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Abstract

We consider the modified degenerate g-Daehee polynomials and numbers of the
second kind which can be represented as the p-adic g-integral. Furthermore, we
investigate some properties of those polynomials and numbers.
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1 Introduction

Throughout this paper, Z, Q, Z,, Q, and C, will, respectively, denote the ring of integers,
the field of rational numbers, the ring of p-adic integers, the field of p-adic rational num-
bers and the completion of algebraic closure of Q,. The p -adic norm | - |, is normalized
by |pl, = Ifq € C,, we normally assume |g — 1|, < p" 7~ 1, so that ¢* = exp(xlogg) for
x|, < 1. The g-extension of x is defined as [x], = % for g #1 and x for g = 1 (see [3-6,
12,17, 18, 20, 21, 25, 27, 29-31, 33-35, 41, 45, 46]). Let UD(Z,) be the space of uniformly
differentiable functions on Z,. For f € UD(Z,), Volkenborn integral (or p-adic bosonic
integral) on Z, is given by

1 7
b0)= [ sedto = fim i 30 )

where 1 (x) = i (x + pV Zp) denotes the Haar distribution defined by 4 (x + pN Zp) = pi,\,
(see [1,2,8-14, 16, 19, 24, 32, 35, 37—44, 46, 47]). Then, by (1.1), we get I(f,) — I (f) = £/(0),
where fi(x) = f(x + 1) and dix (%)]x=0 =f(0).

For f € UD(Z,), the p-adic g-integral on Z,, is defined by Kim to be

-1

[pN] Y fwq (1.2)
9 x=0

I(f) = / Sfx)dpg(x) = hm

(see [12,17-20, 25, 29, 31, 33, 34, 47]). Note that
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lim I (f) = hm - fo) LI(f)
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(see [6,9, 18, 19, 21, 25, 28, 29, 32-34, 36, 38, 42, 43, 47]). Let f1(x) = f(x + 1). Then, by
(1.2), we get

‘I(q— 1) /

alg(fr) = 14(f) = a(q = 1)f (0) + = ——=1"(0), (1.3)
ogq

where f'(0) = d%f(x)|x:0 (see [6,9, 18,19, 21, 25, 28, 29, 32—34, 36, 38, 42, 43, 47]).
Carlitz considered g-Bernoulli numbers which are recursively given by

Y 1, ifn=1,
IBO,q =1, q(q,Bq +1)" - ,Bn,q =
0, ifn>1,

with the usual convention about replacing By by B.q (see [3-5]). He also defined g-

Bernoulli polynomials as

Buqg(x) = Z (n) [x]g’lqlxﬁz,q, (n>0) (seel[3])

=0 !

(see [3-5]). In [19], Kim proved that the Carlitz g-Bernoulli polynomials are represented
by p-adic g-integral on Z,, as follows:

/Z [+ 9 i) = Bugla) (2 0). (14)

In [17], Kim considered the modified g-Bernoulli polynomials which are different from
Carlitz to be

B, 4(x) = /Z [x +ylydmui(y)  (n>0).

Whenx =0, B, = B,,4(0) are called the modified g-Bernoulli numbers (see [17, 18]). Thus,
we note that

1 .
if, ifn=1,

By, =1, (gBg+1)"=B,g=1 7
0, ifn>1,
with the usual convention about replacing B} by B, (see [17, 18, 21, 25, 34]).
In [33, 35, 46], the authors studied the g-Daehee polynomials which are defined by the

generating function to be

q—l+%log(1+t)

qt+q-1

/Z (L+ ™ dyuy(y) = (L+0) = ZD,,,q(x)%. (L5)
P n=0 :

In [12], the authors studied the degenerate 1-g-Daehee polynomials as follows:

g-1+ ff);lklog(l +1log(1 + ut)) 1 x
gql (1 + —log(1 + ut))
q(1+  log(1 + ut))* - 1 u
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1 Ay+x
= f (1 + —log(1 + ut)) dug(y)
7y u
o0 t”
=) Dy qllu)—. (1.6)
— n!

Like this idea of the Carlitz g-Bernoulli polynomials (1.4), we will define the modified g-
Daehee polynomials of the second kind which are different from the modified g-Daehee
numbers and polynomials in [31].

As is well known, the Stirling number of the first kind is defined by

@Wn=xx=1)-@-n+1)=>_ Si(m D, (1.7)
=0

and the Stirling number of the second kind is given by the generating function,

l

(¢ =1)" = m! ZSz(l,m)%. (1.8)

l=m
We also have

n

(log(l + t))m =m! ZSl(n,m)%

n=m

and
&= Sy(m k) @) (1.10)
k=0

(see [7, 14, 15, 22, 23, 26, 28, 48]).

In this paper, we consider the modified g-Daehee polynomials of the second kind and
investigate their properties. Furthermore, we consider the modified degenerate g-Daehee
polynomials of the second kind and investigate their properties.

2 The modified g-Daehee polynomials and numbers of the second kind
1
Let p be a fixed prime number. We assume that ¢ € C, with ||, <p 7T and g € C, with

I1- Q|p <p—ﬁ .
The modified g-Daehee polynomials of the second kind are defined by

o0
t}’l
[x+y] _ *
Zp(l + )" dpg(y) = Eio:Dn’q(x)E' (2.1)

When x =0, D;, . = D;, (0) are called the nth modified g-Daehee numbers of the second
kind. By using the binomial theorem in (2.1), we observe that

0 £
[ ()= 3 / (b)), o (22)
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Note that the modified g-Daehee polynomials were defined by Lim in [31] as follows:

Dn(x|q) Z/Z: q_y(x"'y)n d:uq()/)

From (2.1) and (2.2), we obtain the following theorem.

