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Abstract

We study the minimum Skorohod distance estimation 6 and minimum L;-norm
estimation 6, of the drift parameter 6 of a stochastic differential equation
ax;=0X.dt+¢e de, Xo = Xo, where {L¢,0 < t < T} is a fractional Lévy process, € € (0, 1].
We obtain their consistency and limit distribution for fixed T, when & — 0. Moreover,
we also study the asymptotic laws of their limit distributions for T — co.
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1 Introduction
Statistical inference for stochastic equations is a main research direction in probability
theory and its applications. The asymptotic theory of parametric estimation for diffusion
processes with small noise is well developed. Genon-Catalot [8] and Laredo [17] consid-
ered the efficient estimation for drift parameters of small diffusions from discrete observa-
tions as € — 0 and # — oo. Using martingale estimating function, Serensen [27] obtained
consistency and asymptotic normality of the estimators of drift and diffusion coefficient
parameters as € — 0 and # is fixed. Using a contrast function under suitable conditions on
€ and #n, Serensen and Uchida [28] and Gloter and Serensen [9] considered the efficient
estimation for unknown parameters in both drift and diffusion coefficient functions. Long
[20], Ma [21] studied parameter estimation for Ornstein—Uhlenbeck processes driven by
small Lévy noises for discrete observations when ¢ — 0 and # — oo simultaneously. Shen
and Yu [26] obtained consistency and the asymptotic distribution of the estimator for
Ornstein—Uhlenbeck processes with small fractional Lévy noises.

Recently, Diop and Yode [4] obtained the minimum Skorohod distance estimate for the
parameter 6 of a stochastic differential equation with a centered Lévy processes {Z;,0 <
t<T}, ee(0,1],

dXt = OXt dt + ¢ dZt, X() =X0.

When {Z;,0 <t < T} is a Brownian motion, Millar [24] obtained the asymptotic behavior

of the estimator of the parameter 6. The minimum uniform metric estimate of parameters

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13660-018-1951-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1951-0&domain=pdf
mailto:gjshen@163.com

Shen et al. Journal of Inequalities and Applications (2018) 2018:356 Page 2 of 14

of diffusion-type processes was considered in Kutoyants and Pilibossian [14, 15]. Hénaff
[10] considered the asymptotics of a minimum distance estimator of the parameter of the
Ornstein—Uhlenbeck process. Prakasa Rao [25] studied the minimum L;-norm estimates
of the drift parameter of Ornstein—Uhlenbeck process driven by fractional Brownian mo-
tion and investigated the asymptotic properties following Kutoyants and Pilibossian [14,
15]. Some surveys on the parameter estimates of fractional Ornstein—Uhlenbeck process
can be found in Hu and Nualart [11], E1 Onsy, Es-Sebaiy and Ndiaye [5], Xiao, Zhang and
Xu [29], Jiang and Dong [12], Liu and Song [19].

Motivated by the above results, in this paper we consider the minimum Skorohod dis-
tance estimation 6 and minimum L;-norm estimation 0: of the drift parameter 6 for
Ornstein—Uhlenbeck processes driven by the fractional Lévy process {Lf,O <t<T}
which satisfies the following stochastic differential equation:

dX, = 0X,dt +edl?, X, =x, (1)

where the shift parameter 6 € ® = (61,60,) C R is unknown, ¢ € (0, 1]. Denote by 6, the true
value of the unknown parameter 6. Note that

t
X,(0) = x,(0) + e’ / e dL?,
0

0

where x,(0) = xoe”! is a solution of (1) with £ = 0.

Recall that fractional Lévy processes is a natural generalization of the integral represen-
tation of fractional Brownian motion. Analogously to Mandelbrot and Van Ness [22] for
fractional Brownian motion we introduce the following definition.

