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Abstract

In this paper, we consider the stability of intensity measurement mappings
corresponding to generalized phase retrieval and generalized affine phase retrieval in
the real case. First, we show the bi-Lipschitz property on measurements of noiseless
signals. After that, the stability property as regards a noisy signal is given by the
Cramer—Rao lower bound.
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1 Introduction
Given a signal x € F? (F = C or R), phase retrieval aims to recover x from its intensity mea-
N
l

surements | (x, ¢;)|,i = 1,...,N, where {¢;} is a frame of F%. The phase retrieval problem

has a long history, which can be traced back as far as 1952 [13]. It has important applica-
tions in optics, communication, X-ray crystallography, quantum tomography, signal pro-
cessing and more (see e.g. [11, 14, 16] and the references therein). The task of classical
phase retrieval is recovering a signal from its Fourier transform magnitude [5, 8]. Using
frame theory, Balan et al. constructed a new class of Parseval frames for a Hilbert space in
2006 [2], which allows signal reconstruction from the absolute value of the frame coeffi-
cients. Since then lots of theoretical results and practical algorithms emerged in different
fields. Generalized phase retrieval was introduced by Yang Wang and Zhiqiang Xu [17],
including as special cases the standard phase retrieval as well as the phase retrieval by or-
thogonal projection. Explicitly, let H;(F) denote the set of d x d Hermitian matrices over F
(if F = R then Hermitian matrices are symmetric matrices). As a standard phase retrieval
problem, we consider the equivalence relation ~ on F¥ : x; ~ x if there is a constant b € F
with || = 1 such that x; = bx,. Let % := F%/ ~. For any given A = {A]-}j\:[1 C Hy(F), define
the map My : F? — RN by

My(x) = (x*Alx, . ..,x*ANx),

where x* denotes the conjugate transpose of x. We say that A is generalized phase retriev-
able if My is injective on Ed, Similarly, if A; is positive semidefinite for j = 1,...,N, we can
define the map /My : F* — RN by

\/ATA(x) = (\/x*Alx, s \/x*ANx).
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Affine phase retrieval, introduced by Bing Gao et al., aims to recover signal from
the magnitudes of affine measurements. More precisely, instead of recovering x from
{{x, (p,)l}l 1» they consider recovering x from the absolute values of the affine intensity

measurements

[ex j=1.N,

where ¢; € F% and b; € C. In Sect. 3, we consider generalized affine phase retrieval and
discuss its basic properties.

Given two vectors x,y € F%, we define metrics d(x,y) = ||x - ||, d1(x,y) = min{||x — y||,
[lx + y|l} and matrix metric da(x,) = ||x + y|||x — y|| corresponding to the nuclear norm.
Several robustness bounds to the probabilistic phase retrieval problem in a real case are
given in [7]. Stability bounds of a reconstruction for a deterministic frame are studied in
[3, 4] with appropriate metrics.

Our study mainly focuses on the stability of generalized phase retrieval and generalized
affine phase retrieval in real case in two aspects. The first one addresses the bi-Lipschitz
property of generalized phase retrieval. Section 2 shows that the mappings M, and /My
all have the bi-Lipschitz property with respect to an appropriate metric. However, the
generalized affine phase retrieval mappings Mg, and /Mg, only can be controlled by
two metrics. The second aspect deals with the Cramer—Rao lower bound of generalized
phase retrieval and generalized affine phase retrieval in an additive white Gaussian noise
model. The Cramer—Rao lower bound of any unbiased estimator is given by calculating

the Fisher information matrix.

