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Abstract

Consider a non-Newtonian fluid equation with a nonlinear convection term and a
source term. The existence of the weak solution is proved by Simon’s compactness
theorem. By the Holder inequality, if both the diffusion coefficient and the convection
term are degenerate on the boundary, then the stability of the weak solutions may be
proved without the boundary value condition. If the diffusion coefficient is only
degenerate on a part of the boundary value, then a partial boundary value condition
is required. Based on this partial boundary, the stability of the weak solutions is
proved. Moreover, the uniqueness of the weak solution is proved based on the
optimal boundary value condition.
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1 Introduction and the main results

The evolutionary equation related to the p-Laplacian
Uy = div(a(x)IVuV’_zVu) (1.1)

arises in the fields of mechanics, physics and biology. For instance, in the theory of non-
Newtonian fluids, the quantity p is a characteristic of the medium, the media with p > 2
are called dilatant fluids and those with p < 2 are called pseudoplastics; if p = 2 they are
Newtonian fluids. If a(x) = 1, there is a tremendous amount of work on the existence, the
uniqueness and the regularity of the weak solutions of the equation, one can refer to Refs.
[1-7] and the references therein. Zhao [8] had studied the equation

U, = div(IVu|p_2Vu) +f(Vu,u,x,t), (1.2)

and revealed some essential differences coming from the term f(Vu, u, x, t). Yin—Wang [9]
had studied the equation

{;—IZ - div(a(x)|Vu|p’2Vu) — bi(x)Diu + c(x, B)u = f(x, t), (1.3)
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revealed how the degeneracy of the diffusion coefficient a(x) affects the boundary value
condition, where D; = 8%, a € C(2) and a(x) > 0.
In this paper, we consider

N abi(u,x,t)
— +

U, = div(a(x)|Vu|”’2Vu) + Y™

f(u,x, t)’ (x! t) € QTr (14')

i=1

where £2 is a bounded domain in RN with appropriately smooth boundary, p > 1, Qr =
2 x(0,T), alx) € C1(2), a(x) > 0 and

alx)>0, x5, (1.5)

the nonlinear convection b;(s,x,t) € C(R x Qr), the source term f(s,x,t) € C(R x Qr).
Comparing with [9], we must pay attention on how these two nonlinear terms affect the
well-posedness problem of Eq. (1.4).

The condition (1.5) guarantees that Eq. (1.4) has not hyperbolic character. In other
words, if the set {x € £2 : a(x) = 0} has an interior point, then Eq. (1.4) is with a hyperbolic-
parabolic type, the uniqueness of the solution may be obtained only in the sense of the
entropy solution. Since the condition (1.5), a(x) only may be degenerate on the boundary,
Eq. (1.4) is a sheer degenerate parabolic equation. Thus, we can discuss its well-posedness
of the usual weak solutions instead of the entropy solution.

Drawing on the experience of the linear degenerate parabolic theory, to study the well-

posedness of the solutions of Eq. (1.4), the initial value

u(x,0) = up(x), xe€ 82, (1.6)
is always necessary. While, the usual Dirichlet boundary value condition

ulx,t)=0, (x,t)e08 x(0,7), (1.7)
may be overdetermined. So it is only a partial boundary condition

ulx,t)=0, (x,t)eX,x(0,T), (1.8)
imposed in [9], where X, € 942. In particular, if X, = &, then there is not any boundary
value condition. But the partial boundary condition [9] is in a weaker sense than the trace.

The methods used in what follows are different from those in [9], we still use the sense

of the trace to define the boundary value condition (1.7) or (1.8). Roughly speaking, we
will show that the condition

Ll(x) :bi('rx’t) =0, x€0d52, (19)
can substitute the boundary value condition (1.7). But if (1.9) is not right, only the partial

boundary value condition (1.8) is required, we need to find the explicit formulas of X, and
judge which one is the best.
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The definition of the weak solutions follows a Banach space which is defined as follows.
For every fixed ¢ € [0, T], let

Vi) = {ux) : ulx) € L*(2) N Wy (2),

Vu(x)|” e L'(2)},

(1.10)
lullvig) = llull2.e + | Villpe
and denote by V/(£2) its dual space. By W(Qr) we denote the Banach space
W(Qr) = {u:[0,T] — Vi(2)lu € L*(Qr), |Vul’ € L'(Qr),u=00n T}, (111)

lullwor) = IVullpar + l4ll2qr-
W (Qr) is the dual space of W(Q7) (the space of linear functionals over W(Qr)).

