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1 Introduction
A P, (k) linear complementarity problem (LCP) is to find vectors x € R” and s € R” such
that

Mx+q=s,
xTs=0, (1)

x,8>0,

where M € R"™" is a P,(x) matrix and g € R".

LCPs are closely associated with linear programming and quadratic programming. It
is well known that a differentiable convex quadratic programming can be formulated as
a monotone LCP by exploiting the first-order optimality conditions, and vice versa [1].
Transportation planning and game theory also have a close connection with LCPs [2, 3].

Interior point algorithms for LCPs have been widely studied in the last few decades
[4]. In 1991, Kojima et al. [5] extended all the previously known results to P, («) LCPs and
unified the theory of LCPs from the view point of interior point methods. Since then, many
interior point algorithms for linear programming have been extended to P, (k) LCPs. Illés
and Nagy [6], and Miao [7] studied the Mizuno-Todd-Ye type interior point algorithms
on P,(x) LCPs. Cho [8], and Cho and Kim [9] proposed two interior point polynomial
algorithms based on kernel functions for P,(x) LCPs. Using a new updating strategy of
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the centering parameter, Liu et al. [10] extended two Mehrotra-type predictor—corrector
algorithms to sufficient LCPs.

Predictor—corrector algorithms are practical interior point methods for linear program-
ming, quadratic programming and LCPs, variants of which have become backbones of
several optimization software packages [11, 12]. Mehrotra [13] proposed a predictor—
corrector algorithm for linear programming, in which the coefficient matrices in both
predictor steps and corrector steps are the same, and it needs less computational efforts
than other methods. After that, several variants of this algorithm have been studied. Jarre
and Wechs [14] studied a new primal—dual interior point method in which the search di-
rections are based on corrector directions of Mehrotra-type algorithm. Zhang and Zhang
[15] presented a second order Mehrotra-type predictor—corrector algorithm without up-
dating the central path. Salahi et al. [16] found that in a variant of Mehrotra’s algorithm,
in order to keep iterates in a large neighborhood of the central path, some steps are very
small. To avoid small or zero steps, Salahi et al. introduced some safeguards in the cor-
rector steps [16] and a new criterion on predictor step sizes [17], moreover, they proved
that the two algorithms have polynomial complexity and practical efficiency. Infeasible
versions of Mehrotra-type algorithms are studied by Liu et al. [18], and Yang et al. [19].

In this paper, a new variant of Mehrotra-type predictor—corrector algorithm is proposed
for P.(«x) LCPs. In this algorithm, the corrector step is different from other Mehrotra-
type predictor—corrector algorithms [16, 17]. If (Ax, As) is the search direction of a
P, (k) LCP, then Ax” As #0, while Ax” As = 0 if (Ax, As) is the search direction of lin-
ear programming. So the analysis is different from that in linear programming. If an it-
eration (x,s) takes a step along the corrector direction (Ax, As), the parameter pg(cr) =

28T A% 2 AxTAs
n

(1-o)pug +ap—aa; =>—=> +a

T , where «, is the predictor step size and (Ax%, As?)

is the predictor search direction. In order to reduce the dual gap x”s, the corrector step size
a should be chosen such that 1,(cr) < g, that is to say, o should have an upper bound. If o
is larger than a given threshold, then the threshold is chosen as the corrector step size. The
iteration complexity of the new algorithm is O((14« + 11)/(1 + 4«)(1 + 2«) nlog @),
which is analogous to that of linear programming.

This paper is organized as follows. In Sect. 2, a new Mehrotra-type predictor—corrector
algorithm for P, («) LCPs is introduced. In Sect. 3, the polynomial iteration complexity is
provided. Some illustrative numerical results are reported in Sect. 4. Finally, some con-
cluding remarks are given in Sect. 5.

We use the following notations throughout the paper: || - || denotes the 2-norm of vectors,
e is the n-dimensional vector of ones. For any two n-dimensional vectors x and s, xs is the
componentwise product of the two vectors. We also use the following notations.

I1=1{1,2,...,n}, I = {iellAx{As] > 0}, I_={iel|Ax!As <0},
F, = {(x,s) eR” x R"|s = Mx + q, (x,s) > O},
F,. ={(xs) e R" x R"|s = Mx + g, (x,5) > 0}.