Definition 1.1 (Marquardt [23]) Let L = (L(¢),t € R) be a zero-mean two-sided Lévy pro-
cess with E[L(1)?] < oo and without a Brownian component. For d € (0, %), a stochastic
process

L= ﬁ f :[(t -8)? — (-9)?]L(ds), teR, )
is called a fractional Lévy process (fLp), where

L(t)=Li(¢), t=>0, L(t)=—-Ly(-t.), t<O. (3)
{L1(t),t > 0} and {L,(t), ¢ > 0} are two independent copies of a one-side Lévy process.

Lemma 1.1 (Marquardt [23]) Let g € H, H is the completion of L'(R) N L?(R) with respect
to the norm |||}, = EIL(1)*] [,(I?g)*(u) du, then

[[gwrans = [ (rg) acw, @
R R

where the equality holds in the L* sense and I%g denotes the Riemann—Liouville fractional
integral defined by

(1)) = s [ gtote -2 .
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Lemma 1.2 (Marquardt [23]) Let |f|, |g| € H. Then

d 2
[/f(s de/g( )de] F(Ii(d)zr)(f L(dl)) ]//f(tg(s)lt s|%* "V dsdt. (5)

Lemma 1.3 (Bender et al. [2]) Let L? be a fLp. Then for every p > 2 and § > 0 such that
d+38< % there exists a constant Cy5 4 independent of the driving Lévy process L such that
forevery T > 1

E( sup ‘Ld‘lﬂ) <Cps, dE(]L ‘p) TPd+1/2+8)
0<t<T

For the study of fLp see Bender et al. [3], Fink and Klappelberg [7], Lin and Cheng [18],
Benassi et al. [1], Lacaux [16], Engelke [6] and the references therein.

The rest of this paper is organized as follows. In Sect. 2, we consider the minimum Skoro-
hod distance estimation 6; of the drift parameter 6, its consistency and limit distribution
are studied for fixed T, when ¢ — 0. Moreover, the asymptotic law of its limit distribution
are also studied for T — oo. The similar problems for minimum L;-norm estimation 9:
of the drift parameter 6 were studied in Sect. 3.

2 Minimum Skorohod distance estimation
In this section, we consider the minimum Skorohod distance estimation which defined by

0 = arg Igléi(gl p(X,%(0)), (6)
where
pn)= it (HG2) + supla(e) - (0] @

on the Skorohod space D([0, T'], R) consists of cadlag functions on [0, T], A([0, T]) is the
set of functions p defined on [0, T'] with values in [0, T], continuous, strictly increasing
such that ©£(0) =0 and u(T) = T, and

— ult
H(/,L): sup lOg(M)‘ < 00
s,t€[0,T] s s—t
Let
nr = argmin p (Y (60), u(6o)), (8)

Oot

where x(6p) = xote”" is the derivative of x,(6y) with respect to 6, and

t
Yi(6) = ot / 05 drd. ©
0
Let

flk) = o iénT !Xt —x(é’o)|Oo = 1nf sup |Xt k>0 (10)
—6p|>K

—0o|>K 0<t<T

and Péf)) denotes the probability measure induced by the process X; for fixed ¢.
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Theorem 2.1 (Consistency) For every p > 2 and k > 0 such that, for every T > 1, we have

(&) (| g* P\ p(d+1/2+k) 2eel®!” }7_ P _p
Py (|65 = 60| > k) < CpueaE(ILOD)[") T T =0((f(k)) "e?), (11)

where constant C, 4 is only dependent on p, «, d.

Proof Fixed « >0 and let
I:{:'f X,x(0)) > inf X,@}.
0= |93(Ialo\<xp( x( ))>|9}(19})‘>Kp( x(0))
Then we can obtain 7 = {|6; — 6y| > «}. In fact, for w € Zy, we have

Y _ig)f«p(X (@),%(6)) = inf p(X(w),x(0)) = p(X(w), (7)),

thus, |6} (w) — 6| > k. On the other hand, assume that |6} (w) — 6| > «,

,o(X(a)),x(Q:)) = W_igéllkp()((w),x(Q)) < W_ig:)llc«p(X(w),x(Q)).