Definition 1.1 A function u(x, ) is said to be a weak solution of Eq. (1.4) with the initial
value (1.6), if

uel®Qr),  a@®)|Vul eL'(Qr),  u, e W(Qr) (1.12)

and for any function ¢; € L>(0, T; Wol’p(.Q)), 0, € LY0, T; \/Vli’f(.Q)),

N
(o1, pr902)) + f/ a(®)|VulP2Vu - V(prps) + Zbi(u,x, £) - (p192)y, dxdt
Qr

i=1

=f fu,x, t)p19, dx dt. (1.13)
Qr
The initial value is satisfied in the sense of that
lim/ |u(x, t)— uo(x)| dx=0. (1.14)
t—0 o

Definition 1.2 Let p > 1. The function u(x, t) is said to be the weak solution of Eq. (1.4)
with the initial boundary values (1.6)—(1.7) (or (1.8)) if u satisfies Definition 1.1, and the

boundary condition (1.7) (or (1.8) respectively) is satisfied in the sense of trace.
Theorem 1.3 Ifp > 1, bi(s,x,t) and f(s,x,t) are C'(R x 2 x [0, T]) functions, and

ug €LX(R),  al)|Vuol’ € L'(R2), (1.15)
then Eq. (1.4) with initial value (1.6) has a weak solution.
Theorem 1.4 Let p > 1, fQ a(x)_lﬁ dx < 00, b(s,x,t) and f(s,x,t) be C(R x 2 x [0,T])
functions. Then the initial boundary value problem (1.4)—(1.6) and (1.7) (or (1.8)) has a

solution.

The first aim of this paper is to prove the following stability theorems without any
boundary value condition.
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Theorem 1.5 Let u(x,t), v(x, t) be two solutions of (1.4) with the initial values uy(x), vo(x),
respectively. If there is a function g;(x) with g;(x)|xco = 0 such that

’b,»(u,x, t) - bi(v,x, t)} <cgi(x)|u-v|, / ’gi(x)’f%a(x)Vﬁ dx < o0, (1.16)
o)
f(s,x,t) is a Lipschitz function and a(x) satisfies

aW)era =0, / a()|ValP dx <, (117)
Q\Ql

then
/|u(x,t)—v(x,t)’dx§/ ‘uo(x)—vo(x)‘dx. (1.18)
2 2

The stability (1.17) is true.

Here and the hereafter, for any positive small § > 0, £2; = {x € 2 : a(x) > §}.

An interesting corollary from Theorem 1.5 is that, if [, a(x) 7T dx < oo, then without
the condition (1.16), only if the condition (1.17) holds, the stability (1.18) is true. Addition-
ally, the second inequality of (1.16) implies that g;(x)|xca2 = 0. In fact, the condition (1.17)
can be replaced by the other conditions. The following theorem is one of results expected.

Theorem 1.6 Let u(x,t), v(x, t) be two solutions of (1.4) with the initial values uy(x), vo(x),
respectively. If there is a function g;(x) with g;(x)|xcoe = 0 such that (1.16) is true f (s, x, t) is
a Lipschitz function and a(x) satisfies

(@) lhens = 0, / a(x)"|Val? dx < oo, (L19)
2

then the stability (1.18) is true.

Moreover, by choosing suitable test function, using the Holder inequality, we can prove
another stability theorem without any boundary value condition.

Theorem 1.7 Let u(x,t), v(x,t) be two solutions of (1.4) with the initial values uy(x), vo(x),

respectively. If (s, x,t) and b;(s, x, t) are Lipschitz functions, a(x) satisfies

Va
a(x)|xeae = 0, / |7|1 dx < 00, (1.20)
21\22 a(x) — —

then the stability (1.18) is true.

The second aim of this paper is to prove the stability theorems based on the partial
boundary value condition (1.8).

Theorem 1.8 Let u(x,t), v(x, t) be two solutions of (1.4) with the initial values uy(x), vo(x),
respectively, and with the same partial boundary value condition

ulx,t)=v(x,t)=0, (xt)eX,x(0,7), (1.21)
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where
X,=X%1={x€dR ax)a,, #0}. (1.22)

If a(x) satisfies (1.5) and

n/ a(x)|ValP dx <, / a(x)_ﬁ dx < 00, (1.23)
2\21 fo)

f(s,x,t) and b;(s,x,t) are Lipschitz functions, then the stability (1.18) is true.

We emphasize that the conditions (1.16), (1.17), (1.19), (1.20) and (1.23) are used to
prove the stability of the weak solutions. In fact, only if a(x) satisfies (1.5), the uniqueness

is always true.

Theorem 1.9 Let p > 1, b;(s,x,t) be a Lipschitz function, f (s, x, t) is a continuous function.
Ifu(x, t), v(x, t) are two solutions of Eq. (1.4) with the initial values uy(x), vo(x), respectively,
with the same partial boundary value condition (1.21) in which

X,=%,={x€dR:alx) #0}, (1.24)
then there exists a positive constant B > 2 such that
fg af ‘u(x, t) —v(x, t)|2dx < C/Q af |u0(x) - Vo(x)|2dx. (1.25)
In particular, for any small enough constant § > 0,
; ‘u(x, t) — v(x, t)’zdx <c5# /g ’uo(x) - Vo(x)’2 dx, (1.26)
8

where §25 = {x € 2 : a(x) > 8} as before.

