hy: Ry x Yo — R, f:R— Y and D : R?* — Y such that (9) holds, and

If (Vax? + by?) - af (x) - bf () - D(x, ),z

i <mh (xZ,Z)hz(yZ,Z), (32)

wherex,y € Ry, z € Yy. Assume that (3) has a solution fy : R — Y. Then there exists a unique
solution F : R — Y of (3) such that

If () = F(x), 2

| =< }"O(x: Z): X € ROyZ € YO: (33)

where Ao(x,z) is defined as in Theorem 2.
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Proof Write fi :=f — fo. Then, we have

i (Vax? + by?) - afi(x) - bfi ). 2
= |f (Vax? + by?) - af () - bf (3) - D(, )
— (h(Vax? + by?) - afo(x) - bf(y) - D(x,5)). 2|
= £ (Vax? + by*) — af ) - bf () - Dl y). 2|

= hl(x2,Z)h2(y2,z), x,9 € Ro,z € Yy,

and, according to Theorem 2, there is a unique solution Q: R — Y of (2) such that

“fl (x) - Q(x)7 Z

‘ <iolx,z), x€RgzeY,,

where A¢(x, z) is defined as in Theorem 2. Let F = fj + Q. Then F is a solution to (3) and
(33) holds. The uniqueness of F follows from the uniqueness of Q (see [6, Corollary 4]). (]

Corollary2 Let H:Ryg x Yo — R,,f:R— Y and D : R?> — Y such that (29) holds, and

If (Vax? + by?) - af (x) - bf (y) = D(x,y), z

| <H(x*,2z) + H(y",2), (34)

where x,y € Ry, z € Yy. Assume that (3) admits a solution fy : R — Y. Then there exists a
unique solution F : R — Y of (3) such that

I/ @) - F), 2

| <polx,2), x€RyzEYy, (35)
where po(x,z) is defined as in Theorem 3.
Corollaries 1 and 2 yield at once the following hyperstability results.
Corollary 3 Let h1,hy : Ry X Yo — R, be functions such that
sup{kl (a + bn2)A2 (a + bnz) + b (nZ)kg (nz)} <a,

neN

inf {2,(n)} = 0,

(36)

where A;(-) (i = 1,2) are defined as in Theorem 2. Assume that Eq. (3) has a solution fy. Then
any function f : R — Y, which satisfies f(0) = fo(0) and inequality (32), is a solution of (3).

Corollary 4 Let H: Ry x Yy — R, be function such that

ilelg{p(a + bnz) +bp (nz)} <a, nuellg{p(nz)} =-1, (37)

where p(-) is defined as in Theorem 3. Assume that (3) has a solution fy. Then any function
f:R— Y, which satisfies f(0) = fo(0) and inequality (34), is a solution of (3).

According to Corollaries 3 and 4, we derive the following particular cases.
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Corollary 5 Let hy,hy : Ry x Yo — R, be functions such that

lim (A1 (a + br®) Ao (a + bn?) + by (m*) A2 (n%)) = 0, lim A,(n*) =0, (38)

n—00 n—00

where A;(-) (i = 1,2) are defined as in Theorem 2. Assume that (3) has a solution fy. Then
any function f : R — Y, which satisfies f(0) = fo(0) and inequality (32), is a solution of (3).

Corollary 6 Let H:Ry x Yy — R, be function such that

lim (p(a + bn2) + b,o(nz)) =0, lim ,o(nz) =-1,

n—00 n—00

where p(-) is defined as in Theorem 3. Assume that (3) has a solution fy. Then any function
f:R— Y, which satisfies f(0) = fo(0) and inequality (34), is a solution of (3).

Next, we derive some hyperstability results for particular forms of %, i, H and (3).

Corollary 7 Let 0 € R, and let p,q € R be such that p + q < 0. Assume that Eq. (3) has a
solution fy. If f : R — Y satisfies f(0) = fo(0) and the inequality

If (v ax* + by?) - af (x) — bf (y) - D(x, ),z

| §9|x|p|y|q; x1y€R01Z€ Y; (39)

then f is a solution of (3).

Proof Define hy,hy : Ry x Yo — R, by h1(x%,2) = 61]x|P and hy(y%, 2) = 6,]y|P, where 61,6, €
R, with 0 = 6,65. Then, we have

A(n) = inf{t eR, :hl(nxz,z) < thl(xz,z),x €Ry,z€ Yo}
=inf{t € R, : 01 [n"2x*[" <10, |xP,x € Ro,z € Yy}

=n”?, neN.
Similarly, we get A,(n) = n%'? for any n € N. Thus,

lim (A1 (@ + br*) Ao (a + bn?) + by (n*) Ao (7))

n—00

T 2\ (p+q)/2 +
= nll)rgo((a +bn®) +bnP*7)

=0.

As p,q € Rwith p + g <0, either p < 0 or g < 0. Hence, by inequality (39), one can see

that it is sufficient to consider only the case g < 0, and thus

lim A, (nz) = lim n?=0.

n—00 n— 00

So, we can apply Corollary 5. O



Ding and Xu Journal of Inequalities and Applications (2019) 2019:31 Page 12 0f 13

Corollary 8 Let0 € R, and let p,q € R be such thatp + q < 0.Iff : R — Y satisfies f(0) =0
and the inequality

Hf(\/ax2 +by?) —af (x) — bf(y),z” <0lxPly?, x,y€eRyzeY,
then f is a solution of (2).
Similarly, we can prove the following.

Corollary 9 Let 0 € R, and consider p € R with p < 0. Assume that (3) has a solution fy. If
f:R— Y satisfies f(0) = fo(0) and the inequality

I (v/ax? +5y) - af () = bf () = Dl ), 2] < 6(1xl? + yl?),
where x,y € Ro,z € Y, then f is a solution of (3).

Corollary 10 Let 0 € R, and consider p € R with p <0.Iff : R — Y satisfies f(0) = 0 and
the inequality

If (Vax? + by?) - af (x) - bf 9), 2| <O0(1x” + 1yF’), xy€Rp,z€ Y,

then f is a solution of (2).
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