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1 Introduction
A functionf : I € R — Ris said to be convex on the interval /, if for all x,y € [ and ¢ € (0, 1)
it satisfies the following inequality:

flex+ Q@ -1)y) <tf () + 1 -f ). 1)

Convex functions play an important role in the field of integral inequalities. For convex
functions, many equalities and inequalities have been established, but one of the most im-
portant ones is the Hermite—Hadamard’ integral inequality, which is defined as follows [1]:

Let f: 1 € R — R be a convex function with a < b and a,b € I. Then the Hermite—
Hadamard inequality is given by

a+b ﬂ)+f(b)
f( 2 )_b a/f 2 @

In recent years, a number of mathematicians have devoted their efforts to generalizing,

refining, counterparting, and extending the Hermite—Hadamard inequality (2) for differ-
ent classes of convex functions and mappings. The Hermite—Hadamard inequality (2) is
established for the classical integral, fractional integrals, conformable fractional integrals
and most recently for generalized fractional integrals; see for details and applications [2—8]
and the references therein.
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The concepts of classical convex functions have been extended and generalized in sev-
eral directions, such as quasi-convex [9], pseudo-convex [10], MT-convex [11] strongly
convex [12], e-convex [13], s-convex [14], h-convex [15], and A, -preinvex [16]. Recently,
Samet [17] has defined a new concept of convexity that depends on a certain function sat-
isfying some axioms, generalizing different types of convexity, including e€-convex func-
tions, a-convex functions, #-convex functions, and so on, as stated in the next section.

2 Review of the family of F
We address the family of F of mappings F : R x R x R x [0, 1] — R satisfying the following
axioms:

(A1) Ifu; € L1(0,1),i=1,2,3, then, for every A € [0, 1], we have

1 1
/0 F(u1(8), ua(8), us(2), 1) dt:F(/O ul(t)dt,/o

(A2) Forevery u € L}(0,1), w € L*(0,1) and (21, 2») € R?, we have

1

1
Mz(t) dlf,/ Mg(t) dt,)\).
0

1

1
/ F(W(t)u(t)r W(t)Zb W(t)ZZ) t) dt = TF,W (/ W(t)l/{(t) dt, 21, Z2> ’
0 0

where Tg,, : R x R x R — R is a function that depends on (F,w), and it is
nondecreasing with respect to the first variable.
(A3) For any (w, uy, uy, u3) € R%, uy € [0,1], we have
WF(uy, ua, u3, us) = F(wuy, wiy, wuz, ug) + Ly,

where L,, € R is a constant that depends only on w.

Definition 2.1 Letf: [a,b] — R, (a,b) € R?, a < b, be a given function. We say that f is a
convex function with respect to some F € F (or F-convex function) iff

F(f(tx+ (1= £)),f(0),f3),) <0, (x,9,0) € [a,b] x [a,b] x [0, 1].

Remark 1 Suppose that (a,b) € R? with a < b.
(i) Letf:[a,b] — R be an e-convex function, that is [18],

Flex+ L=t)) <@+ (1-0F0), @28 € [a,b] x [a,b] x [0,1],
Define the functions F: R x R x R x [0,1] — R by
Fuy,ug, u3,us) = 1 — ugtty — (1 — ug)uz — € (3)

and Try : R xR xR x [0,1] = R by

1 1
Tr (U1, U, Us) = Uy — </ tw(t) dt) Uy — </ 1 -t)w(t) dt) Uz —é&. (4)
0 0
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(ii)

(i)

For
Ly, =(1-w)e, (5)
it will be seen that F € F and

F(f(tx + (1= ). £, L, 2) = (2 + (1= D)y) — (%) — (1 = ) 0) = 6 < O,

that is, f is an F-convex function. Particularly, taking ¢ = 0 we show that if f is a
convex function then f is an F-convex function with respect to F defined above.
Let f : [a,b] — R be A,-preinvex function according to ¢ and bifunction n,
0<p=<Z,1e(0, ], that is [16],

fu+te“n(v,u)
=3 \f_ S+ %ﬂu), (w,v,t) € [a,b] x [a,b] x (0,1).

Define the functions F: R x R x R x [0,1] — R by

N e e

F ’ ’ ’ = - - 6
(w1, t2, U3, us) = 1y 2J1——mu3 YW U (6)
and T, : R xR x R x [0,1] = R by
L
Trw(u1, tz, uz) = ug — w(t)dt |u
ol 6, ) l(foz__ 0t
< w(t)dt)uz (7)

For L,, = 0, it will be seen that F € F and

F(f (u + te“n(v,u)),f(w),f(v), )

Vit (1-M)v1
me(l/)— 2)\'\/— f( )_8<0

=f(u+te¥n(v,u)) -

that is f is an F-convex function.
Let 1: 1 — R be a given function which is not identical to 0, where I is an interval
in R such that (0,1) C I. Let f : [a, b] — [0, 00) be an k-convex function, that is,

ftx+ (1= £)y) < h(O)f (x) + 1;—%(1 —0f®),  (%y.t) € [ab] x [a,b] x [0,1].

Define the functions F: R x R x R x [0,1] — R by

F(uy, ttg, 3, ts) = 1ty — hlug)us - %h(l — )y (8)
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and Try :R x R x R x [0,1] — R by

1 _ 1
Tr (U, U, Us) = Uy — (/(; h(t)w(t) dt)ug - % </0 h(1 —)w(t) dt)uZ. 9)
For L,, = (1 — w)e, it will be seen that F € F and
E(f(tx+ (1= )y).f (0).f ), 1)
=6+ (= 0) ~HOF )~ - H( -0 0) ¢ <0,
that is f is an F-convex function.

Recently Samet [17] established some integral inequalities of Hermite—Hadamard type

via F-convex functions.

Theorem 1 ([17, Theorem 3.1]) Letf : [a,b] — R, (a,b) € R?, a < b, be an F-convex func-
tion, for some F € F. Suppose that F € L*(a,b). Then

a+b 1 b 1
F(r(50) 5 [ fwang) <o

b
Tm(ﬁ / ) dx,f(a),f(b)) <o,

Theorem 2 ([17, Theorem 3.4]) Let f : I° € R — R be a differentiable mapping on I°,
(a,b) e I° x I°, a < b. Suppose that

(i) |f'| is F-convex on [a, b], for some F € F;

(ii) the function t € (0,1) — Ly belongs to L*(a, b), where w(t) = |1 - 2t|.
Then

(@

2 |f@)+f(b)
TF’”’(b—a‘ 2

1 b 1
_b_a/;f(x)dx ,V/(b)‘)+/(; Ly dt <0.

Theorem 3 ([17, Theorem 3.5]) Let f : I° € R — R be a differentiable mapping on I°,
(a,b) € I° X I°, a < b and let p > 1. Suppose that |f'|P'?~V is F-convex on [a,b), for some
F e Fand F € IP'?"V(q,b). Then

P

Tra (A, |f @77, [f (8)|77) <0,

where

ks

P
p-1

|

p- 1

Alp.f) = (ﬁ) (p+ )P

f@+f®)
2

b
bia/ fx)dx

As consequences of the above theorems, the author obtained some integral inequalities

for e-convexity, «-convexity, and /-convexity.
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Theorem 4 ([17, Corollary 4.3]) Let f : I° € R — R be a differentiable mapping on I°,
(a,b) € I° x I°, a < b. Suppose that the function |f’| is e-convex on [a, D], ¢ > 0. Then

< -a L0 ]

Theorem 5 ([17, Corollary 4.9]) Let f : I° € R — R be a differentiable mapping on I°,
(a,b) € I° X I°, a < b. Suppose that the function |f'| is a-convex on [a, b], o € (0,1]. Then

’f (@) +f(b)

5 / fx)dx

b
(R

(b—a) o , Ot(Ol+1)+2(1 27%)
—m[(z +a)|f'(a)] V(b)|]

Theorem 6 ([17, Corollary 4.14]) Let f :I° € R — R be a differentiable mapping on I°,
(a,b) € I° x I°, a < b. Suppose that the function |f'| is h-convex on [a, b]. Then

b / 1
MO0 [ o) (L1200,

2
For more recent results on integral inequalities of Hermite—Hadamard type concerning

the F-convex functions, we refer the interested reader to [19] and the references therein.
In the sequel, we recall the concepts of the left-sided and right-sided Riemann- Liouville
fractional integrals of the order « > 0.