From this theorem, if uy(x) = vo(x), by the arbitrariness of § in (1.26), the solution of
Eq. (1.4) with the initial value and the partial boundary value condition (1.24) is unique. We
can see that, if ¥, = 382, i.e., a(x) > ¢ > 0, Eq. (1.4) is similar to the classical evolutionary p-
Laplacian equation, (1.24) is the usual Dirichlet boundary value condition, the uniqueness
is true naturally. While ¥y = @, i.e., a(x) = 0 on the boundary 952, the uniqueness of the
weak solution is true independent of the boundary value condition. If b;(u,x,t) = b;(u),
u; € L*(Qr) and a(x) = d%(x) where d(x) = dist(x, 3£2), the same conclusion as of Theo-
rem 1.9 had been proved by the author in his previous work [10]. So, essential progress
of this paper is that we do not assume that a(x)|,cs = 0, the best partial boundary value
condition is (1.24). This fact also remains an open problem: whether the partial boundary
value condition (1.21) can be replaced by (1.24).

2 The existence of the weak solutions
This section considers the weak solution of the initial-value problem for Eq. (1.4). It is
supposed that u satisfies (1.15)
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By the results of [10, Sect. 8], also referring to [11], we have the following important

lemma.
Lemma 2.1 If u, € L™(0, T;L*(82)) N W(Q7), llueellwor) < & IVl the)por < 65
then there is a subsequence of {u. } which is relatively compactness in L*(Qr) with s € (1, 00).

Hereg>1.

We consider the following regularized problem:

-2 N .
ey — div((a(x) + &) (| Ve > + s)pTVus) -3 W
i=1 i
:f(us’x7 t)v (xr t) € QT: (21)
us(x,6) =0, (x,2)€d2 x(0,7), (2.2)
us(%,0) = ug0(x), x€ . (2.3)

For any u. o € C5°(£2), a(x)|Vue P uniformly is convergent to a(x)| Vuo(x)? in L}(£2), it is
well known that the above problem has a unique classical solution [12, 13].

According to the maximum principle [2], there is a constant ¢ only dependent on
let0 || o2y but independent on ¢, such that

lze oo (@p) < c. (2.4)

Multiplying (2.1) by u, and integrating it over Qr, we easily have

%fgufdx+/LT(a(x)+s)(|Vus|2+s)
< //QT If (e, )t | < c. (2.5)

For small enough § > 0, since p > 1, by (1.5) and (2.5),

T T ;
/ / |Vu,|dxdt < c(/ / |Vu,|P dxdt) <c(8). (2.6)
0 25 0 2

Also

p-2

T \Vu,|*dxdt

// a(x)|Vug|P dxdt < c/:/ (oz(x) + 8)|VM8 [P dxdt < c. (2.7)
Qr Qr

Now, for any v e W(Qr), Ivllwws) =1,

p=2
2 Vu, - Vvdxdt

(ther, V) = —//(; (a(x) + 8)(|Vug|2 + 8)

d
—// —Vb,-(ug,x,t)dxdt+/ fue,x, t)vdxdt.
Qr dx; Qr
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Using the Young inequality, we can show that

’(u”,v)| < c[l + // (a(x) +8)|Vu5|pdxdt+// (|v|p + |Vv|1") dxdt] <c,
Qr Qr

then

lztee llwr @) < c. (2.8)

Now, let ¢ € C}(£2), 0 < ¢ < 1 such that

@l =1, ¢laves = 0.

Then

)

’(((pus)h V)| = | (wustﬂ V> | =< | (ust! V>

we have
” (¢(x)u)gt ||W/(QT) = ”u8t ”W/(QT) =c¢ (29)
T
// |V(pu.)|" dxdt < c(a)(1 + / j |V |P dxdt> <c(8), (2.10)
Qr 0 Jg
and so
||V(g0u8) || <c (2.11)

pQr — 7

By Lemma 2.1, gu, is relatively compact in L*(Qr) with s € (1, 00). Then ¢u, — gu a.e. in
Qr. In particular, due to the arbitrariness of §, u, — u a.e. in Qr.
Hence, by (2.4), (2.7), there exists a function # and an n-dimensional vector function

—
¢ =(8,..., y) satistying

P

%
u € L*(Qr), | ¢ | € LT (Qr),
and

u, — *u, inL>®(Qr), u, —> u, ae.inQr,
bi(ue,x,t) = bi(u,x,t), ae.in Qr,
flue,x,t) > f(u,x,t), a.e.in Qr,

Vu, — Vu in (Lic(QT))N;

(ax) + &)|Vu P>V, — ? in (LP%(QT))N.