2 Mehrotra-type predictor-corrector algorithm
A matrix M € R"*" is a P,(x) matrix [5] if

(1 +4«) ij(Mx)j + ij(Mx)j >0, VxeR% (2)
j€l+ JjeJ-
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or

T Mx > —4k ij(Mx)j, Vx e R", (3)
j€l+

where k >0, J, = {jlj € I,xj(Mx); > 0}, and J_ = {j|j € I, x;(Mx); < 0}.

Noting that the positive semi-definite matrix is a P,(0) matrix, thus the class of P, («)
matrices includes the class of positive semi-definite matrices. Other properties of P,(x)
matrices can be found in [5].

Without loss of generality [5], we assume that the P,(x) LCP (1) satisfies the interior

point condition, that is, there exists a point (x%s°) such that
S=Mx®+q, 2°>0,s°>0.

To find an approximate solution of (1), the following parameterized system is estab-
lished:

Mx+q=s,
xS = e, (4)

x,8>0,

where 1 > 0.

If the P, () LCP (1) satisfies the interior point condition, then the system (4) has a unique
solution for any u > 0. For a given u, the solution, denoted by (x(w),s(u)), is called a -
center of (1). The set of all t-centers gives the central path of (1). A primal—dual interior
point algorithm follows the central path {(x(x),s(t))| 1t > 0} approximately and approaches
the solution of (1) as u goes to zero.

Most interior point algorithms work in the neighborhood N (y) defined by

N (y) ={(xs) € Fuslnisi > yug, Vi€ l},

o0
where y € (0,1) is a constant independent of # and u, = ’%
Now, based on [16], a new variant of Mehrotra-type predictor—corrector algorithm for
P, (k) LCPs will be described.

The predictor search direction (Ax“, As?) is determined by the following equations:

MAx* = As?,
(5)
SAX® + xAs” = —xs.
The predictor step size «,, is defined by
au:max{a|05 (x+aqu”,s+aaAs“),0<oz§1}. (6)

However, this algorithm does not take a step along the direction (Ax“, As*). Using in-

formation of the predictor step, the algorithm computes the corrector search direction

Page30of 13



Zhou et al. Journal of Inequalities and Applications (2019) 2019:6 Page 4 of 13

(Ax, As) by solving the following system:

MAx = As,
2 ?)
SAX +xAs = e —xs — a; Ax" As”,
where
2
= (&) 8 ®)
g/) n

with g, = (x + 0, Ax*) T (s + , As*) and g = xT's. The second equation of (7) is different from
that in [16], where it is sAx + xAs = e —xs — Ax® As®.
The next iterate is denoted by

x(a) =x + aAx, s(x) =s + aAs,
where « is the corrector step size defined by
o= max{a|(x(a),s(a)) eEN_(y),0<a < 1}. 9)

In order to avoid small steps, we combine Mehrotra’s updating strategy of the center-
ing parameter with a safeguard step at each iteration. The new Mehrotra-type predictor—
corrector algorithm for P, («) LCPs is stated as Algorithm 1.

Algorithm 1 Mehrotra-type predictor—corrector algorithm for P, («x) LCPs
Input:

A proximity parameter y € (0, ﬁ);
an accuracy parameter ¢ > 0;
a starting point (x%,5°) € N (y).
while xTs > ¢ do
begin (Predictor Step)
Solve (5) and compute the predictor step size o, by (6).
end
begin (Corrector Step)
If «, > 0.3, then solve (7) with = (%)2% and compute the
corrector step size o by (9).
end

If o, <03 0rac< IZ;n’ where p = %«/(1 + 44)(2 + 4«), then solve
(7) with u = #,ug and compute the corrector step size a.

end
If the corrector step size o > o1, then let @ = o1,

1-2y—(1-y)xa2 _ lak+ll
iy andg= "

where a7 =
end
Set (x,s) = (x(a), s(a)).

end
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3 Complexity analysis
The polynomial complexity of Algorithm 1 will be discussed in this section. Firstly, we
present three important lemmas which will be used in convergence analysis.

