Xu and Li Journal of Inequalities and Applications (2019) 2019:18 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-019-1963-4 a SpringerOpen Journal

RESEARCH Open Access

o . . @CrossMark
A restriction estimate for a class of

oscillatory integral operators along
paraboloid

Shaozhen Xu'? and Wenjuan Li*"

“Correspondence:
liwj@nwpu.edu.cn Abstract

?School of Natural and Applied hi blish L . f | f il . |
Sciences, Northwestern In this paper we establish a restriction estimate for a class of 0sci atory integra

Polytechnical University, Xi‘an, China operators along a paraboloid,
Full list of author information is

available at the end of the article -1 P P
P& = {0, xa) X = x4+ X5 |

Specifically, we consider the oscillatory integral operators defined by
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where n, m are integers satisfying 2 < d <n < 2md, then
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A necessary condition is also given to ensure this

1 Introduction
The Fourier restriction conjecture has attracted a lot of attention in the development of
modern harmonic analysis. It was raised by Stein in the 1960s and can be stated as follows
(in its dual form).

Conjecture 1 Suppose Sy is a compact subset of a smooth (d — 1)-dimensional manifold S
with nonvanishing Guassian curvature and do is the surface measure on S induced by the
Lebesgue measure on R”, then

) f©)|do < ClIIfllpza) @

holds for 1 < p < %.
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A natural idea to attack this problem is to establish a stronger estimate, for example the
L? estimate, of the left hand side of (2). Therefore, the Hélder inequality and the finite
measure of Sj yield the corresponding inequality. Combining the T7* method with the
Fourier decay of surface measure do, one may get the nontrivial estimate

”f”LZ(S,da) < ClIf ll 1oway (3)
for
1<p<—M )
PR

It should be noted that our paper replaces the Fourier decay of do by an oscillatory integral
decay estimate. In [1], Tomas improved the estimate (4) to

up to the endpoint

_2d+2
P=0r3

The endpoint case was due to Stein. The inequality (3) for

(5)

is now known as the Tomas—Stein estimate; it is also sharp in view of Knapp’s counterex-
ample; see [2]. Now, we return to the conjecture 1. Obviously, the Tomas—Stein estimate
gives rise to a highly nontrivial improvement on this conjecture. However, the case

2d + 2 . 2d
d+3 <P d+1

was still unknown until the breakthrough of Bourgain [3] in 1991. Bourgain first improved
the exponent in (5) by connecting the Fourier restriction with the behavior of Kakeya max-
imal operators. Later, a bilinear approach was developed by Wolff, Tao and other mathe-
maticians, which refers to the interaction between two different surfaces. Since a bilinear
restriction implies a linear restriction in some sense, improvements on a bilinear restric-
tion naturally lead to improvements on linear restriction; this work can be found in [4-8].
In the first decade of the 21st century, the concentration on Fourier restriction turns to
multilinear case. Some remarkable results were obtained in [9] by Bennett, Carbery and
Tao; they proved the near-optimal multilinear Kakeya and restriction conjectures. But
to what extent multilinear restriction can imply linear restriction was not clear until the
breakthrough by Bourgain and Guth [10]. Later, Guth applied the polynomial partitioning
method to the restriction problem and obtained the range for p,

13
< < —,
P<7

in the 3-dimensional case; see [11].
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The purpose of our paper is to extend the restriction estimate from Fourier transform
to oscillatory integral operators. Xu and Yan have established some corresponding results
on the (d — 1)-dimensional unit sphere in [12]. The definition of the oscillatory integral

operators is given by

LOE - [ | SO ds

Rd-

where ¢(x, &) is a smooth function and v (x, &) is a cut-off function. For this kind of oper-

ator, we show the decay estimate

I T3 llp 10 < CL77, (6)
for suitable p, g, 0. Since the Fourier restriction operator is a Hormander-type oscillatory
integral operator, if letting A — +0o and some limiting arguments, the decay estimate
will imply the restriction conjecture. Details can be found in [2]. The Hérmander-type

oscillatory integral operator requires that the mixed Hessian matrix of phase function ¢

should have maximal rank ¢ — 1 on the support of {r. Consider the dual operator of (1)
T;:, ng(é) — / ei[xinffl+...+(x%+...+x§_1)m§‘;‘]&(x)g(x) dxl “ee dxd—l'
’ Rd-1

