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Abstract

Let {X,X,,n > 1} be a sequence of i.id. random variables with £X = 0, EX? = 0%. Set
Sh= ZQ:1 Xy and let N be the standard normal random variable. Let g(x) be a positive
and twice differentiable function on [ng, 00) such that g(x) 7 0o, g'(x) \{ 0 as x — oo.
In this short note, under some suitable conditions on both X and g(x), we establish
the following convergence rates in precise asymptotics
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where y = Iim,)_,oo(ZZ:mO g'k)-gn), n= ZﬁinO g’ (n)P{S, = 0}. It can describe the
relations among the boundary function, weighting function, convergence rate and
the limit value in studies of complete convergence. The result extends and
generalizes the corresponding results of Gut and Steinebach (Ann. Univ. Sci.
Budapest. Sect. Comput. 39:95-110, 2013), Kong (Lith. Math. J. 56(3):318-324, 2016),
Kong and Dai (Stat. Probab. Lett. 119(10):295-300, 2016).
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1 Introduction and main results
Throughout this note, let {X,X,,n > 1} be a sequence of i.i.d. random variables with
EX =0, EX> = 0% and set S, = > ;_; Xi. Let /' be the standard normal random vari-
able; C denotes a positive constant, possibly varying from place to place, the no-
tions a, ~ b, a, = O(b,), a, =< b, stand for lim,_, Z—Z =1, limsup,_, o, Z—Z < 0o and
0 < liminf,_, Z—: < limsup,_, o, Z—Z < 00, respectively. We define logx = Inmax{e,x} and
loglogx = InInmax{e®, x}.

The concept of complete convergence was first introduced by Hsu and Robbins [4], since
then there have been extensions in several directions. One of them is to discuss the precise
(n)P{|S,| = eg(n)} as ¢ \y a, a > 0, where the weighting

function ¢(x) and boundary function g(x) are positive functions defined on [ng, 00). A first

o]

rate and limit value of Zn:no 10

result in this direction was given by Heyde [5], who proved that
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li{%san:l:P“S,J >en) =o?.
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The research in this field is called the precise asymptotics. For analogous results in more
general case, see [6—9] and the references therein.

Another interesting direction is to consider the convergence rate for the precise asymp-
totic problems. Klesov [10] obtained the following result:

lim iP{IS |>8n}—0—2 :—l
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where {X, X;;, n > 1} is a sequence of i.i.d. normal random variables with EX =0, EX? =02,

Sy = ZZ:l X.
Recently, Gut and Steinebach [1] obtained the following results:
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where 1 <p<2,p<r<3p/2, E|X|? <00,y = limnﬁoo(z;ilja - %), Mrp = 2 noq NP 2%

P{S, =0}.
Later, Kong [2] proved the convergence rate in precise asymptotics for the law of iterated
logarithm as follows:
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where E|X|7 <00,2<q <3,y =lim, (33 jlo% —loglogn),and n =3 o, @P{S,, =
0}.

Also Kong and Dai [3] established the following convergence rate in precise asymptotics
for the Davis law of large numbers with EX?(log(1 + |X]))!*? < oco:
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where Vs = limn—>oo(27=1 (log']) - (10%:1)1 l)r Ns = ZZC’:I floz ) P{Sn = 0}; and § > 0.

] n
In this note we will extend the scope of the weighting and boundary functions, and give

more general convergence rates in precise asymptotics of i.i.d. random variables, which
extends and generalizes the above results. The main result of this note is the following.

Theorem 1.1 Let g(x) be a positive and twice differentiable function defined on [ny, ),
which is strictly increasing to oco. Assume g'(x) is strictly decreasing to 0 and g'(n) <
W where o, i = 1,2,3 are defined later. Assume that

(1) EX*(log(1 +|X|)) <00, fora; =1, 2y >0, a3 € R;

(2) EX?(log(1 + X))} <00, fora; =1, a3 <0, a3 > 0;

(3) EIX|* 2 <00, for1/2<a; <1, a3 > 0,3 > 0.