Lemma 1 ([16]) Let (Ax*, As®) be the solution of (5). Then

Ax?As? < 1x»s- Viel
i i — 4 (a2 +7

—Ax?As? < i i - 1>x'S‘ Viel
i P 20 -
Qg \ g

Z Ax?As? < 2
4

iely

T

Lemma 2 Let M be a P,(x) matrix and (Ax*, As*) be the solution of (5). Then

Z‘Ax;’Asf’ < 4K4+ les,
iel-

T xTs
—kxls < Ax*TAs® < T

Proof Since M is a P, («x) matrix, we have

de+1

0> Z Ax?As? > —(4k + 1) Z Ax{As? > — x's,

iel_ iely

where the last inequality is due to the third conclusion of Lemma 1. Furthermore, from

(3), we get
AT A a in xTs -
(Ax) As > 4k Y " AxfAst > = = ks
iel;
This completes the proof. d

Lemma 3 Let M be a P,(x) matrix and (Ax, As) be the solution of (7) with u > 0. Then

2

)

1 1
[AxAs|| < (Z + K) <§ + K) ||,u(xs)’% - (xs)% - aaz(xs)’%Ax"As“

Z Ax;As; < %”u(xs)’% - (xs)% —az(xs)’%Ax“As“ ||2

iel,
Proof The proof is similar to that of Lemma 8 in [6], and it is omitted. O

According to (8) and Lemma 2, it can be found that

&\ g  [(1-a)xls+a2(Ax")T As*P
g/ n n(xTs)?

[(1 - aa)x"s + 1o2x7s)?
2

n(xTs)
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3
L,
= <l—aa + Ea“) g
3 \3
<[1- Eaﬂ Mg (10)

Consequently, i <(1-3a,)ifpn= (%)2%'
The following theorem shows that the predictor step size has a lower bound.

Theorem 4 Let the current iterate (x,s) € N3 (v), (Ax*, As*) be the solution of (5) and o,
be the predictor step size. Then

14
> [—L
Ya = (4x + 1)m

Proof According to (5), we get
(x,' + anl‘?)(s,' + aAs?) =(1-a)x;s; + azAx?As?.

rlxTsifiel .

Following from Lemma 2, we have Ax{As! > 0if i € I, and Ax?As? > —
Therefore, for all i € I,

de+1

Ax{Asf > — x's.

Noting that (x,s) € N2 (y) implies x;s; > y g, we have
) xls 4+l , o
(1 —a)ass; + a” Ax? As? > (1 —a)yT ———ax's.
Thus, to show (x + ¢ Ax%, s + ® As?) € F,, one has to prove the following inequality:
(4k + na® + 4y —4y <O. (11)

Clearly, inequality (11) is true if

2/y?+ (dk + ny =2y

O<a<
-~ (4x + 1)n

Therefore, the predictor step size o, satisfies

2/ y?% + (dx + )ny =2y
oy > .

- (4x + 1)n

1 11
4ic+] 445 n

Since 0 < < < %, it can be found that

_Y
(4x+1)n

2y y?+ (4k + Dy =2y 2 - [y
(4kc + 1)n 1+ 1+(4K+1)§_ (4« + )n’

This completes the proof. d

Page 6 of 13
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In what follows, the lower bound of ¢, is used as the default predictor step size with the
notation

14

(4x + D)’ (12)

oy =

Lemma 5 If (x,5) € N_(y), and (Ax, As) is the solution of (7) with . > 0, then

1 1
| AxAs||<o, /| = +K )| =+«
4 2

and

AxTAs < la)
i 4 ’

2 npo2(dc+l)  at+8a2+da’(dk+1)(1-0y)+16
where @ = 2~ —-2nu + o ) + %a* 4 )(1—aq) nitg.
Yig 2y 16

Proof From Lemma 3, we have

1 1
[AxAs|| < (é_L + K) (5 +/c> ||,u,(xs)_% - (xs)% —ai(xs)_%Ax"As“ ||2

and

’

1
AxTAs < 1 ||,u(xs)’% - (xs)% —aﬁ(xs)’%Ax“As”
where

||u(xs)‘% - (xs)% - ozfz(xs)‘% Ax*As? ||2

=’ Z — Y xS =2y Y (Ax:?s“)Z
191

iel Xisi iel iel

Axf As?
-2 oz2 —r 2052 Ax}As.

Since x;s; > y i, for all i € I, we have

2 [— PR
Z XiSi Vﬂg

From Lemma 1 and Lemma 2, it follows that

Z (Ax? As?)? Z (Ax?As
xisi x;S;

iel iely iel_

—Ax?As?
e BN
iel, e, iSi

a)2

N Z (Ax? As?)?