It is obvious that the mixed Hessian matrix

et 0 2201 |2V
8% .
x,&) = mn N
[axjask]( 2 0 -
0 s amlenl ZXd-1|X|2(m71)‘§:11_1

has rank zero at (x,&) = (0,0) since n > 2. Therefore, (1) is not of Hérmander-type. For
such non-Hormander-type oscillatory integral operators we obtain the following restric-

tion estimate.

Theorem 1 Suppose that n, m, d are integers satisfying 2 < d < n < 2md. Define the oscil-

4md
4md-n’

latory integral operators T, , as (1). Then, forall 1 <p <
I Lo 1240 pa-1n84(0,1)) < Commallf Il o ra) )

where do is the surface measure on paraboloid and B*(0, 1) is the unit ball in n-dimensional

Euclidean space.

2 Proof of Theorem 1

Proof TT* transforms our boundedness estimate to scalar oscillatory integral estimate.
For any Schwartz function f, we now compute the L? norm of T}, ,(f) on the compact
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subset of (# — 1)-dimensional paraboloid. It follows that

| T () ||i2(]pd—1m3d(o,1))

= <Tm,n ), Tm,n(f))pd—lnsd(o,l)

- / Ton) O T () dos ()
P4-1nB4(0,1)

:/ / / B =€) o () (8)F () dE
R4 JR4 JPd-1nB4(0,1)

<L.L

Denoting the inner integral in the last inequality by K(§, ), then

/ U GGG i ) ||| i .
P4-1nB4(0,1)

[Tt ooy = [, [ JKE €] de
Set

]()L) :/ ei(hx{”+~~+kdxg’) da(x),
P4-1nB4(0,1)

where A = (A1,...,Az). We desire to establish the decay estimate of |I(A)| with respect to
[A] > 1. In fact,

100 :/ ei(klx'i”+...+kdle”) do (x)
P4-10B4(0,1)
; m 2 2
_ / JRICSE +“'+}“d(x1+“‘+"d—1)m)(/)(x1, oK) dxy - dxgq,
u

where U € R4 is the projection of P4~ N B%(0, 1) on (d — 1)-dimensional Euclidean space
and

w(xl,...,xd_l)z\/1+4(xf+~--+x§_l). (8)

Note that the phase function of I(1) is a polynomial of degree 2m with variable coefficients
Als...,Aa-1. To establish the decay estimate of I(1) with respect to |A|, we should precisely
describe the relation between decay estimate and these variable coefficients. The following

lemma is exactly what we want.

Lemma 1 Let P(x) = ), -p CaX® be a polynomial of degree < D, ¢ be a smooth function
in the unit ball B*(0,1), and 2 be any convex subset of the unit ball. Then

| / @ (x) dx
I?)

This uniform multidimensional Van der Corput lemma can be found in [13] and [14]. By

1
D

sCD,d< 3 Ica|> sup (Jo()] +[Vow)]).

0<|a|<D xeB4(0,1)

applying this lemma to I(1), we can see that

_ 1
[I)| < Cua(IMa] + -+ + el ral) 7,
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where ¢, > 1 is a positive constant only depending on m. A pigeonholing argument yields
1
)| < Conall 7.

Returning to our original argument, the decay estimate of [/(1)| naturally gives rise to an
upper bound of |K(§,7)|,

_1

K )| < Conal|&] = ni |+ + |65 = 3]) 7"
_ 1
< Cuall&r]” = Iml™ + - + €| = Inal"| 7"

Define a norm by

1
161, = (&0 + - +1€al")".
Thus
_ 1
K (E,n)| < CmallE1L— Il 7.

Consequently,

“ Tmm(f) ”;(Pdflmgd(o,n)
<G f / ED = nl2 "2 [F(&)f (n)| d dn.
R4 JRA

For positive a, b, define a fractional integration operator by
_d
R = [ et~ mtel e de.

