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1 Introduction
For given r (0 <r <1),let U, ={z € C:|z| <r}, U= U, be the open unit disk, and let us
denote by T = dU := {z € C: |z| = 1} the boundary of U. An analytic function p in U with

p(0) =1 is said to be a Carathéodory function of order « if it satisfies
Re{p(z)} >a (0<a<lzel).

We denote by P(«) the class of all Carathéodory functions of order « in U and P = P(0)
[4]. Let A denote the class of analytic functions f defined in U normalized by f(0) = 0 and
f'(0) = 1. Further, we denote by S*(«) and K(«) the subclasses of A consisting of starlike
and convex functions of order « in U, respectively. That is, a function f € A belongs to
the classes S*(«) and K(w) if f satisfies Re{zf’(2)/f(z)} > @ and Re{l + zf"(2)/f ()} > ,
respectively, in U.

For analytic functions f and g, we say that f is subordinate to g, denoted by f < g, if
there is an analytic function w: U — U with |w(z)| < |z| such that f(z) = g(w(z)). Further,
if g is univalent, then the definition of subordination f < g simplifies to the conditions
f(0) = g(0) and f(U) < g(U) (see [10, p. 36]).

Let us denote by Q the set of functions g that are analytic and injective on U \ E(g),

where
E(g) = {{ € T:zliirzq(z) = oo},

and are such that ¢'(¢) #0 for ¢ € T \ E(g).
Marx [3] and Strohhécker [12] showed that if f € K = K(0) then f € $*(1/2), that is,
K c §*(1/2). Later, Miller [4] and Miller, Mocanu and Reade [7] proved the following
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results, respectively. If p is analytic in U, then

Re{p(z) + Bzp'(2)} >0 (B=0) = peP (1)
and
Re{p(z)mzﬁé‘?}w (BeRpz) #0) = peP. @)

The result given in (2) clearly reduces the earlier works due to Marx and Strohhécker.
Many kinds of functions with geometric properties, such as starlikeness, convexity, close-
to-convexity, and so on, are closely related to the class of Carathéodory functions and play
a really important role in the study of univalent functions.

In the present paper, we show several new sufficient conditions, which are not connected
to some recent results for Carathéodory functions of order «, which incorporate the im-
plications given by (1) and (2). In addition to applying the well known Jack’s Lemma, we
approach the results in a quite different way than methods used in other papers. More-
over, we obtain other criteria for Carathéodory functions of order o. Many of the earlier
results given by Marx [3], Strohhécker [12] and others are shown here to follow as special
cases of the results presented in this paper. Thus the various properties associated with
the class P(«) obtained here can be viewed as extensions and generalizations of numerous
previously-obtained results in Geometric Function Theory.

2 Main results
In proving our results, we need the following lemmas due to Jack [2], and Miller and Mo-
canu [5] (see also [6, p. 24, Lemma 2.2d]).

Lemma 2.1 Suppose that function w is analytic for |z| < r, w(0) = 0 and |w(zp)| =
max, -, |[W(2)|. Then zow'(zo) = kw(zo), where k is a real number with k > 1.

Lemma 2.2 Let q € Q, with q(0) = a, and let p(z) = a + a,z" + - - - be analytic in U with
p(z) % a and n > 1. If p is not subordinate to q, then there exist points zq = roe® € U and
So € T\ E(q), and an m > n > 1 for which p(U,,) C q(U),
(1) p(z0) = (%),
(i) zop'(20) = m&oq' (o) and ;
(iii) Re{l+ 250} > mRe(1 + L4 L)),

By using Lemma 2.1, we now derive the following theorem.