XiSi
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T
Q 1- a“ Z|Ax As |

iel_

_ iy .\ (1 -a,)@«x + 1)nug’
=16 402

Since (x,5) e N3, (y) and Y, |AxfAs?| < %547, we obtain

AxfAs? Ax? As? nu(dx +1
o S RHASE g §IAMASIT 2 5 ] < D,
iel XiSi iel_ XiSi yﬂg iel_ 2]/

T
a a xX~S
As Y i, AxfAst < %5, we get

n
23 AxiAst <2 AxAs < %
iel iel,

Combining the above inequalities yields the result of this lemma. O

Corollary 6 If (x,s) e N3 (), y € (0
%pcg, then

, 4'K+5) and (Ax, As) is the solution of (7) with p =

|AxAs|| < pnjg, AxTAs < qniig,

where p = 14"*“ V(1 +4k)(2 +4k) and q = 14’”11

. 1 1 v aa 4/<+1) —4y 50ta(4l(+l)
< = <
PIOOf Since 0 < Y < 245 57 we have a2 and 20-7) 3

If u= ﬁﬂg’ then

y (4 +1) -4y ot +802 +4al(di +1)(1-0ay,) + 16
w = + n
-2 201-y) 16 He
e N 502(4k + 1) N ok + 802 + 42 (4k + 1)(1 — o) + 16 ”
16 8 16 ¢
(5 5(4k + 1) 1+8+4(4K+1)+16) 56k + 44
< | — + nl/Lg =

6 8 16 16 | He

where the second inequality follows from 0 < o, < 1.
From Lemma 5, it follows that

1 1
[[AxAs|| < w (E +K> (5 + K) < pnpg.

Similarly, the second result can easily be verified. g

For simplicity, the following notation is used in the rest of this paper:

Obviously, Ax?As? < tx;s; and t < 7
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Theorem 7 Let (x,s) € N (y), (Ax, As) be the solution of (7) with y = %ug and a be the

corrector step size. Then

o> 7y .
~ 16pn

Proof The corrector step size is the maximum « such that @ € (0,1] and
xi(o)si(a) > ypgla), Viel
After a simple computation, we get

xi(a)s;(ar) = x;8; + a(,u —x;8; — aZAxf AS?) +a?Ax;As;
> (1 -0 - atozﬁ)xisi +au— azpnug,

where the inequality is due to Ax{As? < tx;s; and || AxAs|| < pnu,. Clearly, 1 + ta? <

1+ iaﬁ. Thus, for 0 <o < we have

1+éa,,21 ’
x;(or)s; (o) > (1 —a - atotg)y,u,g +ou— azpnug.
Applying Lemma 2 and Corollary 6 yields

_ (+aAx) (s + aAs)

Mg(a) "
S Ax A" AxT As
= (1-a)ug +ap —oo; +a
n n
<(A-a)ug+ap+ ota;/c,ug + azqug. (13)

To prove x;(a)si(a) > y ug(a), one has to show that
(1 -0 — ataﬁ)y/ug +au— ozzpn,ug > y[(l —a)g + o+ ozozg/c,ug + azqug].
If u= ﬁ I4g, then the above inequality is equivalent to
y —yka? —tya? > alpn + qy). (14)

Since o, = /m, y<landt< %,wehave

dicy? +y2 ey +y 7
e A
4n(de + 1) dn(de +1) — 8

y—yKocZ—tyaZZy—

Noting that pn > gy, then inequality (14) is true if 0 < o < %. We can conclude that the

corrector step size o satisfies

1 7 7
(mein{ 14 } 14

1+ 12" 16pn| 16pn’ O
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In Algorithm 1, the corrector step size o has an upper bound o, that is,

_1-2y -(1-y)a;

O T -y (15)

The next theorem means that the upper bound is well defined.

Theorem 8 Let o, be the default predictor step size and y € (0, ﬁ). Then 12;;’1 <

1—2y—(1—y))<a2
2y <1

2
Proof Since q = 14’;;’” > %, it is clear that 172;;;((1%;)% <l.Asn>2andp>qg> %, we have
7y - 7_y
l6pn — 16
According to (12), one has ka2 = H(IKVH) < £, thus
2y —(1- 2 1.2y —(1-p)L
1-2y —(-yeey 172y I-vs _,, 1 v
1-vy 1-y y—-1 8
From y < ;2= < 1, it follows that
L v 7r
— >
y-1 8 16
Therefore
1-2y—-(1-y)ka? 7y
> )
2q(1~y) lépn
which completes the proof. d

In the following theorem, we obtain an upper bound of the iteration number.