The boundedness of R2 on Lebesgue spaces was essentially established in [15]; it states the
following.

Lemma2 Forn<a<b,
1. R is of weak type (1,b/a).

2. Rz is bounded from LP(R%) to L1(R?), whenever}l7 =>4 "’T" and1<p< ﬁ.

1
q

Obviously,

[T sy = ot [ B (D @70
The Holder inequality implies

“ Ton(f) HEZ(Wflde(o,l)) = Cm,d”Rfl”’d([ﬂ) ”LP/ IVFllze-
We use (2) and set

1 2md-n
—
v 2md

1
p
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Simple computation gives

4md

p:4md—n'

By the density of Schwartz functions in L?, a limiting argument yields the same restriction
phenomena on L?. The proof of Theorem 1 is completed. d

Remark 1 In fact, as Xu and Yan have done in [12], Theorem 1 can be extended to oscil-

latory integral operators with more general phase functions.

3 The necessary condition to guarantee (7)
In this part, we will construct an example in the spirit of Knapp’s counterexample to show

the necessary condition of (7). Then we have following.

Theorem 2 If (7) holds, the exponent p must obey

2m(d + 1)
p= . )
2m(d+1)-(d-1)n
Proof If the inequality
3
2
|:/ |Tm,r(f(x)| dU] = Cm,n,d”f”LP(Rd)
P4-1nB4(0,1)
holds, then, for sufficiently small § > 0, we have
1 1
2 2 2 2
[ / [T )] da] < [ / T )] do}
RsNP4-1nB4(0,1) P4-1nB4(0,1)
= Cm,n,d”f”[P(Rd)r (10)
where
Rs = {(xl,...,xd) gl < c&é,xd <de,j=1,...,d- 1},
where 0 < ¢ < 1 is a small absolute constant determined later. Let
d
& =T x &) (11)

k=1

where I; = [-¢/6%,c/87% ] and Iy = [-¢'8~%,¢/87 3] (1 < k < d — 1) are intervals and 0 <
¢ <1 is a sufficiently small constant, determined later. For a fixed point x € Rs N P41 N
B%(0,1), we have

| Tf ()] (12)

d
/d TS+ Eg) 1_[ xn (Ex) d&y - - dEg
R k=1

Page 6 of 8
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d

-11

k=1

d
1_[ Fk(xk) }
k=1

/ B, (Ex) dEx

Now, we give the lower bound of Fy(x). In fact, for 1 <k <d — 1, we have

| Fie(oci) |

e*C5K y, (81) dEy

[
[os

ix;"sg déx

8"
= / [cos(x'g)) + isin(x}'E]) | déx

§\§

v

8"
‘/ . CoS(x'EY) dx|.

8 2n

Since x € Rs NP4 N B%(0,1), we have
|Fe(xr)| = €673

if
()" <27

With the same assumptions on ¢ and ¢/, we also have |F,;(x,;)| > 8.
By plugging the constructed function (11) into the inequality (10), we obtain

m(d+1)
S 2mp

d
iz

Cm,n,d”f”LP(]Rd) = Cund (26/)

1
2 2
> [ [ T ) do}
RsNP4—1nB4(0,1)

d 2 3
l_[ |Fk (xk) | d0:|
m(d+1)

|:/R§ NP4-1nB4(0,1) kel

> [o(Rs NP1 A BA(0,1))] 575

(13)

From (8), the Jacobi of do can be bounded from below and above on the unit ball. Thus

o (Rs NP A B0, 1)) ~ 8.

It means that

m(d+1) _ m(d+1) d-1

8 2np 2n 4

Page 7 of 8
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holds for all sufficiently small §. This requires

md+1) md+1) d-1
- + Z 0)
2np 2n 4
which equals

2m(d + 1)
p= .
2md+1)-(d-1)n

We finish our proof of necessity. d

Remark 2 1t is easy to verify that

dmd . 2m(d + 1)
dmd-n  2(d+1)m—-(d-1)n

Our result is not sharp since there is a gap between sufficient and necessary conditions.
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