Similar to the evolutionary p-Laplacian equation, we can prove that

// a(®)|VulP2Vu - Vo dxdt:f ? -Vodxdt, (2.12)
Qr Qr

Page 7 of 21
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for any function ¢ € C}(Qr). Then

N
{us, @) + // |:a(x)|Vu|1’_2Vu Vo + Zbi(u,x, t)<p,{| dxdt
Qr i=1

:/ f(u,x,t)p dxdt. (2.13)
Qr

If we denote £2,, = supp ¢, then

T N
(s, ) + / / [a(x)IVul’”W Vo + ) bz, t)wxi] dxdt
0 .Qq, i-1

T
:fo ; flu,x,t)p dxdt. (2.14)

Now, for any ¢; € C3(Qr), ¢a(x,£) € L}(0, T; \Vﬁ)’f(ﬂ)), it is clearly that
@2 € LY, T; W' (£2,,).

By the fact that C3°(£2,,) is dense in W'?(£2,,), by a limit process, we have

T
(ue, pr2)) + / / [a(x)IVuV”_zVu - V(p192) + bi(u, x, t)(wlwz)xi] dxdt
0 J2g

T
= / S, x,t)(0192) dx dt, (2.15)
0 Jy

which implies that

T
(ue, p1902)) +/0 /Q[a(x)lvmp_ZVu-V((plgog) + bi(1, %, ) (Q1902)x, | dx dt

T
- / / Flatr,O)(gr2) d . 2.16)
0 2

Again by a limit process, ¢; can be chosen as in Definition 1.1.
At last, we are able to prove (1.14) as in [14], then u is a solution of Eq. (1.4) with the
initial value (1.6) in the sense of Definition 1.1. Thus we have Theorem 1.3. By a similar

method to [15], one easily proves the following lemma, we omit the details here.

1
Lemma 2.2 IffQ a(x) 71 dx < 0o, u is a weak solution of Eq. (1.4) with the initial value
(1.6). Then, for any given t € [0, T), u € W' (82) for some y > 1, and the trace of u on the

boundary 982 can be defined in the traditional way.

By Theorem 1.3 and Lemma 2.2, we have Theorem 1.4 clearly.

Page 8 of 21
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3 The stability without the boundary value condition
For any given positive integer #, let g,(s) be an odd function, and

1
1, $>

2.2
n2sel™s" 0<s< %

Clearly, if denoting G,(s) = [; g(s) ds, then

limogn(S) = sgn(s), lirr(l) Gu(s) =1sl, s e (-00,+00),
and by
, 0, s> %,
g,(s) =

2.2 2.2
2n%sel S (1 — n?s2el™57), 0<s<

S =

we have
lim sg/(s) = 0,
n—0
where c is independent of #.

Lemma 3.1 Let u € W(Q7), u; € W (Qr). Then V¥ a.e. t1,t, € (0, T),

2 1 2 ) :|
/tl /Quutdxdt—z[/g(u (x, 1) — (%, 11)) dx |

This is Corollary 2.1 of [11].
By a similar analysis, one can generalize Lemma 3.1.

Lemma 3.2 Let u € W(Qr7), u; € W' (Qr). For any continuous function h(s), H(s) =
Jo h(s)ds, a.e. t1,t, € (0,T),

ftz / h(u)u, dx dt = / (H(w)(x, 1) — H(u)(x, £1)) dx.
t 2 2

Proof of Theorem 1.5 Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.4) with the
initial values u(x,0), v(x,0), respectively. Let

1, ifxe 2.1,
na(x), ifxe 2\ 2.

on(x) = (3.1)

By a limit process, we can choose x[rs¢ng.(# — v) as the test function, where [, is the
characteristic function of [t,s] C (0, T), then

f S / on (-1 =Y gy
T 2

at

+ /S/ a(x)(|Vu|”_2Vu - |VV|p_2VV) -V(u—-v)g, (4 —v)p,(x) dxdt
T JR2
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+ /s/ a(x)(|Vu|”(x)_2Vu— |Vv|p(")_2Vv) (u—-v)g,(u—-v)Ve, dxdt
T 2

+/S/ [bi(u, %, 8) = bi(v, %, 1) | P, @n (1 — v) dx it
T JR2

+/r /Q[bi(u,x,t)—bi(v,x,t)](u—v)xitz)ngn(u—v)dxdt

- /S /Q [f (w, %,8) = f (v, %, 8) | pugun (1t — v) dx dit. (3.2)
In the first place,
/ ﬂ(x)(|Vu|P—2Vu - |VV|P—2VV) -V(u—v)g (1 - v)g,(x) dx > 0. (3.3)
2

By Lemma 3.2, using the Lebesgue dominated convergence theorem,

Tim / s | o wetu-0 " e

T s a(¢n(x)Gn(u - V))
i [ [ MG

n—0o0

= lim [ ¢, (x)[G,,(u -V)(x,8) — G, (u—v)(x, r)] dx

n—00 0

=/ |u—v|(x,s)dx—/ lu—v|(x, T)dx. (3.4)
2 2

Since V¢, = nVa(x) when x € 2 \ £21, in the other places, it is identical to zero, by the
assumption of (1.19), we have