Definition 2.2 ([20]) Suppose that f € L([a, b]). The left and right Riemann—Liouville
fractional integrals denoted by /%, f and J;-f of order « > 0 are defined by

Jef )/ () dt, x>a,

and
1P .
e O CL
b @ ). f
respectively, where I'(«) is the gamma function defined by I'(«) = fooo e”tt* 1 dt and
Jy-f %) = Jy-f (%) = f (%)

In [21], authors established the following Hermite—Hadamard type inequalities for F-

convex functions involving a Riemann—-Liouville fractional:

Theorem 7 Let I C R be an interval, f : I° C R — R be a differentiable mapping on I°,
a,bel’ a<b.Iff is F-convex on |a,b), for some F € F, then we have

a+b\ I'lae+1) , F(a+1) 1
F<f< 2 )’ (b-a) T f (D), b- ];,f() ) /OLw(t)dtSO,

1
Trn (e Vif O+ S @)@ 0@ 1) + [ Lo <0

where w(t) = at* L,
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Theorem 8 Let [ C R be an interval, f : I° C R — R be a differentiable mapping on I°,
a,bel’ a<b. Iff is F-convex on [a,b], for some F € F and the function t € (0,1) — L,
belongs to Ly(a,b), where w(t) = |(1 — £)* — t*|. Then we have the inequality

fla)+f(b) T'(x+1)

2
T -
£ (b—zz 2 2b—a) )

1
+ / Lyudt <0.
0

The following definitions will be useful for this study [20].

[e.fb) + Jf @],

Definition 2.3 The Euler beta function is defined as follows:
1
B(a,b) = f 11 -0b'dt, a,b>0.
0
The incomplete beta function is defined by
By(a,b) = / Y1 -0Ptdt, ab>o0.
0

Note that, for x = 1, the incomplete beta function reduces to the Euler beta function.
Also, the following three lemmas are important to obtain our main results.

Lemma 1 ([22, Lemma 4]) Let f : [a,b] — R be a once differentiable mappings on (a, b)
with a < b, n(b,a) > 0.Iff' € Lla,a+e¥n(b,a)), then the following equality for the fractional
integral holds:

f@+fa+e“nb,a)  I'a+1)
2 ~ 2(e¥n(b,a))”

_n(b.a) /1[(1 — )" —t*]f'(a + (1 - t)en(b, a)) dt.
2 0

[Je.f (a +e“n(b,a) + (Me%(b’u)),f(a)]

Lemma 2 ([16, Lemma 5]) Let f : [a,b] — R be a once differentiable mappings on (a, b)
witha < b, n(b,a) > 0.Iff" € Lla,a+e“n(b,a)), then the following equality for the fractional
integral holds:

fla)+fla+e¥n(ba)  I'(a+1)
2  2(e*n(b,a))

i b, 2
CAD U g a0 e ) e

[ Olf(a + e“pn(b d)) + (a+e“/’n (b)) f(d)]

Lemma 3 ([22]) Fort € [0,1], we have

(1-p" <2 " forme|0,1],
(1-p)"=>2"" " forme[1,00).
In this study, using the A,-preinvexity of the function, we establish new inequalities of

Hermite—Hadamard type for differentiable function and some trapezoid type inequalities
for function whose second derivatives absolutely values are F-convex.

Page 6 of 33
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3 Hermite-Hadamard type inequalities for differentiable functions
In this section, we establish some inequalities of Hermite—Hadamard type for F-convex

functions in fractional integral forms.

Theorem 9 Let I C R be an open invex set with respect to bifunction n:1 x I — R, where

n(b,a) > 0. Let f : [0,b] — R be a differentiable mapping. Suppose that |f'| is measurable,
decreasing, \,-preinvex function on I, and F-convex on [a, b], for some F € F and the func-
tion t € (0,1) — Ly belongs to L1(0,1), where w(t) = |(1 — £)* — t*|. Then

f(@) +f(a+e¥n(b,a)
2

T ( 2
B\ eiwn(b,a)
I'a+1)
2 n(b,a))

1
+/ Lydt <0. (10)
0

[ af(ﬂ+€ 7’}(1’) 6{)) +]a+e"ﬂn (b,a)) ‘f ]

Proof Since |f’| is F-convex, we have

F({f’(a+(1—t)e”’)n (b, a) ) te[0,1].
Multiplying this inequality by w(¢) = |(1 — £)* — t*| and using axiom (A3), we have

w(O|f (b)), ¢

w(®)|f'(@)

F(w(t) V’(a +(1- t)ei“’n(b,a)) , ) +Lyy <0, tel0,1].

Integrating over [0, 1] and using axiom (A2), we get
1
Tp,w</ (L= = t*||f'(a + (1 - )e“n(b,a))| dt, |[f ()], |f (b)), t>
0
1
+/ Lypdt<0, tel0,1].
0

But from Lemma 1 we have

f(a) +f(a+e¥n(b,a)
2

[ af(“ + ei(pn(b’a)) +]Oz[z+e’“’rz ba))’f(a)]

2
en(b,a)

'l +1))
© 2(en(b,a))”

< / \(1 —t)* - t"‘Hf/(a +(1- t)ei‘pn(b,a))|dt.
0

Because TF,, is nondecreasing with respect to the first variable so that

f(a) +f(a+e¥n(b,a))
2

T ( 2
Ew\ eion(b, a)
I'(a+1)
~ 2(ein(b,a))”

|f'(@)

Uaef (@ +e“n(b,a)) + 15, o, p-f (@)] f ,(b)‘)
1
+/0 Lupdt<0, te[0,1].

This proves (10). O
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Remark 2 1If we choose n(b,a) =b —a and ¢ = 0 in Theorem 9, we get

,lf/(b)|>

T 2 ‘f(a)+f(b) Io+1
F’”“(b-a 2 2b-a)

D78y + 1 f @] (@

1
+ / Lypdt <0.
0
Corollary 1 Under the assumptions of Theorem 9, if |f'| is e-convex, then we have

f(a) + f(a+e“n(b,a)) I'e +1))
2  2(ein(b,a))*

< e'nb.a) (1 1 )([f’(a)‘ + [f’(b)‘ +2¢).

2 +1) T 2w

Usif (a+e“nb,@) + I, o, pay/ @]

Proof Using (5) with w(z) = |(1 — £)* — ¢¥|, we find

1 1
/Lw(t)dtzs/ (1-]@-0%-¢*|)at
0 0
1

:s[/o (1—(1—t)“+t°‘)dt+/1 (1—(1—t)“+t“)dt]

-2

From (4) with w(¢) = |(1 — £)* — £*|, we have

Trw(ur, 12, us3)

1 1
=u — (/ t|(1—t)“—t“|dt>u2— (/ (1—t)|(1—t)°‘—t"‘|dt>u3—s
0 0

1 1
=u — 1—— ) (uy +u3) —¢,
o+1 o

for u;, u, us € R. Hence, by Theorem 9, we have

2 f(a) +f(a+e*n(b,a))
0=z TF’”’(ei‘ﬂn(b, a) 2
Ia+1)

(@)

, wb)y)

~ S aye Vel (@ EN0D) + oo S @)

1
+ / Lw(t) dt
0

2 [f(@+fla+e“n(b,a)
~ evn(b,a) 2
I'a+1)

"~ S aye Vel (@ EN0D) + oo @)

! (1 - é)([f/(a)| 0]+ 26).

a+1

This completes the proof.