2 Stability of generalized phase retrieval
In this section, we discuss the bi-Lipschitz property and Cramer—Rao lower bound of gen-

eralized phase retrieval. Given a collection of matrices {A,};\:’ 1 C Hy(F), define

Z| * ,y| and bg:= sup Z|x* 1y|

HxH HJ/H 1 Ieli=lyli=1"_

Assuming the collection of vectors {A,x} ¢, form a frame of F? for any x # 0, then there

exist constants 0 < o, < B, < +00 such that

N
2
axlyl® <Y | Ap|* < Belyl?,  ye FL

Jj=1

We choose «, and S, to be the optimal frame bounds corresponding to {A,x}N 1- Obviously,

we have

N

Y At = axllyl? > 0,
j=1
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for any y # 0 and x # 0. Furthermore, the unit sphere S;(F%) = {x : ||x|| = 1,x € F?} is com-
pactin F%. So is S (F%) x S1(F%) in F* x F. Since the mapping

N
(%, y) —> Z‘x*Ajy‘z
j=1

is continuous, it follows that
N
. . 2
ap= inf o, = inf x*Ay|" >0
R T :HyH:le:’ !

llxl

and

N
by = sup B, = sup Z|x* jy|2 < +00.

flxll=1 Ieli=lyli=1"_;

Conversely, suppose gy > 0 and by < +00, then, for any x # 0 and y # 0, we have

N * 2 N 2
-1 XAyl
o < ZJ 1 . 12/ :Z <A/L,L>‘ < by.
[l (1> [1y 1 pe AR
This is equivalent to
N
2
aollx*1y1* < Z| (Ajx, )| < bollxl* (19117, (2.1)
j=1

which means for any vector x # 0, Ajx is a frame for F? with frame bounds ag||x||? and
bo||x||%. Hence, we have proved the following lemma.

Lemma 2.1 Suppose A = {A,};\:[ 1 is a collection of Hermitian matrices in Hy(F). Then for
any x # 0, the collection {ij};‘ilforms a frame for F* if and only if ay > 0 and by < +00. In
this case, (2.1) holds for every x,y € F°.

For A = {Aj}ll.\:’1 C H;(R), Yang Wang and Zhiqgiang Xu [17] proved that A is phase re-
trievable if and only if {ij};\:[ | is a frame of R for any nonzero x € R¥. This incorporating
Lemma 2.1 leads to the following theorem.

Theorem 2.1 Let A = {14j}1]-\:’1 C H;(R). Then A is phase retrievable if and only if ag > 0 and
by < +00.

Since |(4jx,9)|* = yTAjxxT Ajy in real case, the above theorem can be rewritten in the
quadratic forms as follows.

Corollary 2.1 Let A = {A,-}Il.\i 1 C Hy(R). Then A is phase retrieval if and only if there are
two positive real constants ay, by such that

aollx|*I < Ry < bollx|*I, xeR?, (2.2)

where the inequality is in the sense of quadratic forms and R, := Z}]il AjxxTA;.
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For any positive semidefinite matrix A; € Hy;(R), there is a matrix B; € R4 such that
Aj= B/TB,» where r; > 1. While the matrix B; can be taken as the square root of A;, most of

the time, it is not unique. Let BjT =(bj1,... 1V1) where b;; is the ith column of the matrix
BIT, then Ajx can be expanded as

rj rj
ij = BjTB,»x = Z b,',ibfix = Z(x, bj,i)bj,ic

i=1 i=1

Hence, we have

xTij (Ajx, x) E |x, i)

Using the above formula, we obtain a relation between generalized phase retrieval and the
classical phase retrieval.

Theorem 2.2 Suppose A; = B/ Bj € Hy(R) is a positive semidefinite matrix and B] =
(bjgs... ) ,}) forj=1,...,N.If {A,'};\:[ | is generalized phase retrievable, then the column vec-

tors {bj,i} s 1,1.:1 satzsfy the complementary property and therefore become a phase retrievable
frame.