/ a@)(IVull>Vu - |VvP2Vy) - Vg, (u - v) dx
2

/ a(@)(IVulP>Vu - |V V) - Vg, (u - v) dx
2\$21

< n/ az(x)(|Vu|”‘1 + |Vv|p_1)|Vag,,(u —v)|dx
2\21

5071(/ a(x)(|Vu|P+|Vv|P)dx) ’ </ a(x)|Va|pdx>i
2\21 2\21

< c[(fmg a(x)|Vul? dx)p + (/Q\Ql a(x)|Vv|pdx)p:|

1
n

) 12 g
n(/.;z\gl a(x)|Val dx) . (3.5)

Page 10 of 21
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Since a(x) € C'(2), by (3.5),

lim ’/ / a(x)(|Vu|p’2Vu - |VV|p_2VV) -V,g,(u—v)dxdt
T JR2

n—00

1
$ P
<c lim (/ a(x)|Val? dx) dt
n—oo J. 2\2;

-0. (3.6)
In the second place, since b;(s, x, t) satisfies the condition (1.16)
|bi(u, %, 8) = bi(v, %, 8)| < cgi(®)|u - v, / |gi(x)|%u(x)_ﬁ dx < 00,
2

using the Lebesgue dominated convergence theorem, we have

lim ’/S/ [b,'(u,x, t) - b;(v,x, t)](u = V), O, (1 — V) dxdt‘
T 2

n—00

n—00 T

<c lim /S/ |g;4(u —v)(u— V)g,-(x)afl% | |a(x)ll’ (u - V)x,¢n| dxdt
2\2;

<c lim (/ / a(@)(|Vul’ +|Vv?) dxdt)p
oo\ Jr Jave,

(//|gnu v)(u - vgl()()lﬂlexdt)p

Last but not least, by condition (1.18) and g;(x)|xcs2 = 0, we clearly have

lim

n—00

[bl'(u) X, t) - bi(V) X, t)]¢’nx,gn(” - V) dx dt‘
2

n—00

S
§clim/ n/ ’g,'(x)‘|axi|dxdt

/ / |gi(x)|lax,| A X dt

nlgrolo’/ / f(u,x,t) — f(v,x, t)]( = V)pugn(u — v) dx dt

/ / |lu —v|dxdt

-0. (3.9)

< lim/n/ |u—V||gi(x)||axi|dxdt
T 2

(3.8)

Page 11 of 21
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Now, let # — o0 in (3.2). Then
/ |u(x,s) - v(x,s)| dx
I?)

t l
§/Q|u(x,t)—v(x,t)|dx+c</0 /;2|u—v|dxdt>, vVt e[0,T), (3.10)

where /<1

By (3.10), we easily to get

f|u(x,s)—v(x,s)|dx§/|u(x,r)—v(x,r)|dx,
Q I?)

and by the arbitrariness of t, we have

/ |u(x,s) —v(x,s)|dx§/ |u0(x) —Vo(x)|dx. O
I?) I?)

4 Proofs of Theorem 1.6 and Theorem 1.7

Proof of Theorem 1.6 Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.4) with the
initial values ug(x), vo(x), respectively.

For large enough m, let

1, ifxe 21,
Gm(x) = [ " (4.1)
ma(x), ifxeR2\2:1.

By a limit process, we can choose x[r,5g:(¢(# — v)) as the test function, then

[ [ aontu-m " avar
T JR2 at

+ /S/ a(x)(|Vu|p’2Vu - |VV|p_2VV) -V(u - v)g,’,(q&m(u - V))QS,,,(x) dx dt
T JR2

+ / ) / a()(|VulP 2V — | VvPD2Vy) - (1 - v)g, (¢m(u — v)) Vo, dxdt
T 2

- / S / [bi(s,x, 1) = bi(v, %, 1) |( = V)P &)y (i (1t — v)) dx dlt
T 2

+ / S / [54(t,5,0) — bi(v,3, )]0t = Vb (bt — V) vt
T 2

= / /Q[f(u,x, t)—f(v,x, t)]gn (¢ —v)) dxdk. (4.2)

Certainly, we still have

/ a(x)(|Vu|1’_2Vu - |VV|p_2VV) -V(u - v)g’,,(d)m(u - v))gbm(x) dx > 0. (4.3)
7]
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By Lemma 3.2, using the Lebesgue dominated convergence theorem,

lim lim /S/gn(%(u—v))a(“a;” dxdt

m—> 00 n—> 00 T

- lim lim// 9Gn ((/)’”(” 9GPt =) . iy

m— 00 n—> 00

= lim lim —[ (q)m(u V))(x,s)—G,,(d)m(u—v))(x,r)] dx
m—oon—o0 [ ¢) ( )