Theorem 2.3 Let p be analytic in U with p(0) = 1. If

Re{p(z) + ,sz’(z)} >a— 2(1'3_ o) (1 - 20 + |p(z)|2) O0<a<l1,>=0), (3)
then p € P(a).
Proof Define function w by

p(2) = M (ze ). (4)

1-w(z)
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We know that w is analytic in U with w(0) = 0. Suppose that there exists a point zy in U
such that

Re{p(z)} >a for|z| <|zg] and Re{p(zo)} =a. (5)
Then we have

|w(z)| <1 forlz|<lz| and |w(zo)| =1. (6)
By using Lemma 2.1, we get

zoW (z0) = kw(zp), (7)

where k is a real number with k > 1. We note that zop'(zo) is a nonpositive real number,

since
1, (20) = w(zo) _ 2(Re{w(z)} - 1) ®)
2k(1—a) T A w@)? T 1wl
and, by (6), Re{w(zo)} < 1. Moreover, by putting
p@)=a+iy (eR), &)
we obtain
20-a)? | 2(1-a)y
=1- 10
wizo) (1-a)?+y? +1(1—a)2+y2 (10)
and
, 1-a)?+y?
-k 11
zop'(20) 2(1—a) (11)
Therefore, from equations (9) and (11), we have
, 1-a)?+9?
Re{p(z0) + Bzop(z0)} = o - .Bkz(li_a)y
<P (1-2a + |p(z0)[*). (12)
- 2(1 -«a)
This contradicts assumption (3). Therefore we complete the proof of Theorem 2.3. d

Taking ¢ = 0 and 8 = 1 in Theorem 2.3, we have the following result by Nunokawa et
al. [9].

Corollary 2.4 Let p be analytic in U with p(0) = 1. If

1+|p(z)|

Re{p(z) +zp'(2)} > - 5

’

thenp e P.
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Remark 2.5 Corollary 2.4 is an improvement of the result by Miller [4].

The right-hand side of assumption (3) in Theorem 2.3 depends on |p(z)|. But applying
the same method as in the proof of Theorem 2.3 and using the new formula (12) where y
is ignored, we can derive a similar result (Theorem 2.6 below) without requiring |p(z)| in
assumption (3) of Theorem 2.3.

Theorem 2.6 Let p be analytic in U with p(0) = 1. If

ﬁ(lz_a) O0<a<1,>0),

Re{p(z) + ,sz’(z)} >a—
then p € P(a).

Letting 8 = 1 in Theorem 2.6, we have the following corollary.

Corollary 2.7 Let p be analytic in U with p(0) = 1. If

3o -1
2

Re{p(z) + zp/(z)} > O0<a<l),
then p € P(a).

Remark 2.8 Corollary 2.7 is an improvement of the result by Nunokawa [8].

For given y and c satisfying y > 0 and ¢ > —y, let us consider an integral operator I, :
A — A defined by

z 1y
F(Z)=:1c,y[f](2)=<c+7//0 E“fy(é)d%‘) . (13)

ZC

By taking p(z) = F'(z)(F(2)/z)" !, we have

Y Y
yp(2) +c(@) e+ y)(@) . (14)

z

Moreover, taking derivatives of both sides of (14) leads to the equality

-1
f(@ <@>V =p(2) + LZP’(Zl
z c+y

Example 2.9 Taking p(z) = f'(z) in Theorem 2.3 with « = 0, p(z) = f'(2) in Theorem 2.6
with & =0 and B8 =1, p(z) = f(z)/z in Theorem 2.3 with &« =0 and 8 =1 and p(z) =
F'(2)/(F(2)/z)”"1, where F is defined in (13), in Theorem 2.6 with 8 = 1/(c + ), respec-
tively, we have the following results: If f € A, then

(i) Re{f'(z) + Bzf"(2)} > —g(l +1f'(2)|%) (B > 0) implies Re{f’(z)} > 0 (cf. [1]);
(i) Re{f’(2z) +zf"(z)} > —1/2 implies Re{f"(z)} > 0;
(iii) Re{f’(2)} > —2(1 + |f(2)/2]*) implies Re{f(z)/z} > 0;
(iv) Re{f' (2)(f(2)/2)’ "} >a— 7% (0<a <1,y >0,c>—y)implies

2(c+y)
Re{F'(z)(F(z)/z)"~'} > a, where F is defined as in (13) (cf. [11]).
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Theorem 2.10 Let p be analytic in U with p(0) = 1. If

zp'(2)
Re{p(z) + /WTV} > 8(a,ﬂ,y,

p(2)]), (15)

where

(@B +y)A-2a+|p(2)])
2(1 - a)(y? + 2aBy + B2lp(2))

O<a<1,B#40,aB +vy >0), (16)

S(Ol,ﬁ,)/, {P(Z)D =

then p € P(a).