For any « > 0, we have

(¢) _p@( :
Py @) = B (it p(Xx(6)) > inf p(X,x(0)))

<P <|9 inf p(X,x(0) > inf [ (X,x(6) - p(x(60), x(9)) )

<P(,inf p(Xx(®)> int p(x(60),x(9)) - p(X,x(60)))

< P(,inf _p(x(9),x(60)) + 20(X,2(60)) > inf p(x(60),x(9)))

<) (-l 752,

Besides, since the process X; satisfies the stochastic differential Egs. (1), it follows that
t t
X —x:(00) = xg + Gof X, ds + sL‘Z —x:(6p) = 00/ (XS —xs(Go)) ds + st. (12)
0 0
Then
|Xt - xt(90)| =

t t
90/ (X; — x,(60)) ds + eL¢ 5|90|/ | X, — x5(60)| ds + |LY|. (13)
0 0

Hence, we have

|X = x(60) ||, = sup |X; —x:(60)| < e sup |L¢| (14)
0=<t=<T 0<t<T

because of the Gronwall-Bellman lemma. Thus,

Péf))(HX—x(Go)”oo >@) SP( sup |L?| > 2L, ) (15)

2 0<t<T 28@'90T|
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According to Lemma 1.3 and Chebyshev’s inequality, for all p > 2, we get

60T\ P
Pg;)(|9;k_6(]’ >K) §E< sup ‘L?DP(de o )

0<t<T S)
< Cp,x,dE(|L(1) |I7) Tp(d+1/2+K)2pe\90T|p (f(K))—ng
= O((F () "e?). (16)
This completes the proof. O

Remark2.1 Asaconsequence of the above theorem, we obtain the result that 6} converges
in probability to 6y under P((,Z)-measure as ¢ — 0. Furthermore, the rate of convergence is
of order O(g?) for every p > 2.

Theorem 2.2 (Limit distribution) For any h € D([0, T, R) satisfying h(0) = 0, ¢;; = p(h, u -
a), a(t) = te”', o € R, u € R admits a unique minimum at u. Then we have, as ¢ — 0,
e (67 - 6p) 4 L, where the notation wl, denotes ‘convergence in distribution”.

Remark 2.2 ¢ is a convex function and ¢, — +oo when |u| — +00, so ¢} admits a min-

imum.

The following lemma due to Diop and Yode [4] which is vital for our proof of Theo-
rem 2.2.

Lemma 2.1 Let {K,}..¢ be a sequence of continuous functions on R and Ky be a convex
function which admits a unique minimum n on R. Let {L.}.-0 be a sequence of positive
numbers such that L, — +00 as ¢ — 0. We suppose that

lim sup ’Kg(u) —Ko(u)‘ =0.

e 01y|<L,

Then

lim arg min K, (u) = 7,
e—0 |u|<Lg¢

where if there are several minima of K., we choose one of them arbitrarily.

Proof of Theorem 2.2 We introduce the following notations:
K.(u)=p (Y, é(x(@o +&u) — x(@o))),
Ko(u) = ,o(Y, m'c(@o)).

Since

| Ko (1) = Ko(u)| = ‘ueﬁﬂg T])(H(M) 0

Y~ (wll + 1) (@) H )

- Mezixl(l[g,T])(H(M) ¥ - ui) ”‘X’)‘
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inf H(u) +
ueA([o,TD( (k)

Y, — ui(6) - %eu%@)) H )

- Mezixr(l[g,T])(H(M) * ¥ - uil6o) ”‘X’)‘

with § = 5;,,” € (6o, 00 + eu), where the second equality is because of the Taylor expansion.
If we take L. = 5! with § € (1/2,1), we get

1 ~
sup |K8(u)—K0(u)| = inf (H(/L) + || Y, — ux(6y) — —auzéé(@)H )
lul<Le neA(0.1)) 2 o0
- inf (H Y, — ux(6
0G0+ ¥, -] )|
1 ~ L?
< sup |:—£u2 sup 5&(0)] < 8—5|x0|T2e(‘9°‘”L9)T
lul<Le 0st=T 2
£20-1
= lxo| T2elP+L)T 0 (g — 0).
Therefore, we get the desired results by Lemma 2.1. O

In the following, we will consider the limiting behavior of iy for T — +o00. Let us intro-
duce the following notations:

+00
A= / e qrd,
t

t
B; = / e qrd,
0

From Theorem 3.6.6 of Jurek and Mason [13] and Lemma 4 of Diop and Yode [4], we
can get the logarithmic moment condition is necessary and sufficient for the existence of
the improper integral Ay.