Then for any s > 0, we have

00 Sn
lim [;)g%mp{ . Jz > eg%n)} - s-”SEWWS} — (L1)

where y, = limnﬁoo(zzqqo g'(k) - g(m)), ng = Z’ﬁno g (n)P{S, = 0}.
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Remark 1.2 There are many functions satisfying the assumptions of g(x), such as g(x) =
xP1 (log x)#2 (log log x)# with some suitable conditions of 8;, i = 1,2, 3. The following corol-
laries are some typical examples.

Corollary 1.3 Let g(x) = (logx)®*!, § > -1, and s > 0 in Theorem 1.1. If EX*(log(1 +
|X|))max{1,1+8} < 00, then
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1 § Sn EN 1/s
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where ys = 1111'1,,,_)00(27:1 (ofl) - %), N5 = o) (Oi” P{S, =0}.

Corollary 1.4 Let g(x) = (loglogx)®*!, b > —1, and s > 0 in Theorem 1.1. If EX*(log(1 +

| X)) < oo, then
. (logn)’ [ 1] b BN
lim > g(loglogn) st —g 221 | =)
5\0[; nlogn af (loglog ) b+1 Yo~
b b+1
where y), = hmn—ﬂx)(zl 1 }(l)fé)} %): M= o l,ofig)n P{S, =0}.
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Corollary 1.5 Let g(x) = x0 ", 0<p<2,p<r<3p/2,ands>0in Theorem 1.1. IfE\X|? <
00, then
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Corollary 1.6 Let g(x) = Togn)?’ 0<a<1/2,b>0,ands >0 in Theorem 1.1. IfE|X|2 l+a) o
00, then
o0
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where Y, = limnﬁoo(zlil[tl - %gj 1.71,,1(110@)1, - (bgn) ) and 0ap = Y oqla— logn]m x

P{S, =0}.

Remark 1.7 Obviously, Corollary 1.3 with s = %1) extends Theorem 1.1 in Kong and Dai
[3] with the scope of § from § > 0to § > —1; Corollary 1.4 with s = b+1)
from Kong [2] with the scope of b from b =0 to b > —1 and the moment condition from
E|X|7 < 00 (2 < q < 3)to EX?(log(1 + |X|)) < oo; Corollary 1.5 with s = extends Theo-

2( p)
rem 2.2(a) from Gut and Steinebach [1] with the scope of r, p from 1 <p<2,p <r<3p/2

extends Theorem 1

to 0 < p <2, p<r<3p/2. Therefore our results extend the known results.

2 Proof of Theorem 1.1

The following lemmas are useful for the proof of Theorem 1.1.
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Lemma 2.1 Let {X, X,,,n > 1} be a sequence of i.i.d. random variables with EX = 0, EX? =
o%andsetS, =Y ;_ Xx. Then

< 00,

0
Z nl-6/2 Sup
=1

{(ijﬁ §x}—P{J\/§x}

ifand only if E|X|**% < 00 for 0 < 8 < 1. Also

<00,

o (logn)’
> o),
n

n=1 *

pP{af;ﬁ Ex}—P{NEx}

ifand only if E|X|*(log(1 + | X]))'*® < 0o for § > 0.

Proof The first part can be found in a theorem from Heyde [11] or Theorem 1 from Heyde
and Leslie [12] (with k = 0), the second part can be found in Proposition 3.2 from Kong
and Dai [3]. O

Lemma 2.2 Under the conditions of Theorem 1.1, we have

[e.¢]

> g m) sup

n=ng

< OoQ.

oo e

Proof Ifa; =1, a3 >0, a3 € R, we know that EX?log(1 + | X|) < 0o, and then, by the second
part of Lemma 2.1 (with § = 0),

Zg/(n) sup P{GS—;E gx} - PN <u}
n=ng x

- PN <x}

< i C S—n <x
- n(log n)?2(log log rz)‘)‘3 x aﬁ -

< OQ.