Proof We prove it by contradiction. Let A := {(j,i) : 1 <i <r;,1 <j < N}. Assuming S
is an arbitrary subset of A, it can be divided into two parts: S; = {i|(j,7) € S} and Sf =
{1,2,...,7;}\ S;. If neither {b;;}(nes nor {b;,}(;)esc is a spanning set of R, then there exist
two nonzero elements x,y € R? such that (x, b;;) = 0 for he(j,i) € S and (y,a;;) = 0 for
(j,i) € S¢. Consequently, for j = 1,...,N, we have

J
[Bi6e+ I = 3l + 3y

= Z‘(x +y,b,»,,-)|2 + Z|(x+y,b,,,»)|2

iES/' igS.C

=Y l@=nb[ + D lw-nbal
ieSj iesC

= |Bix-»]”.

Incorporating xTij = ||B,»x||2 for any x € R?, the above equation indicates that (x +
)T Aj(x +y) = (x — y)TAj(x — y) for all j. Since {Aj}j.\il is phase retrievable, we have x + y =
=+ (x — ). This contradicts the nonzeroness of x and y. a

If {Aj}f\:’ 1 is generalized phase retrievable, then {4;; ﬁ’;fizl = {b”b }] 11 1 is generalized
phase retrievable by Theorem 2.2. Again, by Theorem 2.1, there exist positive constants
a1, by such that

ai %1% ly |1 <ZZ| Az < bl Iyl

j=1 i=1
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On the other hand,

2
2 : 2 2
=r | ]lx! <rb1||x” ||)’|| ’

j=1 i=1

Y

z ] lxl

i=1

Z|xTA}y| = Z

j=1

with 7 = max;{r;}. Therefore, we have the upper bound relation by < rb;.

2.1 Bi-Lipschitz property
In this subsection, we consider the bi-Lipschitz property of tmappings M4 and /M,4. At
first, we show the stability of the mapping M, with respect to the metric ds.

Theorem 2.3 Let {A} 11 C Hy(R) be generalized phase retrievable. Then M, is bi-
Lipschitz with respect to matrix metric da(x,y) = ||z + y||lx — y||.

Proof For any x,y € R?, we have

N

[Ma@) - MaO)|* = > {4+ ) =)
j=1
By Lemma 2.1, we have
N

aollx + y1Illx - y11? Z j+ )3 =) < boll + ylI2 -y

This is equivalent to

aod(%,y) < | Ma(x) - Ma )| < bod2(x, ). (2.3)

Now, we consider the stability of the mapping /M, with respect to the metric d;.

Lemma2.2 Let {A,};\:[ 1 C Hy(R) be a collection of positive semidefinite matrices and gener-
alized phase retrievable. Then /My is upper bounded with respect to the metric di(x,y) =
min{|lx + yll, lx - yIl}.

Proof First, by the definition of /M4, we have
2 - 2 2
|VMaG) = VMa)|” = D (27 A= [y Ap)" = 3 (1Bl - 1By,
j=1 J=1

where B; is the square root of A;. Then, by the reverse triangle inequality,

N N 5
> (1Bl ~ 1Byl)* < > (min{]| Bx - )], 1)
j=1 j=1

a 2 Y 2
=min{ > |5 DB+
j=1 J=1
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N N
= min: Z(x —y)TA,-(x -, Z(x +y)TA;(x + y)}
j=1

j=1

N N
= mini(x -7 (ZA/) (x—y), (x +y)T<ZAj> (x +)’)}~

Jj=1 Jj=1

Since A; is positive semidefinite, so is Z;\:[IA}'. Let A; be the maximum eigenvalue of
Zﬁl Aj, Then we have

N N
min{(x —y)T<ZAj> (x—9), (x+y)7" (ZA;) (x +y)} < Mdi(x,y).
j=1 j=1

Combining all the above inequalities, we have

|VMa@) = VMAG)|* < M3 (x,).