Theorem 9 Algorithm 1 stops after at most

(xO)TSO
O((14K +11)/(1 +4k)(1 + 2«) nlog >

£
iterations with a solution for which xTs<e.

Proof If a;, > 0.3 and o > %, then Algorithm 1 adopts Mehrotra’s strategy in the cor-

rector step, i.e., i = (%")2‘%. Based on (13), we have
Hola) < |1- (1 - Kaﬁ —qa — i)a],ug
L M,

1 o? - 1—2)/—(1—)/)/((12_ 1_§ 3
a— 4 _ Uq o g
2q(1-vy) 4

[ 1-2y
1-({1-0.0125- -0.47 ) | g
2(1-y)

IA
—
|

IA

Page 10 of 13
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Y

= [1_2(1—y>°‘}"g
7)/2

= [1‘32pn(1_y)]“ @

where the second inequality follows from (10) and (15), the third inequality is due to ka2 <
0.025and 1 - %aa < %, and the fourth inequality comes from 1 — 0.0125 — 0.47 > %
Ifa,<030rac< %, then Algorithm 1 adopts the safeguard strategy in the corrector

_9,(1_ 2
step, that is, u = %Mg. In this case, from %;n <a< ”);q((l%;:;m“, we get

pgla) < [1- (1 - K(Xi —qo — i)a],ug
L K,

g
i 1-2y-(1- 2
|1 (1-ka-g y-(-yka; vy o |1ng
L 29(1-y) 1-vy

_1 1-2y  «ka?
=|1- - o
T ea—y) 2 )

(39-79y)7y
S 1= Mo
| 1280pn(1-1y)
where the last inequality follows from ko2 < 0.025 and o > %. This completes the proof
by Theorem 3.2 of [1]. O

4 Numerical results
In this section, some numerical results are reported. The results are obtained by using
MATLAB R2014a.

The algorithm presented in this paper is compared with a Mizuno—Todd—Ye (MTY) type
predictor—corrector algorithm [6], Cho’s algorithm [8] and an interior point algorithm
based on the classical kernel function ¢(¢) = tzT’l —logt (IPMCKEF) [20]. We consider the
following two problems.

Problem 1 ([21])

w0 1 2 0.4 2.45
= , = , X0 = , So = .
2 0 =\ " \o04s5 7\ 22

Problem 2 ([22])

12 2 2 -1 1
2 5 6 6 -1 1
M=|2 6 9 10 |, 4=]|-1], -1
2 6 10 --- 4n-3 -1 1

Problem 1 is a P*(i) LCP, and Problem 2 is a P,(0) LCP. We solve the two problems by
using the above-mentioned algorithms. For all algorithms we set the accuracy parameter
€ = 1078, In Algorithm 1, we set y = 0.01.

Page 11 0f 13
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Table 1 The iteration numbers of Problem 1

Algorithm 1~ MTY  Chos  IPMCKF
4 55 19 24

Table 2 The iteration numbers of Problem 2

n Algorithm 1 MTY  Chos  IPMCKF

10 10 31 31 34
20 M 37 44 39
30 12 40 49 43
40 13 40 52 44
50 13 49 53 47
100 15 58 64 52
150 15 73 68 55
200 16 85 71 57

Table 1 shows the iteration numbers of Algorithm 1, MTY algorithm, Cho’s algorithm
and IPMCKEF algorithm for Problem 1. From the results we conclude that Algorithm 1
reduced the iteration numbers.

Table 2 gives the iteration numbers of the four algorithms for Problem 2 with n €
{10, 20, 30,40, 50, 100, 150, 200}. The numerical results illustrate that Algorithm 1 has the
least iteration numbers. Since the safeguard step helps Algorithm 1 to avoid small steps,
Algorithm 1 is efficient.

5 Concluding remarks

In this paper, a Mehrotra-type predictor—corrector algorithm for P,(x) LCPs is studied.
Since P, (k) LCPs are the generalization of linear programming, the search directions Ax
and As are not orthogonal, therefore the analysis is different from that in linear program-
ming. The iteration bound of our algorithm is O((14« + 11)+/(1 + 4« )(1 + 2«) nlog @).
Numerical results show that this algorithm is efficient.
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