Theorem 2.1 For n > 0, we have
Dy, () = / (b +91,), o).
Zp

From (2.1), we derive that

(0P dyaoy) = [ 500 g

Zp Zp

= Z; /Z,, [x +y];" dpco(y)%(log(l + t))m.

By using (1.9) and (1.10) in Eq. (2.4), we have
> 1
" — (log(1 + )"
%/Zp[xw]q o)~ (10801 + 1)

Z/Z ZSzmk) [x +51,), d1to(y) ZSl(n m)—

P k=0

Z(ZZSzmkSlnm)f [x+y] d,uo(y)

n=0 \m=0 k=0

n=0 \m=0 k=0

=y (Z > Sa(m, k)i (n, m)D’,j’q(x)) %

Thus, by (2.1), (2.5), and (2.6), we obtain the following theorem.

Theorem 2.2 For n > 0, we have

n

D}, (%) = ZZSz(m,k)Sl(n,Vn)Dkq( ).

m=0 k=0

From (2.1), by replacing ¢ by e’ — 1 and using (1.8), we get

/ e[x+y]qt dﬂo()/) _ iD* (%) (et - l)m
Zp m=0 " m!
) 0 £
= D D5 ) 3 Salmm) —
m=0 n=m !
o n . o
=y (Z D, ,(%)S2(n, m)) —
=0 n.

m=0

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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and by using (1.10) and (2.3), we have

/ et dio(y) = / Z[x+y dﬂo()’)

Zp PnO

- E/Zp[xw];duo(y);—",

-3 /Z (bl + Do) dito)

=Z( ()xrk’“/ bl dMO(Y)>—n‘

- Z( (Z) [ kx Zsz kD(Dy), duo(w)—",
k=0

Zp =0

n k "
( Z (n) - kg8, (k, l)D1q> t_' (2.9)
- n!

0 /=0

I
10 1

From (2.8) and (2.9), we obtain the following theorem.

Theorem 2.3 For n > 0, we have

ZD* (%)Sa(n, m) = ZZ( )[x 107548, (k, D}, (2.10)

k=0 [=0

3 The modified degenerate g-Daehee polynomials of the sec?nd kind
Let p be a fixed prime number. We assume that £ € C, with |¢|, <p 7-T.
The modified degenerate g-Daehee polynomials of the second kind are defined by

1 [x+ylq t"
/Zp(uxlog(uu)) duo(y) = ZDnM(x)E. (3.1)

Whenx=0,D;, =D,

uiq(0) are called the modified degenerate g-Daehee numbers of the

second kind.

We note that the reason for calling Dy, . the modified degenerate g-Daehee polyno-
mials of the second kind is to distinguish it from the modified g-Daehee numbers and
polynomials in [31]. From (3.1), we observe that

1 [x+ylq o 1 m
/z,, (1+ X1og(1+;¢)> duo(y) = Z/Z ([" ;qy]q> duo(y)(xlog(1+)»t))

= Z/Z [x+ ], dpLo(y (log 1+ kt))

= * -m - n "
= Y;(Dm’q(x)k )(ZA Sﬂn,m);)

n=m

_ HX(;(ZD (A"7S1 (1, m )) L. (3:2)

m=0

From (3.1) and (3.2), we obtain the following theorem.
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Theorem 3.1 For n > 0, we have
D;, (%) = ZD* (XA S, (1, m).

From (3.1), by replacing ¢ by %(e“ — 1), we derive

1 1))”
(1 +t)[x+)’]q duo(y) = ZDqu %
= ZD;‘; N q(x)k’m ZSz(n, m)
m=0 n=m

From (3.4) and (2.1), we obtain the following theorem.

Theorem 3.2 For n > 0, we have
wa(x ZDqu(x WSy (1, m).
From (3.1), we observe that

1 [x+ylg 1
(1 + = log(l + )\.t)) — e[x+y]qlog(l+x log(1+At))
A

- Z[x+y];n(log(1 + %log(l + x;:)))m !

!
Z[x+y]m251(l ( log(l + At))

~

=0

n=0 m=0

From (3.7), we get

1 [x+y]g
/ (1 + —log(1 + At)) duo(y)
Zp A

m!

oo I o n
=SS s a8, m”%

=0 n=[

00 n 1
= Z( Z x+y]”’Sl (I, m)A"!S (n, l))
1=0 m=

n

Z(ZZZSQ m, k)S1 (1, m)A""' Sy (n, l)/ ([x +y] ) dlio()’)t—n,

1=0 m=0 k=0

=3 (Z > Z WSy (1, m) S (n, 1)S3(m, k) Dy ()

n=0 \ [=0 m=0 k=0

From (3.7) and (3.1), we obtain the following theorem.

)i
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Theorem 3.3 For n > 0, we have

I m

Dy @)=Y a1l m)Sy (m,1)Sa(m, K)Dj (). (3.8)

1=0 m=0 k=0

4 Conclusion

Many authors studied the g-Daehee polynomials (1.5), the degenerate A-g-Daehee poly-
nomials of the second kind in [12, 33, 46]. In this paper, we defined the modified g-Daehee
polynomials of the second kind (2.1), which are different from the g-Daehee polynomials
(1.5), and the modified degenerate g-Daehee polynomials of the second kind (3.1), which
are different from the modified g-Daehee numbers and polynomials in [31]. We obtained
the interesting results of Theorems 2.1, 2.2, and 2.3, which are some identity properties
related with the modified degenerate g-Daehee polynomials of the second kind (3.1) and
also we obtained the results of Theorems 3.1, 3.2, and 3.3, which are some identities related
with the modified g-Daehee polynomials of the second kind.
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