This demonstrates the mapping /My is upper bounded by A;. Furthermore, picking an
eigenvector x of Zﬁl Aj corresponding to A;, then we have

N N
| VM) - VMA O =Y 1Byl = xT<ZA,->x = Mllxl?,
j=1 j=1

which means A; is the optimal upper bound. g

For the lower bound, we consider the parallelogram law

Il + 11 + lle = 711 = 2(llell + 1711%)
in two cases. At first, if |x + y|| < ||lx — y||, we have

lloe + 3112 1% = y1I>

> [lx + >
12 + [ly]2

Secondly, if ||x + y|| > ||x — y||, we have

lloe + 3112 1% = y1I>

2
> [le—yll*
%)% + [ly112

Combining the above two cases,

e+ 912 1x =ylI> — d3(x9)

= , (2.4)
llll> + llyll? el + 11112

dy(x,y) = min{|lx + )%, | - y[*} <

which indicates the relation between two metrics. This allows us to estimate the lower

bound of /M.

Lemma 2.3 Let {A,f}}\z[ . C Hff (R) be generalized phase retrievable and positive semidefi-
nite. Then /My is lower bounded with respect to the metric di(x,y) = min{||lx + y||, ||lx — y||}.

Page 6 of 13
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Proof By the formula for the difference of a square, we have

MMM%JMMW=iWWWMWW=iC@ﬂ:Eﬂ3{
~ =\ 1Bl + 1B

where B; is the square root of A;. Let C is the uniform upper operator bound for {A,'}f\:[ v
that is, [|Ajx|| < Cllx|| for x € R?andj=1,...,N. Therefore IBjx|| < VC||x|| and we have

i( 1Bjx]|? — ||B/y||2)2 _ LBl ~ 1Byl?Y

T\ 1Bl + 1Byl Clxll + Iy 1>

aods(x,y)
T 2C(1%N% + Ny %)

ag
> %df(x,y),

where the last inequality is due to (2.4). Thus we have proved that 52 is a lower bound of
the mapping /M. O

Our discussion of the bi-Lipschitz property of /M4 is summarized in the following
theorem by combining Lemma 2.2 and Lemma 2.3.
Theorem 2.4 Let {Aj}]l.;[ 1 C HY(R) be generalized phase retrievable and positive semidefi-
nite. Then /M, is bi-Lipschitz with respect to the metric d1(x,y) = min{||x + y||, ||x — y||} as
follows:

;—gd%(x,y) < VMA@ - VMAO) | < 2}, ).

Phase retrieval by projections introduced by Cahill et al. in [6] aims at recovering a signal
from measurements consisting of norms of its orthogonal projections onto a family of
subspaces. Since x” Px = || Pyx||*> when P, is a projection to an appropriate subspace of R,
phase retrieval by projections is a special case of generalized phase retrieval with A; = P;.
Therefore, Theorem 2.3 and Theorem 2.4 also hold for phase retrieval by projections. In
this special case, 1, can be upper bounded by N and C equals one.

2.2 Cramer-Rao lower bound

Given signal x € R?, we take measurements of the form Y = ¢(x) + Z, where the entries
of Z are independent Gaussian random variables with mean value 0 and variance 2. The
generalized phase retrieval problem with noise is to estimate x from measurements Y. In
this case, we apply the theory of Fisher information to evaluate the stability of ¢(x). The
Fisher information matrix is defined entry-wise by

8% log L(x)
me 396[

@@»mj:—E[

where L(x) is the likelihood function. By assumption, Y is a random vector with

L( ) 1 —LQ“}’_W(?C)

a 112
x)= (27102)1\1/26 % :
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By some simple computations, the Fisher information matrix entry (I(x)),,. equals

N

(e (x)); 8(<p(x)), 9% (p(x));
‘722 [ :| ZE[ ) 3%, 00 i|’

where (¢(x)); is the jth component of ¢(x). Since E[y;] = (¢(x));, the second expectation

equals zero and
1 o 9 d
(16) 0= = D o (00,5 (@), (2.5)
j=1

In terms of generalized phase retrieval problem in real case, we have ¢(x) = (xTA,'x)j\:[ L and
in order to obtain a unique solution, we make an assumption of the signal x introduced in
[1]: the signal x is in a half super plane with respect to a vector e € R, i.e. (x,e) > 0. See
Ref. [4] for another assumption to guarantee uniqueness. Substituting ¢(x) = (xTij)j\zl 1
into (2.5), we have

N

Z 1x)m 1x)b

j=1

where (4;x),, is the mth element of vector A;x. This indicates the Fisher information matrix

can be expressed as

N
4
== Z Aix)(Ajx) x) T = ZA,xxTA, = —R (2.6)
-1 j=1

Since Corollary 2.1 implies the matrix R, is positive definite, we obtain the Cramer—Rao
lower bound by Theorem 3.2 in [12], as incorporated in the following theorem.