Page 8 of 33
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Remark 3 In Corollary 1, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

‘ f@+fO) L@ e o)

2 2(b-a)

b-a

1 / /
SZE?5<1—§)OfMM+an+%y

(b) n(b,a)=b-a, 9 =0,and ¢ =0, we get

‘f(ﬂ) +f(b)  I'(a+1))

2 26—y Vel O+ @)

b- 1 , /
= 2(a +a1) <1 B g)(v (“)| + V (b)|)

which is given by [18].

Corollary 2 Under the assumptions of Theorem 9, if |f'| is A,-preinvex, then we have

’f(fl) +f(a+e¥n(b,a)) RACESY) [
2 2(e*n(b,a))

“n(b,a) 1 1 11 / -4
= I By (g 3) B (e 53) | (el o)

Proof Using (7) with w(¢) = |(1 — £)¥ — t¥|, we have

TF,W(MI) u, uS)

A

=u1—<f01 vt |(1—t)‘”—t‘*\dt)ug—u(fo1 1-

24/1-¢

1 1 1 11 1-A
=1 ——|Bi|za+=-)-Bila+=,= U +
21 2\2 2 2 22 A

for u;, u, us € R. Hence, by Theorem 9, we have

2
e“n(b,a)

f(a) +f(a+e“n(b,a))
2

0 = TF,W(

Ia+1)
‘mwmaww[

1
+ / Lw(t) dt
0

2 [f(@+fla+e“n(b,a)
~ e¥n(b,a) 2
Ia+1)

‘mwmamw[

1T /1 1 11 o 1-a,
. E[B%(E,a+ 5) —B%<a+ 5,§>:|([f(a)| " T[f(b)|>.

JSf (a+e¥n(b,a))

t|(1—t)“—t“\dt

Jiof (a+€n(0,a)) + T i,y S @]

Jaef (a+ €9 n(b,@) + T i,y @]

Page 9 of 33
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This leads to

f(a) + f(a +e¥n(b, a)) I'a+1)

[ f(ﬂ + el‘pn(b ﬂ)) +]o;+e”ﬂn b,a)) f(a)]

2 2(en (b, a))*
”"n(b a) 1 1 , 1-x,,
< ) |:B;(2 a+§>—B;(a+§,§):|<[f(a)|+ (b)|>.
Thus, the proof is done. O

Remark 4 In Corollary 2, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

- 2(b - a)* []:»,f(b) +]Z[*f(“)]

< b;a[B% <%,a+ %) -B; (a+ %,%)}(Lf’(aﬂ +

(b) nb,a)=b-a,p=0,and A = %,Weget

‘f(ﬂ) +f(b)  I'(a+1))

)

fl@)+f(b) T'(a+1)) a
‘ = oy VS )+ T @)

bh— 1 1 11 , ’
- 4a[35 <§’a+ 5) - B, <oz+ 5’5):|(lf(a)| +|f(®))).

Corollary 3 Under the assumptions of Theorem 9, if |f'| is h-convex, then we have

f(a) +f(a+e“n(b,a)) I'(x +1))
2  2(e*n(b,a))

(b, a) o ,
_e '72 a4 (/ h(e)| (1 -8 — ¢ |dt>(V(a)|+

Proof Using (9) with w(£) = |(1 — £)* — £%|, we have

Uaef (@ +e“n(b,a)) + T, oy -f (@)]

i)

TF,W(MI) u, uS)

! A
=M1—<f0 h(t)‘(l—t —t|dt)u3—T<
1
:”1_</ h(t)}(l‘”“‘tﬂdt)ua—lkk< Ho)|(1 -1 - |dt>uz
A

=u - (/ ht)|(1-8)* - t"‘|dt><u2+1 3)

for u;, uy, us € R. So, by Theorem 9, we have

1-1)| —t)“—t""dt)uz

f(a) +f(a+e“n(b,a))
2

2
0>Tr,| —
=0 (e‘“’n(b,a)

~ Ia+1)
2(en(b, a))

[]af(d + eiwn(b’ a)) + ]&wiwn(b,a))—f(a)] ’
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1
+ / Lw(t) dt
0

2 |f(@+fla+e“n(b,a)
~ e¥n(b,a) 2
Io+1)

- m []:+f(6l + eiwn(b’ ﬂ)) +](D:l+ei‘ﬂn(b,a))_f(a)]‘

! / 1-2 ’
_<f0 h(t)|(1—t)"‘—t“|dt><[f(a)|+ - V(b){).

This leads to
f(a) + f(a+ e“n(b,a)) Fla+1) ., ; a
2 ~ Sty e (@4 D) s (a)]’
iv (b’ ) ! o o / 1-4 /
< %(/0 he)| (1 -1 — ¢ W) ([f @]+ —=If (b)|).
Thus, the proof is done. O

Theorem 10 Let I C R be an open invex set with respect to bifunction n:I x I — R,
where n(b,a) > 0. Let f : [0,b] — R be a differentiable mapping. Suppose that [f’II% is
measurable, decreasing, L,-preinvex function on I, and F-convex on [a, b], for some F € F
and |f'| € LT (a, b). Then

Tr1 (Gi(f, ), [f (@) 70, | ()] PT) <0, (11)
where
(2 NPT ap+1 \FT[f(@)+f(a+en(b,a)
Gif.p)= (e%(b,u)) (2 - zw) 2
o +1) P

_ m []g+f(6l + ei(ﬂy)(b, ﬂ)) +](l):l+ei¢r](b,a))—f(a)]

.
Proof Since |f'|P-T is F-convex, we have

P

F(If (a+ (- De*n(b,a) |77, [f @77, [ (B)|77,6) <0, te[0,1].
With w(¢) = 1 in (A2), we have
1 , A A A
Tk (/ I (a+ (1 -0)e“n(b,a))|77 dt, |f (a)| 7T, Lf/(b)|p1) <0, telo,1].
0

Using Lemma 1 and the Holder inequality, we get

f(a) + f(a+e“n(b,a)) I'a+1)
2 " 2(ein(b,a))*

(@ 106,0) + e, S0

i 1
=D [ a0 0 aba)
2 0
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p-1

“nb,a) ([ N[ ; Frac)
) [

i 1-a % 1 ) p I%l
= e‘/’n(b,a)(2—2 p) (/ Lf,(a+(1—t)e‘“’n(b,a))|’“dt)
2 0

ap+1

or, equivalently,

v 1
2 T ap+1 \ P
e*n(b,a) 2 —21-ap
P

Fe+1) ., ; a =
= St ay el (@ ENGD) + oo S @)

f(a) +f(a+e¥“n(b,a))
2

1
< / If' (@ + (1 - )e“n(b, a))|1% dt.
0
Because T, is nondecreasing with respect to the first variable, we get
A N
TF,I (Gl(f’p)) lf (a)|p71 ) lf (b)|1771 ) S 0'

Thus, the proof is completed. O

Remark 5 If we choose n(b,a) = b —a and ¢ = 0 in Theorem 10, we get

T 2\ ap+1 =
B \\b-a 2 21-ap

@, lf/(b)l) <o,

f@+f(b) Tle+1)

2 26 ey VeSO + T @]