Lemma 2.2 Suppose that E(log(1 + |L,|)) < +0co. Then
d s
A =e A (17)
aﬂ »

where “=" denotes “identical distribution”.

Proof It is not hard to see,

A= / e dr? = / (19e%) (s) dL(s)
t t

_ +00 1 o0 _90u B d_l )
_/t <—1"(d)_/s ey —s)*"du ) dL(s)
_ e 1 * —00 (s+x) ,,d—1

= /t (—F(d) /0 e x dx) dL(s)

=/t (ﬁe‘e"s@;d / e_9°x(90x)d_1d(90x)> dL(s)

+00
=0y d / e~ %% dL(s).
t

Page 6 of 14
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In a similar way,
+00
Ay =65 / e %5 dL(s).
0
From Lemma 4 of Diop and Yode [4], we have immediately
A, L e, O
The next theorem gives the asymptotic behavior of the limit distribution nr for large 7'

Theorem 2.3 Suppose that 6y > 0 and E(log(1 + |L1])) < +00. Then &r = xoTnr converges

in distribution to Ag as T — +00.

Proof Recall that
Ny = argmin p (Y (6o), ux(6p)).
By changing variable, we have

ér = argmin p (Y (60), My() i= argmin N(o), (18)

where M;(w) = %eoz and N(-) = p(Y(6y), M(-)).
We want to show that, for every A >0,

Jim Py {lgr - Aol > A} =0. (19)
Therefore, let us consider the set
Va = {a): lw—Ag| > A},

where Py, is the probability measure induced by the process X; when 6 is the true param-

eter and ¢ — 0. We can get

N(Ao) = p(Y(60), M(Ag)) < | Y (60) - M(Ao)|

¢ Aot
= eeot<f e dred - 20 4 +Ao) ’
0 T 00
¢ t
= 690t</ e_gos dL;i —A() + (1 — —)Ao) H
0 T 00
¢ t
= e90f< f e s dL? —A0> H +|Aot| H (1 - —)ef’of
0 00 T

On the other hand, for @ € VA, we have

o]

N(w) = p(Y(60), M(w))
> p(M(Ao), M(@)) - p(Y(60), M(Ao))
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- | M(@) - M(A0)| _ - N(A0)

Aot
= |w = Aol

- N(Ao)

o0

tefot
> A

- N(Ay).

o]

Hence, we have

N@ _ AlF s
N(Ao) = N(Ay)

infweVA N(w) - A[ T"e@ot(fot e~tos de - A0)llso |[Ao| (T - t)e9ot lloo i|—1 .
N(4o) — lIze%0? || oo l[ze?" || oo

—1,

_A T1e%* (B, = Ao)llso _ IRolII(T = )€ | _1_1
Il | e [l

-1
rong o T
T90€

where we get the maximum value of the function (7 — £)e®’ by taking the derivative.
We obtain

Aol
T90€

—0 as.as T — +o0. (20)

Using Lemma 2.2 we have

Ey (JA
I%Q%Wﬂ%4m>gznﬂmm>ﬂ”Mge%ﬂ@%ﬂL»Q T — +00. (21)
By (20) and (21), we obtain
inf,cy, N P
infi,ev, N() — t+00, T — +00. (22)
N(A)
In addition, using (18), & € Vs, we have
N(r) = inf N(w) < N(Ao). (23)
weVa
We can get the desired result (19) by Egs. (22) and (23). O