=/ |u—v|(x,s)dx—f lu—v|(x, T)dx. (4.4)
2 2

As before, V¢, = mVa(x) when x € £2 \ 21, in the other places, it is identical to zero,
by the fact that

lim g/,(s)s =0,
H—0Q
/ a(x)?|ValP dx < oo,
2
using the Lebesgue dominated convergence theorem, we have

lim
n— o0

/ a(x)(|Vu|”_2Vu - |VV|”‘2VV)V¢m(u -v)g, (¢m(u - v)) dx
2

= lim / a®)(\VulP2Vu - |VvP2v )ﬂq)m(u — )G (et - v)) dx
=l fovg b

p-1
p

<c¢ lim (/ a(x)(|Vu|1’ + |Vv|p) dx)
n—00 2ae )

(/ a)|
2\2 1

PN
dx>

=0. (4.5)

Im(u—vig, (¢l —v))

In the second place, since b;(s, x, t) satisfies the condition (1.18)
v
|bi(u, %, 8) = bi(v, %, 8)| < cgi(®)|u - v, / |gi(x) | 7T a(x)_ﬁ dx < 00,
2

using the Lebesgue dominated convergence theorem, we have

lim ’/S/ [bi(u, %, 8) = bi(v, %,8) | (1 = V), Omg), (D (1 — v)) dix it
T 2

n—00

Scnlingo/ /ngin(qﬁm(u—V))m(u—V)[bi(u,x,t)—bi(v,x,t)]a’l%|

X |a% (U —v)y, | dxdt

1
<c¢ lim </ /a(|Vu|”+|Vv|p)dxdt)p
n—00 T Q
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p

X (/T /;2|gn(u —v)(u—v)g(x)a ? |P* dxdt)

=0. (4.6)

Last but not least, by

fg dx < <f9|a(x)—%g,.(x)|z%l dx)ppl</9a(x)

using the Lebesgue dominated convergence theorem, we have

y,

P\
dx| <g
a

a

nlin;o /S /g [bi(u,x, t) - b;(v,x, t)](u —V)Pmx,Ll (¢m(u - V)) dx dt’

< Jim [ [ foutu =0 0t~ 9) g9 ]| %2 | s

-0, (4.7)
nli)rgo’/s /Q [f(u,x, t)—f(v,x, t)](u —v) ,,(qu(u - V)) dxdt

§/T /Q |u —v|dxdt

=0. (4.8)

Now, let # — o0 in (5.2). Then

/ |u(x, s) — v(x,s)| dx
2

¢ l
5/ |u(x,t)—v(x,r)|dx+c</ / |u—v|dxdt> , Vtelo,T),
fo) o)

where [ < 1.

By (4.8), we easily get
/ |u(x,s) - V(x,s)| dx < / |u(x, 7) — v(x, r)| dx,
2 Q
and by the arbitrariness of t, we have

f |u(x,s) —v(x,s)|dx§/ |u0(x) —Vo(x)|dx. O
17, I?)

Proof of Theorem 1.7 Let u(x,t) and v(x,t) be two weak solutions of Eq. (1.4) with the

initial values ug(x), vo(x), respectively. Let

1, ifxe 2,
() = { m(a(x) - 1), ifx€ 2122, (4.9)
0, ifxe 2\ 1.

Page 14 of 21



Zhan Journal of Inequalities and Applications (2018) 2018:344 Page 15 of 21

By a limit process, we can choose x[-,58:(¢m(# — v)) as the test function, then

/ / n(om(u—v)) a(ua; d dxdt

/ f |Vu|” 2Vu - |Vv|”_2VV) -V(u - v)g,’,((pm(u - V))(pm(x) dxdt

+ / /Q a() (|VulP 2V — VoD 2Vy) - (u - v)g, (om(u —v)) Vo, dxdt
R f ' /g (108, £) = by, )]0t = Vo (om0t = 1)) dix
+ /T S /9 [bi(,%,8) = bi(v, 2,0 = V), @) (0 — v)) dx
= / S /9 [f (2, 8) = £ (0,2, )| g (0 (e — v)) dx dt. (4.10)
Similarly, we have

f a@)(|VulP>Vu - [VvP2Vv) - V(i = v)g u(@m(t = V) @ (x) dx > 0 (4.11)
2

and

m—> 00 n— 00

- lim lim// 9G, (w’”(” 3G mu=v)) \ 4

m— 00 n—> 00

lim lim /Sf n(om(u—v)) 3(u8; v) dxdt

= 1im_lim Qm[e* (=) (5,8) = G (1 = ) (5,7)] dx
=/ |u—v|(x,s)dx—/ lu—v|(x, T)dx. (4.12)
2 fo)

As before, Vo, = mVa(x) when x € £2 \ 21, in the other places, it is identical to zero.
Since f_Q a(x)|Vul? dx < 0o, by that a(x) > 0 when x € 2, we have