P
-1

Corollary 4 Under the assumptions of Theorem 10, if |f'| P! is e-convex, we have

fla@)+f(a+e¥n(ba)  I'(a+1) U2 f(a+e“n(b,@) +J2 o - @]

2 ~2en(b,a))° areltn
; 1 r v p-1
_nba) (2-27 N2 (@I £ [T\
- 2 ap+1 2 ’
Proof Using (5) with w(¢) = 1, we have
1 1
/ Ly dt = 8/ (1 - w(t)) dt =0. (12)
0 0

From (4) with w(¢) = 1, we have

Tr(ur, ua, u3)

:u1—</01tdt>u2—(fol(l—t)dt>u3—s

Uy + U3
2

= —g, (13)

Page 12 of 33
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for uy, uy, us € R. Hence, by Theorem 10, we have

0= Tea (Gilfop), [f @77, [F/ ()] 77)

L

@I + |f(b)| P

=G (f,P) 2 —¢&.
This leads to
2 NPT/ ap+1 \F1|f(@) +f(a+enb, a)
e n(b,a) 2 —2l-ap 2
I'(a+1)

- W[] f(a + el(pn(b ﬂ)) +](a+e“/’r7 b,a)) f(d)]

@ o
. <

or, equivalently,

fl@) +fla+e¥n(b,a)  I'(a+1)
2 ~ 2ei*n(b,a))

P P

_ ¢ntb,a) (2—21-“1”)% (lf’(a)lﬂ-l B +s)%.
2 ap+1 2

This completes the proof.

Remark 6 In Corollary 4, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

‘ fl@)+f(b) I'(e+1) Usfb) +J5-f (@)]

2 " 2b-a)

L
—1

; b_a<2-zl—w>%<[f/(a) 1 If'(b) 7T +8>
2 ap+1 2

(b) n(b,a)=b—a, ¢ =0,and ¢ = 0, we get

‘ fa) o fO) L@ D) e, g pia]

C2b-a)

L
-1

_b=a(2-25NG (@I 4 )T
-2 <ap+1> ( 2 ) '

-1
Corollary 5 Under the assumptions of Theorem 10. If |f’| T s Ao-preinvex, we have

fl@) +fla+e¥nb,a)  I'(a+1)
2  2(ei*n(b,a))

Wn(b,a) (2 -2 ’ -l o
== Ca) e - Srre™)]

'Q:

Ve (a+enb.@) + I o ,00 S @]

VS (@+e“n(b,a)) + T, o) -f (@)]

Page 13 0f 33
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Proof Using (7) with w(£) = 1, we have

Tr1(u1, Uz, us3)
W 1-a( [tV/1-t
=U; - 76” Uy — —— —dt u
' (/o 2J/1-¢ )3 A (/0 NG )2
1

1/3 13 1-x T —A (14)
=ur—=Bl == Jlua+ us | =ug — —(uz + u
1-5P\ 375 2 P =5\ s

for u;, uy, us € R. So, by Theorem 10, we have

pr-1

0> Tea (G, f @] 7 [F ()| 7)

(2 \FT[ ap+1 \FT|f(@) +fa+en(b,a)
‘<eanJo> <2—2FW)

2
Ia+1) p-T

_ W []g+f(ﬂ + ei(/’r}(b, ﬂ)) + ]gﬁei‘pn(h,a))’f(a)]

TS B R Y= |
—%(anp+—7—Vwa)

This leads to

f(a) + f(a+e“n(b,a)) RACES))

[Veif (a+e“n(b, a)) +](Oiz+ei<ﬂn(b,a))‘f(a)]‘

2 2(e*n(b,a))*
. 1 p-1
en(bya) (2-21"P\r[x [ el 1=k, e\
— b)| ? .
= 2 (ap+1 4 lf(d)| * A V()‘
Thus, the proof is done. d

Remark 7 In Corollary 5, if we choose

(@) n(b,a)=b-aand ¢ =0, we get

VWHﬂM_FW+m
2 2b—a)

b—a(2-21-w\p ol 1—h,,, L
= 2“( ap+1 ) [%([f(a)“ +TV(b)|P )}

[Jef®) +J5-f(@)]

pr-1
p

(b) n(b,a)=b-a,¢=0,and 1 = %,Weget
f@)+fb) TI'(e+1), .
‘ 2 C2b-a) []u+f(b) +]b7f(a)]

p-1
p

boa(2-2"%\» B
<L) Gl o]

ap+1
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Corollary 6 Under the assumptions of Theorem 10. If |f'|P1 is h-convex, we have

fl@) +fla+e¥n(b,a)  I'(a+1)
2 ~ 2(ei*n(b,a))

en(ba) (2-2-7\7 (el 1-A e
<o) ([wo)” (vl - 2ref?)

Proof From (9) with w(t) = 1, we have

[ af(a+el<ﬂ;7(b a)) +]a+e“pn ba) f(a)]’

Tr(ur, uo, u3)

1 1
=M1—(/0 h(t)dt)ug—T<A hl—t)dt)uz
1 _ 1
uy — (fo h(t)dt)ug - %(/(Y) h(t)dt)ug
—u - (/lh(t)dt> <u2 + l_kug)
0

for u;, u, us € R. So, by Theorem 9, we have

p-1

0= Trs (Gulfop) [ (@] 7, [F (0)]7)

1

B 2 1 ap+1 \r1
“\en(b,a) 2 —2l-ap

(a) +f(a + *n(b,a)) Fla+1) [,
2 2(6“"77(19 ﬂ))a [ f(a * e Tl(b d)) + ((He“ﬂn (b,a)) f(d)]

([ ) vor?)

that is,

f(a) + fa+e¥“n(b,a)) I'a+1)
2  2(ein(b,a))*

_ ¢n(ba) (2 - 21-ap)é
N 2 ap+1
! 1’;1 p-1
([ e o)
0

This completes the proof. O

[ ;*f(ﬂ + ei‘pn(br ﬂ)) +]((2+ei‘/’n(b,a))_f(a)]‘

Theorem 11 Let I C R be an open invex set with respect to bifunction n:1 x I — R,
where n(b,a) > 0. Let f : [0,b] — R be a differentiable mapping. Suppose that [f/ll’%1 is
measurable, decreasing, L,-preinvex function on I, and F-convex on [a, b], for some F € F
and |f'| € L%(a, b). Then

p P 1
Tew(Galf0), [F @) 70, |F/ ()| 1) + /0 Luwdt <0, (15)
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where
(2 NPT a1l \PT[f(@)+f(a+en(ba)
GZ(f’p)_ (Ei(pn(b,ﬂ)) <2_21a) 2
Ia+1) P

- m[ wef (a+enb,@) + I, o vy @]
Sor w(t) = |(1-6)% —t*].
Proof Since |f'|7T is F-convex, we have
E(f (a+ (1 - De“n(b,a) |71, |f @77, | ()| 77,6) <0, te[0,1].

Using (A3) with w(£) = |(1 — £)¥ — £¥|, we obtain

Fw(®)|f (@ + (1 - 0e“n(b,a)) |71, w()|f(@)| 7T, w(t)|[f ()| 7T, £) + Lugy <O,
te[0,1].

Integrating over [0, 1] and using axiom (A2), we obtain
! . v v v 1
T (f w(@t)|f'(a+ (1 -0e¥nb,a))|P T dt, |f (a)|P7, V’(b)|ﬂ‘1) + f Ly dt <0,
0 0
te[0,1].