Theorem 2.5 The Fisher information matrix for the noisy generalized phase retrieval
model in real case is given by (2.6). Consequently, for any unbiased estimator @ (y) for x,
the covariance matrix is bounded below by the Cramer—Rao lower bound as follows:

Corfo0)] = (1) - TR,

Therefore, the mean square error of any unbiased estimator @ (y) is given by

02

T Tr(R;").

E[|20) -] = ;

Taking inverse operator to matrices in (2.2) leads to

RS
bolx|] aollx|l

Then taking trace of every matrix yields

- < TI‘(R_I) < L
bollxlI* ~ T aollx|?
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Therefore, using Theorem (2.5), we get the mean square error bounds of unbiased esti-
mator as in the following corollary.

Corollary 2.2 IfA = {Aj}]].\i | is generalized phase retrievable, then, for any unbiased esti-

mator @ (y) for x, we have

2
2 o d
El|@W) —x| x| > ——.
[” ” ] 4b0||x”2
Furthermore, any unbiased estimate that achieves the Cramer—Rao lower bound has a
mean square error that is bounded above by

o%d
S
dao |||

E[|®0) - x| x]

3 Stability of generalized affine phase retrieval
The standard affine phase retrieval introduced by Bing Gao et al. in [9] can be used for
recovering signals with prior knowledge. In this section, we consider generalized affine
phase retrieval theoretically and give some basic mathematical properties at first, then we
focus on its stability property.

Let B; € F*?, where r; is a positive integer. We consider recovering signal x from the
norm of the affine linear measurements ||Byx + b;|, j = 1,...,N, where b; € F'i and x € F4.
Let B = {Bj}ll.\:’1 and b = {bj}}\il, we define the mapping Mz, : F? — RY by

Mgp(x) = (IB1x + by ||*, 1 Box + bl ..., | By + by [1?).

The pair (B, b) is said to be generalized affine phase retrieval for F? if M, is injective on
F?. This definition is a little bit different from the one in [10] where all rj equals same
integer r > 1. Similar to generalized phase retrieval, we define the mapping /Mp,, by

VMgp(x) = (I1Bix + by ll, [1Bax + b, | Bux + by)).

Theorem 3.1 Let B e R *d and b; e R'i. Then the following are equivalent:
(A) The pair (B, b) is generalized affine phase retrievable for R%.
(B) There exist no nonzero u € R% such that (Bju,Bjv + bj) =0 forall 1 <j <N and
veRe
(C) Ifv is the solution of equations Bjv + b; =0 forj€ S C {1,2,...,N}, then
{B/TB,'V + B/.Tbj}jesc is a spanning set of RY.
(D) The Jacobian of Mgy, has rank d everywhere on R,

Proof (A) < (B). Assume that Mg (x) = M, (y) for some x #y in R%. For any j, we have
I1Bix + bj1> = ||Bjy + bjl|* = (Bj(x — 3), Bj(x + y) + 2b;).
Set2u =x—yand 2v=x+y. Then 4 #0 and for all ,

(BjM,BjV + bl) =0. (31)
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Conversely, assume that (3.1) hold for all . Let x,y € R? be given by x — y = 2u and x + y =
2v. Then x # y. However, we have Mp;(x) = Mp,(y). Hence (B, b) cannot be affine phase
retrievable.