P{GS—\;Z Sx} —P{N <«x}

Ifa; =1, 5 <0, a3 > 0, we know that EX?(log(1 + |X]))1™*2 < 0o, and then, by the second
part of Lemma 2.1 (with § = —ap > 0),

%g(m)sup {7 } PN <}
< Z ¢ { } PN <x)
= n(log n)*2(loglog n)o‘3 x af
< Z logn) - sup P{ GS" x} — PN <x}| < o0.

n=ng
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If1/2 <oy <1, 2 > 0, a5 > 0, we know that E|X|*2*1 = E]X|**} < 0o (with § =2(1 — 1) €
(0,1)), and then, by the first part of Lemma 2.1,

Zg () sup

n=ng

{—f<x} PN <«x}

P{% <x} PN <x})

o

Z 1(log n)*2 loglogn) sgp

n“
n=ngp
oo
< Z 577 S p‘P{o— <x} PN <x}| < o0.
n=nq
The proof of Lemma 2.2 is completed. g

The existence and finiteness of y, and 7, can be obtained by the following two lemmas.

Lemma 2.3 Under the conditions of Theorem 1.1, we have

Vng =Ygt O(g’(ﬂ)),
where y,,, = ZZZHO g'(k) —g(n) and y, is a constant depending only on function g satisfying

—g(no) < yg < g (no) — gno).

Proof Note that g(x) is a positive and twice differentiable function defined on [ng, 00),
which is strictly increasing to co; g’ () is strictly decreasing to 0. Then, by the mean value
theorem for g(x), we know

Vnilg — Vng =g/(n +1) - (g(n +1) —g(n)) =g’(n +1) _g/(sn) <0,

where 1 < £, < n + 1, then we obtain that {y,,, 7 > #} is a decreasing sequence. Note that

g'(x) is strictly decreasing to 0, and then we have

pe= Y / )] i + ¢/ (10) - g0n0) < & () — glo),

k=ng+1

and

pe= 3 / (€)' ()] v + ¢ (m0) — o)

k=ng+1

> > [gK) - g (k-1)] + g (no) - glno)

k=ng+1

= g'(n) - g (no) + g'(no) — g(no) = ~g(mo), asn— oo.
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The above two inequalities mean that {y,¢,# > 1y} is a bounded sequence, so, by the
monotone bounded sequence theorem, also that {y,,4,# > no} is a convergent sequence,
and therefore —g(ng) < y, < g'(no) — g(no).

Finally, for any m > n, by the monotonicity of g’(x), we have

> gt [ g dx}

k=n+1 n

= li '(k) )] dx
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k=n+1

m— 00

Ye = Vng = lim [J/mg Vng] = hm |:

= lim [¢'(m) - ¢'(n)] = -¢'(n),
which means that Lemma 2.3 holds since the sequence {y,,¢,# > 1o} is decreasing. O

Lemma 2.4 Under the conditions of Theorem 1.1, we have

Ng = Zg/(”l)P{Sn =0} < o0.

n=ng

Proof Note that

1
1 [2 [ 1
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n T Jo n

so, by Lemma 2.2 and the monotonicity of g’(x), we know

— 1S, 1
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1 1 it 1
<Z { ﬁ}—P{INR;} +Zg/(n)P{IN|<ﬁ}
<Zg ) sup {lx/% } {IV] <} ZCg -

Remark 2.5 Obviously, if X is a continuous random variable, then 7, = 0. For the simplest
discrete case, if we take P(X =1) = P(X = -1) = 2, it is easy to check that P{Sy,,1 =0} =0
and P{S,, =0} = anz%n ~ ﬁ nl%; therefore, 0 < 14 < 00.