Proof At first, we note that p(z) # —y /B for z € U. In fact, if Bp(z) + y has a zero of order
m at z = z; € U, then we can write

Bp(@) +y =(z—21)"p1(z2) (meN),

where p; is analytic in U and p1(z;) # 0. Then we have

»@ 1 {(z -z21)"p1(2) -y + (17)

LR mz +zp/1(z)}
Br()+y B '

z—z1 p1(2)

Thus choosing z — z; suitably, the real part of the right-hand side of (17) can take any
negative infinite values, which contradicts hypothesis (15). Defining w by (4), we see that
function w is analytic in U with w(0) = 0. Suppose that there exists a point zy € U satisfying
(5). Then we have (6). By Lemma 2.1, there exists a real number k with k > 1 satisfying (7).

Using the fact that zop'(2o) is a real number, from (4) and (8), we can obtain

Re {P(Zo) + 713;0(};0()23))/ }
, 1
=Re{p(z0)} + zop'(20) Re{ Ao+ 7 }
= Re{p(zo)} +2(1 - oz)k( wlzo) ) Re{ 1 - wizo) } (18)
(1 -w(z0))* B+y+(B-2aB-y)w(z)

We now set p(zp) as in (9). Then we have the same function value of w(z;) which satisfies
formula (10), and it follows from (18) with (10) and k > 1 that

zop'(20)
Re{p(z()) ’ Bp(zo) + v }

) (1-a)?+y? af +y
sa-21- “)k( 4(1 - a)? ><y2 + 20y + (o +y2))

- (@B +y)(1 =2 +a? +y?)
=T I — )2 + 20By + B2’ +97)

=(3(0[,/3,]/, ),

p(20)

Page 5 of 16
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where 8(c, 8, y, |p(z0)|) is given by (16), which contradicts assumption (15). Therefore we
complete the proof of Theorem 2.10. O

Remark 2.11 For y =0, Theorem 2.10 is an improvement of the result by Miller et al. [7].

Taking 8 =1 and y =0 in Theorem 2.10, we have the following result.

Corollary 2.12 Let p be analytic in U with p(0) =1 and 0 <a < 1. If

’

' (z)] ol -20)(p)*>-1)
Re{p @+ } > T - a)pa)P
then p € P(a).

Applying Theorem 2.10 leads us to get the following theorem which doesn’t depend on
Ip(2)].

Theorem 2.13 Let p be analytic in U with p(0) = 1 and 0 < « < 1. If p satisfies one of the

following conditions:
(i) Re{p(z) + ﬁ;’ZZ()i)y} >a— 2;’2‘?3&) (~aB <y <B(1-2a)for B>00r—-af <y <—B for
B <0),
(i) Re{p(z) + ﬂ;?z()i)y} >a— 2(;;fy) (y > B(1-2a) for B>00ry > -8 for B <0),
then p € P(a).

Proof First of all, we consider a function ¢ : [0,00) — R defined by

1-a)+x

"By B "

¥ (x)
By differentiating v, we obtain

[(@B+y) + ﬁzx]zllf’(x) =(B+y)(y + BRa-1)).

Therefore the derivative of ¥ is negative when -8 <y < —8(2a — 1) for 8 >0 and —af <

y < =B for B <0, which means that function v is decreasing. Hence

V) = Tim (o) - % (x> 0). (20)

On the other hand, the derivative of v is positive when -8(2e—1) < y for § >0and -8 < y
for B < 0, which means that function ¥ is increasing. In this case, the following inequality
holds:

2
w(x>zw<0)=( Lo ) (x> 0). (21)

af +y
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According to the same contradiction method as in Theorem 2.10, when p(zy) is defined

by (9), we now have

zoP'(20) (@B +y)1-2a+a?+y%)
R%”%”Jm@w+y}5“‘2u—aMW+2WW+ﬂ%w+ym
(@B+y) 4
=S V) (22)

where  is the function defined by (19).
When —af <y < —B(2c — 1) for 8 >0 and —af <y < —p for 8 <0, by (22) and (20), we

have

Re{p(zo)+ zop' (20) }< (af +y)

pra)+y | =% 2B2(1-a)

This is a contradiction to the assumption. And, when —-(2a¢ —1) <y for  >0and -8 < y
for 8 <0, by (22) and (21), we have

zop'(z0) (1-a)
Re{p(z()) " o) +y } =T 2apry)

But this also contradicts our assumption. Hence the proof of Theorem 2.13 is com-
pleted. d

Letting 8 =1 and y =0 in Theorem 2.13, we have the following corollary.

Corollary 2.14 Let p be analytic in U with p(0) = 1. If function p satisfies the following
condition, then p € P(a):

zp'(2) } S a2 when 0 <a <1/2,

2(1-a)’
p(z) (1+a)(2a—1),

2a

Re {p(z) +

when 1/2 <a < 1.

Remark 2.15 Taking p(z) = zf'(2)/f(z) and @ = 1/2 in Corollary 2.14, we have the classical
result by Marx [3] and Strohhicker [12], that is, L C S$*(1/2).

Let « and B be real numbers such that 0 <« < 1and 8 > (3 —1)/2. Then it can be easily

shown that

2 2
Ay
2(1 - )

(1—a)?+y?

a-p 2(1-a)

B <0, yeRk>1.

Hence it follows that the following inequality holds for y € R and k > 1:

1-a?+y* \* 1-ay+y" \*
<O{—,B—ﬂk> +y Z(a_ﬁ_wk> ty. (23)
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Now let p(zo) and zop'(zp) be given as in (9) and (11), respectively. Then, from (23) and
replacing y? by |p(z0)|* — @2, we have

1-a)? 2 0\ 2
_( O‘)+y>+y2

[p(eo) + z0p'(z0) = B = (“ AT

2 2
> (1—a+ﬂ+%) + |plzo)|* - o (24)

Now, applying the same method as in the proof of Theorems 2.3 and 2.10 and inequality
(24), we obtain the following result.

Theorem 2.16 Let « and B be real numbers such that0 <« <1and B > (3 —1)/2. Let p
be analytic in U with p(0) = 1. If

() +2'(2) = B] < (e, B, |p(2)]),
where
2_1\2 172
b p(z”)z{(l‘“ﬂ*%) +|p<z>|2-a2} :
then p € P(a).

Corollary 2.17 Let 0 <« <1 and B > (3a — 1)/2. And let p be an analytic function in U
with p(0) = 1. If p satisfies

2
p(2) + zp'(z) - B <\/<1"“+ﬁ_ 2(11—0t)) e

then p € P(a).

Taking o = 0 and B =1 in Theorem 2.16 and Corollary 2.17, we have Corollary 2.18
below.

Corollary 2.18 Let p be analytic in U with p(0) = 1. If

2\ 2
p@) + 25/ -1] < \/ (295) b

2

’

or
, 3
@) +2p/ (@)= 1| <2,
thenp € P.

With the aid of Lemma 2.2, we prove the following result.
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Theorem 2.19 Let o and A be real numbers with0 <o <1 and A > 0. And let B and C be
functions defined in U such that Re{B(z)} > A for all z € U. If p is analytic in U with p(0) = 1
and

Re{AZ*p"(2) + B(2)zp (z) + C(2)p(2)} > 8(ot, A, B(2), C(2)),

where

- C(2)))? - (Re{B(z) — A})>?
5(a, A, B(z), C(2)) = (1 “)[(Im;(é?{};(z) ER:; (2) - A}7] +aRe{C@)},

then p € P(a).