(B) & (C). Assume {Bl.Tij + Bl.Tbj} jesC is not a spanning set of R4, then there is a nonzero
vector u € R? such that (Bju, Bjv + b;) = (u,B/TB,»v + Bijj) =0 forje S¢. Forj e S, since v
is the solution of equations B;v + b; = 0, the inner product (B;u, Bjv + b;) also equals zero,
which contradicts (B). The converse can be proven similarly.

(C) < (D). The Jacobian of My, at x is exactly

Jp.p(x) = 2(B{ Bix + B{ by, B} Box + By by, ..., B{Bxx + B{;by),

which means the jth column of /, is precisely BITB,x +B]Tbj. This indicates the equivalence
of (C) and (D). O

Minimality problems have attracted much attention from different areas recently. For
generalized affine phase retrieval, the answer is related to different constraints on B;, b;

and prior knowledge of signal x. The following theorem is given in [10].

Theorem 3.2 ([10]) Let N > 2d and r > 1. Then a generic {(B), b,»)}]].\:[1 C R™UE+D has the
generalized affine phase retrieval property in R?.

Let r = max; r;. The rj x (d + 1) matrix (B;, b;) in Theorem 3.1 can be extended to r x (d + 1)
matrix by filling with zero rows. The extended matrix can be viewed as an affine phase

retrieval matrix where all 7; = r and hence leads to the following corollary by Theorem 3.2.

Corollary 3.1 LetA; = (B].T, bjT)T(B/, b;), where bj € R and B; € R'7*? is a nonzero matrix.

IfFN > 2d and A = (Aj);\:[ | is a generic set in HY (R), Then the pair (B, b) is generalized affine

phase retrievable.

Example 3.1 Let B; = B, be the 2 x 2 identity matrix, Bs = (1,0), b; = (0,0)7, b, = (0,1)7,
bs = 1. Then the pair (B, b) is generalized affine phase retrievable in R2. In fact, assuming
u=(x,9)7 € R then

IBiu + by||* = 2 + 5%,
|1Bou + by||* =5 + (y + 1)%,
||Bszs + b3||2 =(x+ 1)2.

By simple computation, one can easily solve the equations with respect to x, y. The number

of measurements equals 3 withr; =r; =2, r;3 = 1.

Now, we consider the stability of generalized affine phase retrieval. Let E’j = (B}, b)), ;1,' =

BjTBj, and X = (x7,1)T. We have the following theorem.

Theorem 3.3 Suppose A = {A,}fﬁ | is a generic set with N > 2d, then (B, b) is generalized

affine phase retrievable. Furthermore, there exist positive constants c, c1, Co, C1 depending
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on (B, b) such that, for any x,y € R?,

co(d2(x,9) + d*(x,9)) < | M) — M) |” < 2 (d2(x,9) + d*(x,9)), (3.2)
Cod?(%,9) < |V Mpp®) - Mz )| < C1d*(x,). (3.3)

Proof The generalized affine phase retrievable property of pair (B,b) is due to Corol-
lary 3.1. Noticed that ||Bjx + bj||> = ||Bi&|*> = X A% implies Mp,(x) = M; (%), we have
| Mp,5(x) = Mp () II* = [|M5(%) — M;(#)||>. By Theorem 2.3, we have

| M () = M ()| ~ B2, 7),

where the symbol “~~” denotes the bi-Lipschitz relation. Since d3(x,7) = ||x + y||*[|x — ¥ =
(Jlx + y11® + 4)|lx — y1|?, there exist constants cy, ¢; such that (3.2) holds. Similarly, by The-
orem 2.4, we have

|/ Ms,b(x) = /My (y) H d}(%,5).

Since d?(x,) = min{[|x + 7|2, |x — 7||*} = min{||x + y||* + 4, |x — y]|*}, there exist constants
Co, C1 such that (3.3) holds. O

In contrast to Theorem 4.1 in [9], Theorem 3.4 leads to a slack constraint of the signal
from a compact set to R?. Although affine phase retrieval is not bi-Lipschitz with respect
to one metric, the mappings M3, and \/Mp,, is bounded by two metrics.