Using Lemma 1 and the power mean inequality, we get

( ) ( ip (b’ )) F( 1) o i o
[/t ;e T 2(ei‘ﬂf(:(;, a))® Va-f(a+e“n(b,a) +](a+ei“’ﬂ(h:a))'f(a)]

- M /1|(1 — 1) _taHf/(a+ ¢! —t)ei‘pn(b,a))‘dt
2 0
3 ei“’n;b,a) (/01‘(1 e _ta|dt>” (/Olw(t)[f’(a+ (1= e n(b,a) [T d'f)P

p-

1
“n(bya) (2-21\r [ (! ‘ LB
=€ 77; 61)( = )”(/0 W(t)vl(u+(l—t)elwn(b,ﬂ))‘l’ljl dt) 1
or, equivalently,

r_ 1
2 p-1 a+1 \r1
(ei‘!’n(b,a)> <2—21“’)

Fa+1) ., l. . =
= St ay Lo @+ 1D o @)

—

f(a) +f(a+e¥n(b,a)
2

1 p
< / w(@)|f'(a+ (1 - 0)e¥n(b,a)) |7 dt.
0
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Because TF,, is nondecreasing with respect to the first variable, we find

b

» 1
HA%%MVMW?V%Wﬂ+ALMﬁ§O

This completes the proof.

Remark 8 If we choose n(b,a) =b —a and ¢ = 0 in Theorem 11, we get

0 \Fa 1\ A
P- o + p-

Tro

" ((b—a) (2—2ka>

1
v/(“) ’ V/(b)|) +/0 Lw(t) dt <0.

f@+f) a+1)
2 2(b - a)*

[Je.f ) +1-f @],

Corollary 7 Under the assumptions of Theorem 11, if |f'| T s g-convex, we have

f((l) +f(&l + e@n(b,ﬂ)) _ F(Ol + 1)) []s+f(ﬂ + ei‘pn(b, ﬂ)) +]€;+ei(ﬂn(b,a))—f(a)]‘

2 2(en (b, a))*
éon(bya) (2-21"\P[ 2%—1 N el
=72 ( a+l ) [24a+1ﬁV“”‘ + @) )+2% :

Proof Using (5) with w(£) = |(1 — £)* — £¥|, we get

1 2% 1
Lypdt=¢l1-2——"— ).
/0 w(t) 8( 2a(Ol+ 1))

From (4) with w(t) = [(1 - £)* — t%|, we get

TF,W(MI’ u, Mg)

1 1
=u — (/0 |(1—t)°’—t°‘|tdt)u2— (fo |(1—t)°‘—t°‘|(1—t)dt)u3—s

2% —-1 ( )
=uy — ——(uy + u3) — &,
! 2¢( + 1) S

for uy,uy, us € R. Hence, by Theorem 10, we have

p P 1
Oznwammwa?V%Wﬂ+Ame

2(1_1 , Ll , % 2&_1
= Gy(f,p) - W(V(ﬂ)|p_ + V(b)|p )_8+8(1_22a(o{+1)>'

This implies that

f(a) + f(a+e¥“n(b,a)) Fe+1) [, ; .
‘ 2 2 en(b,a))* []{ﬁf(a +e?n(b, ﬂ)) +](a+eiv’n(b,a))_f(a)]‘

(
1 p
P

donba) (2-27NF[ 20-1 e
= 2 ( o+1 ) |:2a(a+1)(lf(a)| +lf(b)| )+28i| .

This completes the proof.

Page 17 of 33
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Remark 9 In Corollary 7, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

f@)+f(b) T'(@+1),, .
‘ 2 - Z(b—a)a []a‘ff(b) +]b—f(6l)]

b— 2 _9l-« : 20 71

= 2a< a+1 ) |:2aa+1)(lf(a)|171+lf(b)|p1)+28:| .

(b) n(b,a)=b-a, 9 =0,and ¢ =0, we get

‘f(a) +f(b)  T'a+1)

Vs f®) +Ji-f (@)

" 20— a)
b-a 2-2 % 27 -1 / % ! ,% 1%1
= 2 ( a+1 ) |:2a(a+1)(V(ﬂ)|P +Lf(b)| )i| .

—

Corollary 8 Under the assumptions of Theorem 11. If [f/|[% is Ay-preinvex, we have

f(a) + f(a+e“n(b,a)) I'e +1))
2  2(ein(b,a))*

(

_énba) (2_21—a)}
- 2 a+1

)

Proof Using (7) with w(t) = |(1 — £)* — ¢*|, we have

[ f(a+e T)(b ﬂ)) +]a+e“/’n b,a)) f(a)]

p-1
14

TF,W(MI’ us, MS)

1

(L sleor-riuo- ([ 57
1 1 1 11

=1 —=|Bi| o+ |-Bila+—,= U + I/tg
2((z+) 2( e )

for u;, uy, us € R. Now, by Theorem 11, we have

1-8)% —¢* \dt)uz

0= Teu(Galfp) [ @] 7 [F®)] )

1

2 \FT[ a+1 \PT
~\en(b,a) 2 —21-a

fa) +fla+e*n(b,a)) Fle+1) ] a
x 2 " Aewn ay et (@O D) oS (“)]‘

1 11 11 = S B U= |
—§<B%<§,a+§)—B;(a+§,§>><lf(a)|p + % [f(b)‘p)

This leads to

f(a)+f(a+e¥n(b,a) I(a+1)
2 ~ 2(ei*n(b, a))

Vi f (a+€¥n(b,a)) + T ig 5,0 @]
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_ énba) (221 ’
- 2 a+1
p-1
ylot

B l, L_pB 11 » o=
><|: 2(2 Ot+2)2 o+ 35, 2)<Lf(a)|p1 lf(b)|1>] )

Thus, the proof is done.

Remark 10 In Corollary 8, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

‘f(a) +f(b) T'la+ 1))[ JofB) + T @]

T 2b-a)

(b) n(b,a)=b—-a,¢=0,and A = 3, we get

1
2

‘f(ﬂ) +f(b) I'(a+1))
"~ 2b-a)

b—a[2-2\p

<
-2 a+1
|:B;(%,ot+%)—B (o +

L3 1
B ED it )]

[Jef @) +Ji-f(a)]

X

17

Corollary 9 Under the assumptions of Theorem 11.If |f'|P1 is h-convex, we have

e R Y D)

2 " 2en(b, a))*

<ei“’n(h,a) 2 _ol-e\;
- 2 a+1

([ ot -e1ae) " (@l 2w

Proof From (9) with w(t) = |(1 — £)* — t*|, we have

TF,W(MI) u, uS)

1
=u1—<f0 h(t)|(1—t)“—t“|dt>u3 1- A(
1
:u1—</ h(t)!(l—t)“—t"‘|dt)u3—1A)L< h(t)|(1-1)* - |dt>u2
—-A

_ (/ H)| (1 - 1) - t"ldf>< )

1-1)| —t)“—t""dt)uz

Page 19 of 33
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for uy, uy, u3 € R. So, by Theorem 11, we have

0= Tru(Galfop), [ @] 7 L [ 0)]7)

1

2 NPT/ a+1 \iT
~\en(b,a) 2 —21-a

f(a) + f(a + e*n(b,a)) Ta+1)
* 2 ~ 2(en(b,a)®

1 AT .= S I N =
_ (/0 h(t)dt)([f(a)| o) )

[ 3+f(a + ei(pn(b’ ﬂ)> +](O:l+ei</’rl(b,a))_f(a)]

that is,

f(a) + f(a+e“n(b,a)) I'a+1)
2  2(ein(b,a))*

i 1\ &
< e“’néb,a)(Z—z )p

—[J&.f (a+e“n(b, a))+]a+e,v,nbu f(ﬂ)]‘

a+1

1 5 5
x (/ h(t)\(l—t)“—t"]dt) ([f(a |PT )
0

This completes the proof. O

4 Trapezoid type inequalities for twice differentiable functions
In this section, we establish some trapezoid type inequalities for functions whose second
derivatives absolutely values are

Theorem 12 Let f : [0,b] — R be a differentiable mapping and |f"| is measurable, de-
creasing, h,-preinvex function on [0,b] for 0 < a < b, n(b,a) > 0 and o > 0. Suppose that
F-convex on [0,b], for some F € F and the function t € (0,1) — Ly belongs to L*(0,1),
where w(t) =1 — (1 — £)**! — t**1. Then

T 2(x + 1)
F’W<(e‘¢n(b,a))2

I'a+1)
 2en(b, )

fa) +f(a+e¥n(b,a))
2

[ af(a + eiwn(b,ﬂ)) ]‘He,w77 (b)) f((,z)]

@l o))
1
+/ Lyydt<0. (16)
0
Proof Since |[f”| is F-convex, we can see that

E(|f"(a+ 1 -t)e’n(b,a))

@) @) 6) <0, celo,].