3 Minimum L;-norm estimation
In this section, we will study the minimum L; -norm estimation 9: of the drift parameter 6.
Let

T
Dﬂm=/|&—awﬂm. (24)
0

It is well known that é; is the minimum L;-norm estimator if there exists a measurable

selection 9~E such that

Dr(6;) = inf Dr(6). (25)

Page 8 of 14
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Suppose that there exists a measurable selection 6, satisfying the above equation. We can

also define the estimator 6, by the relation
- T
0, = arg inf/ |Xt —x£(0)| dt. (26)
0ed Jo
For any « > 0, we define

f(/c) = o 1})1{ / |X,5 0) — x; 90)| dt >0, foranyk >0. (27)

Theorem 3.1 (Consistency) For any p > 2, there exists a constant C,, 4 (only depending
the p, k, d), such that, for every k > 0, we have

&) (10 P\ p(d+1/2+k) 2eel0TN?
P (10, — o] > k) < CpueaE(IL(D)[") T NN o((f))™ (28)

Proof Set || - || denotes the L;-norm, then we have

Péz)(lé; — 6ol >k) = Péf)){w 191(1)|f<KHX x(0)] > . 1(£})f‘>K |Xx - 9)”}

<Py { Lt (X =2(@0)] + [+0) - x@0)])

>, 1(£1f (||x(@) = x(60) || - | X —x(90)||)}

-0l a0

= pf,fj{ X - x(6)] > %}“(K)}.

Since the process X; satisfies the stochastic differential equation (1), it follows that
t
X, — %:(60) = %0 + 6o / Xy ds + eLf — x(60) = 6o / (X, — %4(60)) ds + e LY, (29)
0

where x,(0) = xe’t.
Similar to the proof of Theorem 2.1, we have

sup |Xt xt(Oo)’ < gelfT! sup |Ld| (30)
0<t<T 0<
Thus,
©) 1~ d Fe)
Py {||X—x(9>|| > Qf(")} 5P<Oi‘t1£T|Lt| Z SeeloTl )’ (31)

Applying Lemma 1.3 to the estimate obtained above, we have

2eelT1\ P
90 (|€ — 0| >k) < E(OS:ET‘LdD <—f(/c) )
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< Cp,K,dE(|L(1) |P) Tp(d+l/2+K)2pe\(90T|p G(K))—ng
= O((f()) e?).
This completes the proof. d

Remark 3.1 1t follows from Theorem 3.1 that we have 675 converges in probability to 6y
under Péf))—measure as ¢ — 0. Furthermore, the rate of convergence is of order O(¢?) for
everyp > 2.

Theorem 3.2 (Limit distribution) As & — 0, 8_1(5; —6p) 4 &, & has the same probability
distribution as 7 under Péf))

f=arg__inf fo T\ Y (0) — utxoe™ | dt. (32)
Proof Let

Ze(u) = | Y — &7 (60 + eu) — x(60)) | (33)
and

Zo() = || Y - ui(6o)||. (34)

Furthermore, let
~ T 1 -1
Ac={w:10: -0l <8},  S.=¢"T,T€ > L= (35)

It is easy to see that the random variable 7, = &‘_1(5:9 — 6o) satisfies the equation

Zs(ﬁs) = | 1|Il£ Ze(u), weA,. (36)
Define
7 = arg | ilnf Zo(u). (37)

Observe that, with probability one,

sup ’ZE(u) —Zo(u)’ = ’H Y — ux(6y) — 1/28u256(5) H - H Y - ua'c(@o)’H

lul<Le

T
212 su %(0)|dt < Ce* ' >0, &0, (38)
2 % 9\p5 0

—bp|<og

where 8 = 6 + a(0 — 6p) for some o € (0, 1]. Note that the last term in the above inequality
tends to zero as ¢ — 0. This follows from the arguments given in Theorem 2 of Kutoyants
and Pilibossian [14, 15]. In addition, we can choose the interval [-L, L] such that

PMur e (-L, L)} > 1- Bf(L)? (39)
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and
Plu* e (-L,L)} = 1-Bf(L)*, B>0. (40)

Note thatf(L) increases as L increases. The process {Z,(u),u € [-L,L]} and {Zy(u),u €
[-L, L]} satisfy the Lipschitz conditions and Z, (z) converges uniformly to Zy(u) over u €
[-L, L]. Hence the minimizer of Z,(-) converges to the minimizer of Zy(u). This completes
the proof. O

Although the distribution of 7 is not clear, we can consider its limiting behaviors as
T — +00.