Proof Define function was in (4). We see that w is analytic in U with w(0) = 0. Suppose that
there exists a point zj in U satisfying (5). Then we have (6). By Lemma 2.1, there exist a real
number k > 1 satisfying (7). Moreover, by hypothesis (5), we have p £ &, where h: U — C
is the function defined by /(z) = (1 + (1 — 2)z)/(1 — z). Note that

cH'©Q))
Re{1+ T }_0

for ¢ € T. Lemma 2.2 with the equality above leads to the inequality

Re{ 1+ Zp”(z0) } > 0. (25)
P (z0)

Since zop'(zp) is a nonpositive real number, from (25), we have

Re{z5p" (20)} < —z0p'(20). (26)

Putting

plzo)=a+iy (eR),

we obtain the same function value of w(zy) which satisfies equation (5). Then, by (26) and
(11), we have the following inequalities:

Re{Azgp" (z0) + B(z0)zop' (20) + C(20)p(20) }

< (Re{B(zo)} - A)zop'(z0) + aRe{C(zo)} —yIm{C(zo)}

A —Re{B(z)}
ﬁ)ﬂ +aRe{C(z)} - yIm{C(z)}

_ (1-o)[(Im{C(z0)})” — (Re[B(z0) - A})’]

< %(A -Re{B(z)})(1 - ) +

Re{C
2(Re(Blzo) - A)) +oRe{Cla)
= S(O[rA’B(ZO)7 C(ZO))
But this contradicts our assumption. Hence the proof is completed. O

Taking A =0, B(z) = C(z) = 1 and « = 0 in Theorem 2.19, then we have the following
result.
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Corollary 2.20 Let p be analytic in U with p(0) = 1. Then

Re{p(z) + zp'(2)} > —% = Re{p(»)}>o0.

Remark 2.21 Corollary 2.20 is the result obtained by Miller [4]. And this is also shown by
Corollary 2.7.

Taking A = 0, B(z) = C(z) = 1 and « = 1/2 in Theorem 2.19, we have the following result.

Corollary 2.22 Let p be analytic in U with p(0) = 1. Then
/ 1 1
Re{p(z) +zp'(2)} > 1 = Re{p(2)} > 3

Letting p(z) = (I, s[f1(2)/2)? (f € A), where I, s : A — A is the integral operator defined
by (13),in Theorem 2.19 with A = 0, B(z) = 1, C(z) = y + f and a = 0, we have the following
result.

Corollary 2.23 Letf € A and let B and y be complex numbers. If

f(2)

B
Re{(y + ﬂ)(7> } > %[(Im{y + ,3})2 +2aRefy + B} - 1],

then

Re{ (My;} > 0.
z

By a similar method as in the proof of Theorem 2.19, we can obtain the following result,
which shows that the condition Re{B(z)} > A (z € U) can be established in Theorem 2.19
when Im{C(z)} = 0 (z € U).

Theorem 2.24 Let  and A be real numbers with0 < a <1 and A > 0. And let B and C be
functions defined in U such that Re{B(z)} = A and Im{C(2)} = 0 for all z € U. If p is analytic
in U with p(0) = 1 and
Re{Azzp”(z) +B(2)zp'(z) + C(z)p(z)} >a Re{C(z)},
then p € P(a).
Taking A = 1, B(z) = C(z) = 1 in Theorem 2.19, then we have the following result.
Corollary 2.25 Let p be analytic in U with p(0) = 1. Then

Re{zzp”(z) +2zp'(2) +p(z)} >a = Re{p(z)} >a.

Next, we derive another conditions for Carathéodory functions of order « in Theo-
rems 2.26 and 2.27 below.
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Theorem 2.26 Let p be analytic in U with p(0) =1 and 0 < «a < 1. If p satisfies

zp'(2)
pz)—a

4iA (27)

forall A e Rwith |A| > 1, then p € P(a).

Proof Let

1
4@ =1 (p(2) - ).

Then g is analytic in U with g(0) = 1. Here, we note that p(z) # « for z € U. In fact, if there
exists a point z; € U such that p(z;) = « and hence g(z;) = 0 then g(z) can written by

q(2)=(z-z1)"q1(z) (meN),

where ¢; is analytic in U and g1 (z1) # 0. Hence we have

zp'(z)  zq(z)  mz s zq,(2)

p@)—-a  qz) z-z qi2)’ (28)

But the imaginary part of the right-hand side of (28) can take any value when z approaches
z1. This contradicts our assumption (27). Suppose that there exists a point zy € U such that

Re{q(z)} >0 for|z| <|z| and Re{q(zo)}=0 (q(z0)#0).