Multiplying this inequality by w(£) = 1 — (1 — £)**! — **! and using axiom (A3), we have

1/ !

F(w(t) Lf" (zz +(1=t)en(b, a)) ,

)|,£) + Luy <0, te[0,1].
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Integrating over [0, 1] and using axiom (A2), we get

1 1
iaw</'wanf1a+u—mkwnw¢aﬂdnvmeV”wﬂﬁ)+/‘Lmndtfa
0 0

€[0,1].

Using Lemma 2, we have

2« +1) (a +€“n(b,a))
(e“n(b,a))? 2
I'(a+1))

= ey Lt (@ B+ o @)

< /1[1 — (1= (@ + (1~ e n(b,a))| dt.
0

Because T, is nondecreasing with respect to the first variable so that

2a+1) |f(a)+f(a+e*n(b,a))
FW(@”n%nﬂV 2
F(Ol + 1) 1 1/

[ f(ﬂ + ewn(b tl)) + (a+e“/’r} (b,a))™ ]

)

- 2Aen(ba)
1
+/ Lyydt <0, tel0,1].
0
This completes the proof.

Remark 11 By taking n(b,a) = b —a and ¢ = 0 in Theorem 12, we obtain

2(x + 1)
n”(w—w2

1
+ / Lypdt <0.
0

Corollary 10 Under the assumptions of Theorem 12, if |f”| is e-convex, then

fl@)+f(b) I'(x+1))
2 "~ 2b-a)

1 s

Vef ) + T-f @],

)

’f(ﬂ) +fla+e¥n(ba)  I'(a+1)

2 ~ 2(en(b,a)* Vet (a+ €06 @) + Ty @]

a(e*n(b,a))? . .,
a;:r@:5Uf<ﬂ + [ (b)| + 2¢).

Proof Using (5) with w(£) = 1 - (1 — £)**! — t**1, we find

2e
o+2

1 1
/ Ly dt = e/ (=) + e ) dt =
0 0

Page 21 of 33
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With w(t) = 1 - (1 — £)**! — t**1, Eq. (4) gives

Trw(ur, g, us)

1
=u - (/ f1-(1-0)*" - t‘“l]dt)uz
0
1
_</ (1—t)[1—(1—t)‘“1—t“*l]dt>u3—e
0

S )
=uy— ——(us +u3) — ¢,
YT a2 2

for u;, uy, us € R. Hence, by Theorem 12, we have

f(a) +f(a+e“n(b,a))
2

2(cx +1)
0= TF’W((ewn(b, 2P

I'e+1)
B W[ f(tl+e n(b 61)) +]a+e’V’n b,a)) —f(a ]

1
+ / Lw(t) dt
0

2a +1)
(en(b,a))*

'(a+1) N ) .
) m[ oS @+ ENOD) TS )]

7 1! 28
(@] +[F @) e+ 22

f(a) +f(a+e¥n(b,a)
2

@l

f(a) +f(a+e“n(b,a))
2

2a +2)
2(x + 1)
(en(b,a))?

Ia+1) o ;
_W[ f(ﬂ+€(pr}(b u))+]a+e"/’nba f((l]

(@[ + @) -

- 2(a +2)
This completes the proof.

Remark 12 In Corollary 10, if we take
(@) n(b,a)=b—aand ¢ =0, we get

fla)+f(b) TI'(a+1))
9 Z(b— ) [ +f (D) + ]bf(ﬂ)]

(b ﬂ 1! 1/
<m(v( )|+ 17/ ®)] + 2).

(b) n(b,a)=b-a, ¢ =0,and ¢ = 0, we get

f(a) +f(b) F(a+1))[ S 10) 41 @] | < o ibl)(z)+2 (f"(@)] +

2 C2b-a)

Page 22 of 33
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Corollary 11 Under the assumptions of Theorem 12, if |f"| is L,-preinvex, then

f(a)+f(a+e¥n(b,a) I'(a+1))
2 2(6"“’7]([9 a))

[ af(a + el(pn(b d)) +]a+e“"r7 (ba)) f((l)]

(n(b,a) [n 5 3 ; )
fw[i‘ﬁ<§’“*§>—ﬁ(z’“+ )](VUI o))

Proof Using (7) with w(t) = 1 — (1 — £)**! — £**1, we have

Trw(ur, g, uz)

_ ! \/z a+l o+l >
_u1—</0 2JlT[1_(1_t) 1) dt Jus

o+l o+l
_T<o ~2\/’[ (-t —¢ ]dt)uz

R RIS B O

for u;, u, us € R. Hence, by Theorem 12, we get

0>T ( 2a +1)
=\ (@b, a))?

f(a) +f(a+e¥n(b,a))
2

F( 1) o 1 ! 7
- e Ve (@4 EA00) £y S @6 )
1
Lypd
+/0 (t) at
_ 2a+1) |f(@)+f(a+en(b,a)
 (en(b,a))? 2
o +1)

- W[ :+f(ﬂ + eiwn(b,a)) +]O;+ewn ba) fa) ]

1 5 3 3 1/ 1-2 17"
5 pee )2 (Gees) (@l o)

This leads to

( ) ( ip (b’ )) F( 1) " i o
s ;e S 2(ei<ﬂ:(;, a))* Uief (a + €¥n(b,@)) + T, gy .y @]

(“nb,a) 7 5 3 3 o 1-a,
= G [5-a(503) -2 (5o 3) | (@l 2 prw)

Thus, the proof is completed.

Remark 13 In Corollary 11, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

f@+fb) I'a+1)
2 2(b - a)*

Vaf &) + Ty f (@]
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(b-a)? 5 3 3 , -5,
=dernlz (3ee3) o33 (el o)

(b) nb,a)=b—-a,¢=0,and A = %,weget

f(a) +f(b) F(a+1))

i@f%[z-ﬁ( i)—ﬂ(5a+ )o@l o,

Corollary 12 Under the assumptions of Theorem 12, if |f”| is h-convex, then we have

f(a) + f(a+e“n(b,a)) I'e +1))

)a[ f(a+e n(b (Z)) +]a+e”/’n b,a)) f(a)]

2 ~ 2(e*n(b, a)
(lw b a+ o 17 1-2 11
52(’77:1’)(/ WE)[1- (1 -8 - 1]dt)<[f (a)|+T[f(b)|>.