We now consider the additive white Gaussian noise model

Y=9pkx) +Z
with ¢(x) = (| Bjx + b; || 1- Then, by Eq. (2.5), the Fisher information of this model is ZR“
where R? = Z] lB]T Bx+ b 7)(Bjx + b)T B;.

Lemma 3.1 If the pair (B, b) is generalized affine phase retrievable, then the Fisher infor-
mation R® is positive definite for any x € RY.

Proof 1t is easy to see that R? is positive semidefinite. Assume y’ R% = 0 for some y € R,
that is,

y Ry = Z||Bx+b ,y” =0.

Therefore, forallj=1,...,N,
(Bix +b))"Bjy = (BI.T(B,»x + b,»),y) =0

Since (B, b) is generalized affine phase retrievable, by Theorem 3.1, the collection {BI.T(B,'x +
b,)};\z’1 is a spanning set of R? and hence y = 0. d

Similar to generalized phase retrieval, we have the following theorem.
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Theorem 3.4 The Fisher information matrix for the noisy generalized affine phase re-
trieval model in real case is %Rﬁ. Consequently, for any unbiased estimator @ (y) for x,
The covariance matrix is bounded below by the Cramer—Rao lower bound as follows:

2
4 o -
Cov[o(»)] = (Ix) ™ = -+ (R g
Therefore, the mean square error of any unbiased estimator @ (y) is given by

0.2

E[|20) —| "] = - Tr((Re) ).

As a generalization of frame, g-frame is introduced by Wenchang Sun in [15]. The op-
erator sequence {A j};\i , is a g-frame if there are two positive constants ¢ and C such that

N
cllxl® < ) 1Al < Cllxl)>,  Vx e R
j=1

Lemma 3.2 If the pair (B,b) is generalized affine phase retrievable, then the collection
{BjTB,»};\:[ | is a g-frame for R?.

Proof Since ||B},TB,'x||2 = xT(BjTB,»)Zx, the summation Zﬁl ||B]‘TB,<x||2 is upper bounded by
A= AmaX(Z?ﬁl (BI.T B,')z). For the lower bound, we prove by contradiction. If the summation
is not lower bounded, we can find a vector y € R? such that ||y|| = 1 and Zﬁl ||B].TBjy||2 =0,
which means B}.TB,y =0forallj=1,...,N. Therefore, we have

"B/ By =Byl* =0,
which implies Bjy = 0 for all j = 1,..., N. Consequently, we have y # 0 and
1By + bjl* = 18,0 + B[1%,
which contradicts the assumption that (B, b) is generalized affine phase retrievable. O

Corollary 3.2 Ifthe pair (B, b) is generalized affine phase retrievable, then, for any unbi-
ased estimator @ (y) for nonzero x, we have
2 72
2 o d
El|®@y) - >
[“ ()/) x” |x] - 8(A||x||2 +C)

Proof Since the matrix R? is positive definite by Lemma 3.1, the inequality Tr(R?) -
Tr((R%)™!) > d? holds and we can estimate the lower bound of mean square error by The-
orem 3.4 as follows:

2
2
E[|®(Y) - x| |x] = TR (3.4)

By Lemma 3.2, the trace can be estimated as

N N N
Tr(RY) = > | BT B+ B by|* <2 | BT Bx|* + 2 || BY by|* < 2A %)% + 2C,
j=1 j=1 J=1
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where C = Zﬁl ||Bijj||2. Substituting it into (3.4), we have

o’d?

2
El|leM -2k = gim e

d

We discussed the stability of generalized phase retrieval and affine generalized phase
retrieval in this paper. The first one can be viewed as a generalization of stability of phase
retrieval in [3, 4], or as a continuation of the work in [17]. The second one is an extension
of the work in [9, 10]. As all the results in this paper are obtained in real Hilbert space, the
stability property in complex Hilbert space still needs to be addressed.
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