Setting
_1-4()
¢(z) - 1 + q(z)y
we have

|p(2)| <1 for|z| <|zo] and |¢(z0)| =1 (¢(0)=0).
Let g(zo) = iy (y € R\ {0}). Then, by Lemma 2.1, we obtain

209’ (z0) _ 2204’ (20) _ —2204q'(2o) _
#(20) 1-4*(z0) 1+y?

’

where k is a real number with k > 1, and so

1+y?

~20q (20) =
Therefore, zoq'(zp) is a negative real number. At first, suppose that y > 0. Then we have

20p'(20) _ 20q'(20) _ —izoq'(20) _ .

p(z0) —«a - q(zo) y
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Hence we obtain

_ / 2

A= 2oq (z0) > L+y >1,
y 2y

which contradicts assumption (27). Next, for y < 0, we have

z20p'(20) _ 204 (20) _ 1204 (20) _ iz0q'(20) _ .
p@)—a  q(z) lq(zo)] bl

and A is a real number with A < —1. This also contradicts assumption (27). Hence we
complete the proof of Theorem 2.26.

O
Theorem 2.27 Let 0 <« < 1 and let p be analytic in U with p(0) = 1. If p satisfies
/ _ )2 _ 1- 2
P (o) —af ~(1-aP . 09)
p(2) —a (p(z) —)* + (1 - )?

forall A e Rwith |A| > 2, then p € P(a).

Proof Firstly, using a proof similar to that of Theorem 2.26 and assumption (29), we can
derive easily that

pz) #a and p*(z) - 2ap(z) + 20> =20+ 1 £0 (30)
forall z € U. Let
1 1+ w(z)
q(z) = E(P(z) ~a)= Tp—

Then we see that w is analytic in U with w(0) = 0. We claim that |[w(z)| < 1 in U. Suppose
that there exists a point zy € U such that max ;<\, [W(2)| = [W(z0)| = 1. By Lemma 2.1, there
exists a real number k > 1 satisfying (7). Writing w(zo) = € with

-r<O<m (0#0,x7/2), (31)

we obtain that

1 6
q(zo) = +—e, =icot(8/2)
1-—ei

and

z0q (z0)  2kw(zo) _ k
qlzo)  1-w%(zp) sinf’

Therefore we have the following identities:

z0p (z0) (p(20) —)* — (1 —)? _ 209 (20) q*(z0) — 1
p(z0) — o (p(z0) — )% + (1 - )?

q(z0) q*(z0) +1

k 1+cot?(8/2)
jo Z T A
sind 1 — cot2(6/2)
= —iA.

Page 12 0f 16



Kim et al. Journal of Inequalities and Applications (2019) 2019:13 Page 13 0of 16

It is now sufficient to show that
A>2 or A<-2 (32)

for all 6 satisfying (31), since (32) contradicts the assumption (29). For this, let us define a
function ¢ : (0,1) - R by

1+ £2)?

o(t) = m

We can check ¢'(t) = 0 occurs only at £ = /2 — 1 =: £, € (0,1). Moreover, we have ¢"(t;) =
12 + 84/2 > 0. Therefore, on the interval (0, 1), function ¢ has its minimum at ¢ = £,. That

is,
p(t) = p(to) =2 (0<t<1). (33)
And, by (33), the following inequality holds for ¢ € (1, 00):
p(t) =-pl/t) <=2 (¢>1). (34)
Consider the case 0 < 6 < /2. Then, we have cot(6/2) > 1 and it follows from (34) that
A =kg(cot(6/2)) < -2.
For the case /2 < 6 < 7, we have 0 < cot(8/2) < 1 and (33) gives us that
A =kg(cot(6/2)) > 2.