Theorem 3.3 (Asymptotic law) Suppose that 6y > 0 and E(log(1 + |L1|)) < +00. Then
~ ~ d
Er=x0Tnr —> Ao, T — +09,

where Ly, Ay and other notations in the following are the same as Theorem 2.3.

Proof Recall that

T
W =arg inf/ |Y:(60) — utxoe™ | dt.
ueR Jo

Let || - || denote the L;-norm. By changing variable, we have the following:
ET = arg inf || Y —]VI(w) || = arg inf]\?(w), (41)
weR weR

where M, (o) = %90; and N(-) = ||Y = M(")|.
We want to show that, for every A >0,

lim Py, {|&r — Aol > A} =0. (42)
T— +00
Therefore, we consider the set
Va = {w: lw—Ag| > A},
where Py, is the probability measure induced by the process X; when 6 is the true param-
eterand ¢ — 0.

Besides, we have

N(Ao) = | Y - N(Ay)|

t
= 690t</ e s qrd - Aot - A +A0)
0 T

! t

= eeot(/ e b0 de —Ap+ (1 - —)Ao) H
0 T
‘ ¢

= e90f</ e s dL? —A0> +|Aot| H (1 - —>e90f .
0 T
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On the other hand, for w € V,, we can get

N() = |Y - M(o)],
> | M(Ao) - M(w)| - | ¥ - M(Ay)

= [M(w) - M(Ao)| - N(4o)

Oot

~ N(Ay)

= | — Ry

teot

> A - N(Ay).

Obviously, we have

~ eﬁot
i\[(w) - A~||tT I
N(Ag) — N(Ao)

)

Aol (T = t)e”"||

inf,cy, N(w) _ A[ Tllefot ([ &0 dM? - Ao)|

N(A) || et |

_ [Tlleg‘)t(Bt—Ao)ll Aol I(T = )e”"||

[[ze®ot|

=A(L+L) -1,

with
CTYNB - Al TIEA
1= ”teeot” - fOT tefot dt - 90—1 TebT _ Qo—zeeor + 962’
T
- JAo|I(T — £)e®! || |Aol [y e®*dt |Ao| (052%™ — 60T - 65%)

We obtain with probability one

||t€0°t|| fOT tefot t 90—1 TeboT — 90_2690T + 90—2 .

. - 1Aol(65%e™ T = 60T - 657)
lim I, = lim T 5 5
T— +00 T— +00 90_ TetoT _ 80_ etoT 4 90_

= lim —— ——— =
T—+oo Gl TehT  T—+o0 6y T

Moreover, using Lemma 2.2 we obtain

|Aolbg ™™ . Aol _

T Ry |

lim Pgo(ll > A) = lim P90<
T—+00 T—+00
: T||e™ R, |
B TliTooP9°< 051 TehoT

= lim Py (IRol > 6pe™ " A) < lim 6;'e
T—+00 T—+00

~17000T ~2,00T -2
0y Te! —gy=eh! + 6,

Page 12 of 14
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By (43) and (44), we obtain as T — +00

infoev, N@) 2 (45)
N(Ao)

Using (41), ET € V), implies

N(r) = inf N(w) < N(A). (46)
weVA
Therefore, from Eqs. (45) and (46), we have the result (42). O

Remark 3.2 If L% is a Brownian motion, then Eris asymptotically Gaussian, this is treated
by Kutoyants and Pilibossian [14, 15].
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