/ |VulP dx < / |VulP dx < c(m), (4.13)
£21\2; 21
which yields
/ |VulPtdx < / |VulP~t dx < c(m). (4.14)
21\2> 9%
By the fact that

lim g/ (s)s =
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and the assumption of (1.20), using the Lebesgue dominated convergence theorem, we

have
lim / a(x)(|Vu|”_2Vu - |VV|p_2VV)V(pm(M —v) ;,(tpm(u - V)) dx
n— 00 0
. 2 o Vo ,
= lim a(@)(|Vul > Vu — Vv V) —Z 0, (u — v)g, (om(u - v)) dx
n=0lJo \2, Om
. 1 1y [Val /
< lim (IVul™ + Vo) ——— |om(u — Vg, (pm(u - v)) dx
"mOJR i\, a(x)—%
=0. (4.15)

Since b;(s, x,t) is a Lipschitz function, using Lebesgue dominated convergence theorem,

we have

lim
n— o0

S/ [bi(u,x, t) - bi(v,x, t)](u = V)x, O, ((pm(u - v)) dxdt| =0, (4.16)
T 2

obviously.
Last but not least, by (1.21) using the Lebesgue dominated convergence theorem, we

have

lim

n—00

/ [bi(u,x, t) - b;(v,x, t)](u = V)Pmx L, (qu(u - v)) dx dt‘
21\2

1 A2
m m

< 11m / |¢m u— v)gn(q)m(u v))|| u— v)| dxdt
-0, (4.17)
lim ’ | [ [0~ - g (ot ) dxdr‘
n— o0 T 0
s
< / / |u —v|dxdt. (4.18)
T 2
Now, after letting n — o0, let m — 00 in (4.10). Then we have the conclusion. O

5 The usual boundary value condition

By Lemma 2.2, if [, a(x)ft% dx < 0o, then we can define the trace of # on the boundary
9£2. If one imposes the usual boundary value condition (1.7), the stability of the weak
solutions is true. For the completeness of the paper, we also give this conclusion and its

proof here.

Theorem 5.1 Letp>1, [, a(x)fl% dx < 00, f(s,x,t) and b;(s,x,t) be Lipschitz functions.

Ifu(x,t), v(x, t) are two solutions of Eq. (1.4) with the usual homogeneous value condition,

ulx,t) =vix,t) =0, (x,t) €382 x(0,7), (5.1)
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and with the initial values uy(x), vo(x), respectively, then

/|u(x,t)—v(x,t)|dx§/ |u0(x)—v0(x)|dx.
2 2

Proof By a limit process, we can choose x[,g,(# — v) as a test function. Then

/TS fggn(u —v) a(“a; Y dxdt

+/ / a(x)(|Vu|P_2Vu— |VV|p_2VV) “V(u-v)g,(u—v)dxdt
T 2

+/T /Q[b,-(u,x,t))—b,»(v,x,t)](u—v)xign(u—v)dxdt

_ / ' /Q £t ,2) — £ (v, )|t — v) dx . (5.2)
As usual, we have
/S/ a(x)(|Vu|p’2Vu - |Vv|”_2Vv) -V(u-v)g,(u—v)dxdt > 0. (5.3)
T J2
By Lemma 3.2,
S a —
R
= lim [G,,(u -V)(x,8) — G, (u—v)(x, r)] dx
n— 00 Q
=/ |u—v|(x,s)dx—/ lu —v|(x, T)dx. (5.4)
2 fo)

Moreover, similar to [15], we can prove that

lim [bi(u, x,t) — b;(v,x, t)]g,,/(u - V(U —V)ydx=0, (5.5)

n—00 Q

n—

linolo’/S2 [f(u,x, t)-fv,x, t)]gn(u —v)dx

< c/ |u —v|dx. (5.6)
I?)

Now, let # — o0 in (5.2). Then

‘/9|u(x,s)—v(x,s)|dx§/;2|u(x,r)—v(x,t)|dx+/:/9Iu(x,t)—v(x,t)ldxdt.

Let T — 0. Then, by the Gronwall inequality, we have

/ |u(x,s) - V(x,s)| dx < / |u0(x) - vo(x)| dx.
2 2
Theorem 5.1 is proved. O

The interesting problem is that, since a(x) may be degenerate on the boundary, the usual
boundary value condition (1.7) is overdetermined [9]. Obviously, Theorem 1.8 has solved
this problem partially.
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Proof of Theorem 1.8 If u(x,t), v(x,t) are two solutions of (1.4) with the initial values g (x),
vo(x), respectively, and with the same partial boundary value condition (1.21)

Let ¢, (x) be defined as in the proof of Theorem 1.5. By the assumption
ulx,t) =v(x,t) =0, (xt)e X, x(0,7),
where
Y,=%= {x € 082 : a(x)ay, ;!O},

we can choose ;519 (*)g.(u — v) as a test function. By the condition (1.23), similar to the
proof Theorem 1.5, we are able to show the conclusion of Theorem 1.8, we omit the details
here. d

6 The uniqueness of the solution

In this section, we will prove Theorem 1.9.