Proof Using (9) with w(t) = 1 — (1 —t)**! — t**1, we obtain

TF,W(MI’ us, MS)

=u - (fl h(O[1- (1 -8t =] dt)ug
0

1-x( ("
- T(/o h(1-t)[1-1-0*" —t‘“l]dt)uz

_ _ /lh _ _ o+l ogatl
=u ®[1-1-1) 1) dt Jus
0
1-xr/ !
-—= (/0 h@)[1- (1 -+ -] dt)uz

=u - (/ h@)[1- 1 -0~ -] dt) (uz + ! )Lk 3>

for uy,us, u3 € R, so Theorem 12 implies that

0>T ( 2a +1)
=P\ (@b, a))?

o +1)
(e (b, a))

1
+ / Lw(t) dt
0

~ 2a+1) |f(@)+f(a+e“n(b,a)
~ (en(b,a))? 2

o +1)
2(en(b, a))

_ </ h(l’)[l _ (1 _ t)a+1 _ ta+1] dt) <|f”((l)
0

f(a) +f(a+e¥n(b,a))
2

1F@), mn)

U f (a+en(b, @) +I2, o 5L @]

[ af(a_l_euﬂn(b a)) +]a+e“ﬂnba f(a) ]

1/

)



Mohammed and Sarikaya Journal of Inequalities and Applications (2018) 2018:359

which can be written as

f(a) + fa+e“n(b,a)) I'a+1)

U f (a+€“n(b, @) +J2, o 5y @]

2 ~ 2Aen(b,a))°
( i b a+ £t % //
T M )
Thus, the proof is done. O

Theorem 13 Let f : [0,b] — R be a differentiable mapping and |f" |1% is measurable,
_P_
decreasing, L,-preinvex function on [0, b] for n(b,a) > 0 and 0 < a < b. Suppose that |f"|7-1
ya
is F-convex on [a, b), for some F € F and |f"'| € LP1(a,b), p > 1. Then we have

Tra (Hy (fp), [f (@) 77, | (8)|77) <00, (20)
where
( 2a+1)  \T|f(@ +fla+ e n(ba)
Hi{f.p) = (<2a . 1)(6"“’77(!),61))2) 2

P
p-1

'l +1)

B W[ ;{+f(ﬂ * e T)(b ﬂ)) +]a+e”/’n b,a)) f(a)]

a
Proof Since |f"|P-1 is F-convex, we have

E([f"(a+ (1 - e n(b,a) |77, [f" @] 7, [f"®)|77,) <0, te[0,1].

Using (A2) with w(£) = 1, we have

TFl(/ Va+ —t)e“ﬂnba ’pldt lf// a)’pl V”(b|L1) 0, te[O,l].
Using Lemma 2, Lemma 3 and the Hélder inequality, we get

f(a) + f(a+e¥“n(b,a)) I'a+1)
2  2(ein(b,a))*

(e“n(b,a))*

1
= T_;l)/o [1_(1_t)a+1_tOHl:HfN(a+ei(p7](b,ﬂ))}dt

i0 (b, a))> 1 1
< (62(7(71(+51l;) </(; [1 _(1 _t)a+1 oz+1] dt>

-1

1 v \'7
X (/ If"(a+@-t)e“nb,a)|PT dt)
0

ip b 2 . D
S (1) ([ a oo a)

or, equivalently,

2 (g r 1)\
<(2°‘ - 1)(e*n(b, a))z)

Usif (a+e“nb,@) + I, o, payS @]

f(a) +f(a+e¥n(b,a)
2
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L
-1

I +1) [J2.f(a+€“n(b,a)) L areie n(v,a)) f(a)]

- 2(e¥n(b,a))”

. P
< / [f”(a +(1-1)e?n(b, cl))|1H dt.
0
Because Tr, is nondecreasing with respect to the first variable, we get

T (Hi(f, ) |f"( ﬂ)|p LIf"(b)]? |L1)
Thus, the proof'is completed. O

Remark 14 1f we choose 1(b,a) = b — a and ¢ = 0 in Theorem 13, we get

20 (q +1) \FT
T“(((za - l)(b—a)2>
lf//( > S0

Corollary 13 Under the assumptions of Theorem 13, if |f"|?

fl@)+f(b) I'(a+ 1))
2 2(b -

L) + T f@)]),

1

p

-1 s g-convex, then

f(a) + f(a+e“n(b,a)) ' +1))
2  2(ein(b,a))*

Usif (a+e“nb,@) + I, o, pay/ @]

E ((2“—1)(«:%(19 ,a))? )(lf”(a )T + |f(B)| 71 +8)"71.
20+ (g 4+ 1) 2

Proof Using (12), (13), by Theorem 13, we have

L

0> Tr, (Hi(f,p), V//(“)P%l’ f"®)]7T)

@77 + | B)PT

=Hi(f,p) - 5

This leads to

f(a) + f(a+e¥n(b, a)) I'e +1))

[ Otf(a + e T)(b ﬂ)) a+e”/’r;(ba f(a)]

2 2(en(b, a))
(@ = DE b2 (@ + O\
= 20+ (o + 1) 2 '
This completes the proof. O

Remark 15 In Corollary 13, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

020 LD ) s
- b

2(b—a)

3 ((za—l)(b—a)2)<V’/<a)|Ll F (b7 +8)‘%
20+ (g + 1) 2
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(b) n(b,a)=b-a, 9 =0,and & =0, we get

f@)+f(B) Te+1)
2 2(b —a)*

[Je.f ) +J5-f(a)]

) ((2a - 1)(17—61)2>([f”(a)lf1 + ()1 )”pl
T\ 2l (a+1) 2 .

p-1
Corollary 14 Under the assumptions of Theorem 13.If |f"'| 7~ is A,-preinvex, we have

fla)+f(a+ ei‘ﬂr](b, a)) I'(a+1)) u ; .
2 ~ Sty Lol (@ €M) s, f (@)

(2 - 1)(e¥n(b,a))? SNT=E B A=A, b
5( zmlfazl)ﬂ )E(Lf(a)p +— [f(b)|p)] ,

Proof Using (7), (14), by Theorem 13, we have

0= Tea(Fulf.p), '@ 7 L |F0)] 7))
) 2 g+ 1) \FT|f(a) +fla+e*n(b,a)
B ((2" - 1)(e*n(b, ﬂ))z) 2
Ia+1)

 2(e (b, a))

17 21 1-2 /1 el
(@l el ),

_p_
-1

of (@ + €0(5,0)) + ]ty S @)|

that is,

f(a) + f(a+e“n(b,a)) RACES))

Usif (a+e“nb,@) + I, o, payS @]

2 2(en(b, a)”
. p-1
(% = 1)(e“nb,a)*\[7 (., el 1=k, e\ 7
= ( 2‘“1(0[ + 1) 4 lf (61)‘ + A lf (b)’ :
This proves Corollary 14. O

Remark 16 In Corollary 14, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

f@+f(b) le+1)
2 2(b —a)*

2 - 1)(b-a) o -, N7
(Srrn ) [5(r@l™  Srer)]

Ve &) + Ty f (@]
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(b) n(b,a)=b—a,p=0,and A = %,weget

fl@)+f(b) I'a+1),, 3

‘ 2 - 2(b - a)* []a+f(b) +]b—f(6l)]
- ((2& - 1)(b—a)2> [Jrlf”(a)lpl”1 Ll ®)7 ]"pl
- 20+l (g + 1) 4 .

b

Corollary 15 Under the assumptions of Theorem 13. If |[f"'|P1 is h-convex, then

fla) +fla+e“n(ba)) T'e+1) ., i .
2 2 n(b,a)” Viif (a+ 06, @) + T igy .y (“)]‘

@ = DB\ [ [ \T (1 L=k, e
E( 20+ (o + 1) )(/(; h(t)) ([f(a)! +Tv(b)| )

Proof Using (9) and by Theorem 13, it can be proved easily. It is omitted. O

Theorem 14 Let f : [0,b] — R be a differentiable mapping and [f”|1% is measurable,
_p_
decreasing, L,-preinvex function on [0, b] for n(b,a) > 0 and 0 < a < b. Suppose that |f"'|P-1
P
is F-convex on [a, b), for some F € F and |f"'| € LP1(a,b), p > 1. Then we have

» . 1
Tea(talf o) [ @[F% 0 4 [ Lugde <o, (1)
where
o 2a+1) P 00 \#T f(a) +f(a+e“n(b,a))
Hifp)= ((e"‘”n(b, a))2> <2"‘ - 1) 2
I'(a+1) fral

et aye Lo (@ n0.D) 4o )
fO}" W(t) =1- (1 _ t)a+1 _ o+l

o
Proof Since |[f”|7-T is F-convex, we have

E(|f"(a+ (1 - e n(b,a) |77, [f" (@] 7, [f"(8)|77,6) <0, te[0,1].
Using (A3) with w(¢) = 1 — (1 — £)**! — t**1, we obtain

FwOf" (@ + (1 - e n(b,a)) |77, w(d) (@) |77, w(O)|f"(B)| 7T, £) + Loy <0,
te[0,1].