Lemma 2.6 Under the conditions of Theorem 1.1, we have

2 o e kD) 212 1/ 1/
lim| —— (k)/ e dt —eTPEINYE | =0, (2.1)
eNOf /27 ,;‘; ¢ £g* (k)

2¥e -t2/2 _
ll\rf(l) Nors Z/ dt =y, (2.2)
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2 0 eg®(k+1) 2/
lim—— ) g'(k) e dt=0. (2.3)
eNO0 /27 ,;% &g (k)

Proof By the mean value theorem for integrals, there exists a constant & € (k, k + 1) such
that

gk+) 2,25
/ et 2 gt = €[§(k +1) —gg(k)]e_g 4762, (2.4)
eg

s (k)
Using Taylor expansion, we know

2,28

e ¢ G2 _ e—szgzs(k)/Z + 820(g25—1(k)g/(k)e—szgzs(k)ﬂ),

gk +1) - g (k) =5 (K)g () + O(g2(K) (€' (k) - g (K)g (k)

Therefore we have
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By the monotonicity of g(x) and g’(x), we have
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Since g’(x) is strictly decreasing to 0, there exists a constant ko such that g’(k) < 8, for
any k > ko. Then by monotonicity of g(x) and g’(x), we obtain
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Then, by the arbitrariness of § and letting § — 0, we derive

. 2 _g2g2s
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From the fact that g’(x) is strictly decreasing to 0, we know g”(x) < 0, and then, by using

integration by parts, similar to the above discussion, one can get
& 2,2s
lim—¢ / F)g (x)e ¢ @2y
e\0 o

e\0

=lim-¢ f g (x)e_gzng(x)/ 2 dg' (x)
o
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& "o

oo oo
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e\ "o Y
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o0 o0
<s8lime | g! (x)g’(x)e‘gzgzs(x)/ 2dx + 58 lim &° / g5t (x)g/(x)e‘gzgzs(x)/ 2dx
ko

e\0 ko e\0

< Cs.

Then, by letting § — 0, we can derive

. 2 & p 26 (k
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Finally, (2.1) can be obtained by combining (2.4)—(2.9).
It is obvious that

0 eg(k+1)

2y, 2 2 *®
lim —== / et dt = llm—/ et dt = e dt =y,
N0 /27 ;) o N0 o/ <o) «/271 ¢

thus (2.2) is proved.
Since g’(x) is strictly decreasing to 0, there exists a constant ko such that g’(k) < 8, for

any k > ko, and
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Thus (2.3) holds in view of the arbitrariness of §. This completes the proof. O

Lemma 2.7 Under the conditions of Theorem 1.1, we have

hm|:2g IJ\/I > eg’(k } 8’1/5E|N|1/5i| =Y
k=nq
Proof By Fubini’s theorem, Lemmas 2.3 and 2.6, we derive that

hm[zg(k)P {IV] = eg’(k)} -7 E| N'|1/s:|

le()

[ 2 i i €0+ 272 1/ 1/
=lim| — ) g'k) / et — e EIN M
ENOL V2 T j=k g0
[ o 2/ eg(j+1)
=lim| —= Y ") "¢k e dt — e EIN |
Y L 2 j=no k=nqg £g5(j)
B 2 o eg®(j+1)
=lim| — Y "g() e dt — e EIN| S
eNo L 2 j=ng £g5(j)




Zhang Journal of Inequalities and Applications (2019) 2019:15
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Lemma 2.8 Under the conditions of Theorem 1.1, we have
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Proof By Lemma 2.2, we have
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Then, by the dominated convergence theorem and continuity of A/, we have
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Proof of Theorem 1.1 By combining Lemmas 2.7 and 2.8, we obtain Theorem 1.1. O

3 Conclusions

In this paper, using the rate of convergence to the normal distribution and Fubini theo-
rem, under some suitable conditions, the convergence rates in precise asymptotics for the
complete convergence have been discussed with more general boundary functions. The
result extends and generalizes the corresponding results of Gut and Steinebach [1], Kong
[2], and Kong and Dai [3]. However, this paper has only studied the convergence rates
for complete convergence. In the future research, we will discuss the convergence rates
in precise asymptotics for complete moment convergence, which was first studied by Liu
and Lin [13], as it is more difficult to handle the moment terms.
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