Proof of Theorem 1.9 Let u(x, t), v(x, ) be two solutions of Eq. (1.4) with the initial values

uo(x), vo(x), respectively, and with
ulx,t) =v(x,t) =0, (xt)e X, x(0,7),
where
X, = {xe 082 :a(x) >0}.
Then we may choose x[;(# — v)a? as a test function, where 8 > 1 is a constant,

(e =)o Xpe.) (e = v)a®))

8 —
- / - 2% g
Qus ot

= —// a@)(IVult>Vu - |VvP2 V) V| (4, — vg)aﬁ] dxdt

TS

N
- bi(u,x,t) — bi(v, x, ) |[ (e — v)aP » dxdt
> J[iw—e],
B _ _
+ /f . a(x) D’(u,x, t)-fv,x, t)](u v)dx dt, (6.1)

where Q; s = 2 x (t,s). By that |Va| < ¢, and

f/ a(x)|VulP dxdt < c, // alx)|VvIPdxdt < c,
Qr Qr
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by the Holder inequality, we can show that
‘/ (u— V)a(x)(IVuV’_ZVu - |V1/|1’_2V1/)Va‘6 dxdt‘
QTS

< // |u—v|a(x)(|Vu|‘”‘1 + |Vv|"_1)‘Vaﬁ’dxdt

1
Sc(/ /d“”(ﬂ_l)lu—wpdxdt)p
T JR2
s )
§c</fzz’3|u—v|2dxdt>,
T JR

where [ > 1. Here, we have the fact that

G

dueto 8 >1.
As for the convection term,

f / [bi(u,%,8) = biv, %, )] [(u = )5, ], dcdt
[ [0~ b5 0] al
+ /A [bi(w, %, 8) = bi(v, %,8) | (1 — V), a” dxt.
Since B > 2, |ay,| < |Val| < ¢, by the H6lder inequality, we have
// [bi(u,x, t) = bi(v,x, t)](u - V)afl, dxdt

= fS/ [bi(w,%,t) = bi(v, %, 8)|(u — v)aP ' |ay,| dax
T J2)

S
5/ / |u—v|aﬂ_1dx
T 2
s 3
50(/ /a’slu—v|2dxdt)
T 2

and

’// [bi(u,x, t) - bi(v,x, t)](u - v)xiaﬁ dxdt'

N s ,
< Z( / /9 a® Y |by(u,x,6) - by(v, %, ) dxdt)p

i=1
s ?
x (f / a(|Vul? + [VvI?) dxdt)
T 2

=

N s 1 /
—— )P |biw, %, ) - bi(v,x,1)|)” d. d>
Sc%j(/r /ga(ﬁ p>p\ (4, %,8) = bi(v,x,1)| ) dxdt

P

=
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N

SC(/ /dﬁ|u—vlp/dxdt)p
T JR2
s 1
§c<f [ aﬂlu—v|2dxdt) .
T JR

Since f (s, %, t) is a continuous function, ||| Q) < ¢, Ul < ¢

< c// a(x)?|u - v|dxdt,

‘// a(x)? D‘(u,x, t)-fv,x, t)](u —v)dxdt

obviously.
By Lemma 3.1,

/ - =Y s
Qes ot

_ / (M_V)MM
Qus ot

=/ a’s[u(x,s)—v(x,s)]zdx—/ a’s[u(x,r)—v(x,t)]zdx.
o)

2

From (6.2)—(6.7), by (6.1), we have

/ af [u(x,s) —v(x, s)]2 dx — / af [u(x, ) — v(x, r)]2 dx
o)

2

s 1
B _ 2
50(/r [ga |u(x,t) V(x,t)| dxdt),

where [ < 1. By (6.8), we easily get
f a’ }u(x,s) - v(x,s)|2 dx < / a? |u(x, 7) — v(x, r)|2dx,
o) Q

and by the arbitrariness of t, we have

/a’s}u(x,s)—v(x,s)lzdxg‘/ aﬁ|u0(x)—v0(x)|2dx.
7 2

7 Conclusion
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(6.5)

(6.6)

(6.7)

(6.8)

Compared with our previous work [10], not only is the equation considered in this paper

more general, but also the conclusions are much better. In particular, the uniqueness of the

weak solution based on a partial boundary value condition (Theorem 1.9) is always true.

This conclusion is more or less beyond one’s imagination. Benedikt et al. had considered

the equation

u = div(| VP2 V) + q(o)lul” u,

(7.1)

and showed that the uniqueness of the solution is not true [16]. But Theorem 1.9 in this

paper implies that, only if #; € W (Qr), the uniqueness of the solution to Eq. (7.1) is true.
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