Integrating over [0, 1] and using axiom (A2), we obtain

1 » a . 1
TF,W< f w(®)|f"(a+ (1 -1)e?n(b,a))|?7 dt, V’/(a)|p—1,y/’(b)|p—1) + / Lywdt <0,
0 0

te€[0,1].
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Using Lemma 2 and the power mean inequality, we get

‘f(a) +f(a+e¥“n(b,a)) I'a+1)

2 B Z(ei‘ﬂn(b,ﬂ))a[ f(ﬂ el T)(b (Z)) +]a+e“/’n b,a)) f(a)]

i 1
_ e’n(b,a) / [1 —(1- t)a+1 _ ta+1]lf//(a +(1- t)ei"’n(b,tz))|dt
0

2

i 1 »
< (ezw(?(?x(]iy 63)2 </(; [1 -(- t)a+1 _ t0t+1] dt)

r-1

1 p p
X (/ w(@®)|f'(a+ (1 -)e“nb,a))|[PT dt>
0

@nba)? (. 1N “ Far) "
ﬁ(l—?) (/ w(t)|f'(a + (1= 1)e“n(b,a)|” ””)

or, equivalently,

( 2a +1) %( 2¢ )ﬁ
(ei‘/’n(b,a))2> 20 1

Fe+1) ., ; N =
" e e VS @+ D) T S )

ST

f(a) +f(a+e¥n(b,a)
2

1 p
< / w(t) [f”(a +(1- t)ei‘/’n(b,a))|1"Tl dt.
0

Since TF,, is nondecreasing with respect to the first variable, we have

1
v v
TF,W (HZ(f’p)) lf/,(ﬂ) | 1 ’ lf//(b)|p71) + / Lw(t) dt <0.
0
This completes the proof. O

Remark 17 Taking n(b,a) = b —a and ¢ = 0 in Theorem 14, we get
p 1

- Aa+1) \PT/ 20 \#T

E\\ (en(b, a))? 20 1

1
(@) ,[f/(b)|) . /O L dt < 0.

fl@)+f(b) I'(x+1))
2 "~ 2b-a)

[ (D) + - f(ﬂ)]

p

Corollary 16 Under the assumptions of Theorem 14, if |f”|P1 is e-convex, we have

fl@) +f(a+e¥n(b,a)  I'(a+1)
2  2(ei*n(b,a))

VS (@+e“n(b,a)) + T, o) -f (@)]

p-1

(ei(pn(b,ﬂ))2 20‘—1 % /7 pl 7 pl N
5( 2(a+1) )( 2 > [ a+2)(v @77+ |f" )| )m} ,
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Proof Using (17), (18) and by Theorem 13, we obtain

fla) +fla+e¥nb,a)  I'(x+1)

Ve (a+ ¥ nb.@) + T o ,00 S @]

2 ~ 2(en(b, @)
(e“n(b,a)? (2% —1\7 o B =
5( 2 +1) )( 2¢ > [2(a+2)(v @[+ | 0)] )+28} .
This completes the proof. .

Remark 18 In Corollary 16, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

fla)+f(b) TI'(a+1)
2 " 2(b-a)

-z -1 ' p1 " Ll o
S<2(0{+1)>< 20 ) [2(a+2 (V | +lf | )+28:| .

(b) n(b,a)=b-a, ¢ =0,and ¢ = 0, we get

Vs f ) +Ji-f (@)]

fla)+f(b) TI'(a+1)
2 2b-a)

(b_“)2 2% -1 % 1" pl 1" Ll !%1
S(2(0{+1)>< 2 ) [2a+2 ([f (a| +V(b)} ):| .

-1
Corollary 17 Under the assumptions of Theorem 14. If [f”|pT is L,-preinvex, then

Vef ) +J3-f(@)]

f(a) +f(a+e“n(b,a)) I'e+1)
2 ~ 2(ei*n(b,a))

_ (€ n®a)* (2 -1 ’

_( 2 +1) )( 2¢ >
1 5 3 % T 1! 71
Ao )

Proof Using (19), by Theorem 14, we have

[ (@ + €100, + s 0/ @]

0= Tr(Halfop), [f"@)| 7 [F/)] 7 )

_(2arl) \FT(20 \PT|f(@) 4 fla+ én(b,a)
(@oar) (527) 2
Fa+l) . #
- S eV (@ €0(b,0) T )]

5 3 1/ A " ot
[5r e Dl 2
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This leads to

f(a) +f(a+e“n(b,a)) Ia+1)
2 - 2(en(b, a))* [ f(a+e n(b, ﬂ)) +/a+e,v,n ba) f(a)]

_((E“nb,a)* 2 -1 5
=(“Sarn ) (%)

1 5 3 , s e
(5o a2

This ends the proof. d

Remark 19 In Corollary 17, if we choose
(@) n(b,a)=b—aand ¢ =0, we get

fl@+f(b) 'ae+1),, )
‘ 2 - 2(b _a)a [Ll*f(b) +]b—f(tl)]

(h=a®\[2%—1\7 ([ 1 5 3 3
S(2(0”1))( 2 ) ([Tﬂ(i’“E)'ﬂ(i’“*i)]

x(vwmv% 1kkv~mvl))p.

(b) n(b,a)=b-a,p=0,and A = 1 we get

27

fla)+f(b) I(a+1), )
‘ C2b-a) [Je.f(b) +T3-f(a)]

_ (-2 2 _1\» 5 3 3
‘(2(a+1))< 2 ) ([_"3< "“z) ﬁ(i""*i)]

p-1

< (@l el )

b

Corollary 18 Under the assumptions of Theorem 14. If |[f"'|P-T is h-convex, we have

fl@) +fla+e“nb,a)) T'@+1) .,
2 = St (b, ay Vel (@ €B.a) + o S (@]

_ (€ nb,a)?\ (27 =1\
_( 2(a +1) )( 20 >
(/ ho)|(1 1) - t”ldt> (lf(a)lp‘ ;Alf/(bnfl)”.

Proof Using (9), by Theorem 14, it can be proved easily. It is omitted. 0

5 Conclusion

In the present paper, using the notion of F and F-convex function (see [17]), we con-
struct some new inequalities of Hermite—Hadamard type for differentiable function via
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Riemann-Liouville fractional integral. We also established some trapezoid type inequali-
ties for a function of whose second derivatives absolutely values are F-convex. Moreover,
we obtained some new inequalities of Hermite—Hadamard type for Riemann-Liouville
fractional integrals and via classical integrals. The results presented in this paper would
provide generalizations and extension of those given in earlier work.
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