A similar method as above leads us to inequality (32) for the case -7 <0 < Owith 6 # -7 /2
and the proof of Theorem 2.27 is now completed. O

Remark 2.28 Taking p to be appropriate analytic functions in Theorems 2.26 and 2.27, we

can find conditions for univalence, starlikeness, convexity, and so on.

Theorem 2.29 Let 0 <wa <1and0< B <1.Ifp is analytic in U with p(0) = 1 and

Re{(p(z)—a)ﬂ (1 A )} > h(8(a, B), e, B),

pl2)—a
where
1
hx, o, B) = 20— (—xﬂ"1 sin(%ﬂ) +2(1 —a)x’ cos(%ﬁ)
—(1-a)’x"! sin<%l3>>
and

o dme T _ in2( ~
8, B) = L+ B)sin(Zp) (ﬁcos(2ﬂ>+\/(1 22) sin <2ﬁ>+52),

then p € P(a).
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Proof First, we note that p(z) # « for 0 < « < 1. Defining function w by (4), we see that w
is analytic in U with w(0) = 0. Suppose that there exists a point z; in U satisfying (5). Then

we have (6). By using Lemma 2.1, we obtain
zoW (20) = kw(zo),

where k is a real number with k > 1. Putting p(zo) = o + iy with y € R\ {0}, we obtain (10).

Then we have

Re{ (P(Zo) - Ol)ﬁ (1 + Zop’ (z0) ) }

p(z0) —«a

= Re{ (p(zo) —o+ Zop/(Zo)) (P(Zo) - ot)ﬁil}

k(1 —a)* +y?
- Re{ (iy— %)(iﬁ’“}

= Re{ (iy— W) |)’|ﬂ‘1<cos(j: (8 —21)71) + isin(j: (8 _21)71 )) }

At first, we consider the case 0 < 8 < 1.

(i) For the casey > 0, we have

Re{(p(zo) - oz)'3 <1 + M)}

p(z0) —a

) Re{ <_2(1k— o (=) iyﬂ) (Sin(%ﬂ) - icOs(%ﬁ» }

=_2(1k_ a)((l—a)2y/3—l +yP0) sin(%ﬂ) iy cos(%ﬂ)

= 2(11_ ) <—J’5+1 sin(%ﬁ) +2(1—a)y” cos<%,3> —(1-a)yf! sin<%,3)>

=h(y,a,B).

Then, by a simple calculation, we obtain

H(y,, B) < h(8(@, B),t, ),

which is a contradiction to our assumption.

(ii) For the case y <0, we have

Re{ (p(z0) —Ot)ﬁ (1 + Zop'(z0) >}

p(z0) —

) Re{ (_2(1/(— o (=’ e 1) - iw) (sin(%ﬂ) R icos<%ﬁ>>}

_ k N2 18-l B+l (z) p (Z)
- 2(1_0[)((1 a)?[yl’ + ylP*) sin 2,3 +]y|? cos 2;9

<h(lyl,, B) < h(8(ct, B), o, B).
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We also come up to the same contradiction to our assumption under y < 0 condition. Now,

we consider the case 8 = 1 and obtain

(1-a)?+y?
2(1 —a) )
(1-a)?+y?
- 201-a)

< Lo ;“ = h(8(a,1),0,1).

Re{p(zo) — o +z0p'(z0) } = —k(

This contradicts our assumption. So, the proof is completed. O

Remark 2.30 Taking @ =0and 8 = 1in Theorem 2.29, we obtain the same result of Corol-
lary 2.22.

Taking p(z) = f(z)/z and « = 0 in Theorem 2.29, we have the following result.

Corollary 2.31 Letf e Aand0< B <1.1If

-1
Re{ 1(2) <f (Z)> } > h(5(0,8),0,8) (zeU),

z
where h and 5(0, B) are given in Theorem 2.29, respectively, then

Re{f(—z)} >0 (zel).

z

Example 2.32 Taking B = 1/2 in Corollary 2.31, we have 4(5(0, 8),0, 8) = 0. Then

172
Re{f’(z)(/%) } >0 implies Re{@} > 0.
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