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1 Introduction and preliminaries
Bohr’s inequality states that if

@ =) ad (1.1)
k=0
is analytic in the unit disk D = {z € C||z| < 1} and |[f(z)| < 1 for all z € D, then
[o¢]
> lallf <1 (1.2)
k=0

for all |z] < % This inequality was discovered by Bohr in 1914 [6]. Bohr actually obtained

the inequality for |z| < 1,

established the inequality for |z| < % and the constant 1/3 cannot be improved [12, 16, 17].

but subsequently later, Wiener, Riesz and Schur, independently

Other proofs were also given in [13, 14]. The problem was considered by Bohr when he was
working on the absolute convergence problem for Dirichlet series of the form ) a,,n~%, but
now it has become a very interesting problem. Bohr’s idea naturally extends to functions of
several complex variables [1, 2, 5, 11] and a variety of results on Bohr’s theorem in higher
dimensions appeared recently.

The majorant series My(z) = Y i lakl |z]* belongs to a very important class of series of
non-negative terms. In analogy to the Bohr radius, there is also the notion of the Rogosin-
ski radius [10, 15], which is described as follows: If f(z) = Y o, axz* is an analytic function
in D such that |[f(z)| < 1 in D, then, for every N > 1, we have |sy(2)| < 1 in the disk |z] < %
and this radius is sharp, where Sy(z) = 22[:_01 a;z* denotes the partial sums of f. There is
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a relevant quantity, which we call the Bohr—Rogosinski sum Rf\[(z) of f defined by
Rf\,(z) = [f(z)’ + Z laglr*, |zl =r. (1.3)
k=N

We remark that, for N = 1, this quantity is related to the classical Bohr sum in which f(0)
is replaced by f(z). More recently, Kayumov and Ponnusamy [9] obtained the following
result on the Bohr—Rogosinski radius for analytic functions.

Theorem A ([9]) Suppose thatf(z) = 1oy ayz" is analytic in the unit disk D and |f (z)| < 1

in D. Then
oo
[f@]+ Y laxlr* <1 forr <Ry,
k=N

where Ry is the positive root of the equation 2(1 + r)rN — (1 — r)? = 0. The radius Ry is the
best possible. Moreover,

[f(z)|2 + Zluklrk <1 forr<Rj,

k=N

where R), is the positive root of the equation (1 + r)rN — (1 —r)* = 0. The radius R}, is the
best possible.

In 2017, Ali, Barnard and Solynin defined the associated alternating series of series (1.1)
as As(z) = Zkoio(—l)k |lax||z|¥, they obtained the following result in [4].

Theorem B ([4]) If| Y popaxz"| < 1in D, then

<1

[o¢]
> (=1l lzl*
k=0

in the disk Dy, 5 = {z € C||z| < 1/+/3}. The radius r = 1/+/3 is the best possible.

Theorem C ([3]) If f(2) = Y roo a2 is analytic in D satisfying Ref(z) < 1 in D and
f(0) = ay is positive, then My(r) <1 for0 <r < 1//3.

Remark 1.1 By a simple calculation in Theorem A, we observe that R; = v/5 — 2 is unequal
to % when [f(0)] is replaced by |f(2)| in Bohr’s inequality. Therefore, it is interesting to note
what will happen to the Bohr radius if we use higher order derivatives of f(z) to replace
some Taylor coefficients of analytic functions in Bohr’s inequality.

In this paper, we mainly study the Bohr-type radii for several forms of Bohr-type in-
equalities of analytic functions when the Taylor coefficients of classical Bohr inequality
are partly replaced and when the Taylor coefficients of the classical Bohr inequality are
completely replaced by the higher order derivatives of f(z), respectively. We obtain the
Bohr-type radii under certain conditions. Moreover, we also discuss the Bohr-type radius
of the alternating series associated with the Taylor series of analytic functions.
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In order to establish our main results, we need the following lemmas, which will play
the key role in proving the main results of this paper.

Lemma 1.2 ([8]) If (z) = Y ooy anz" is analytic and |¢(z)| < 1 in the unit disk D. Then
la,| <1—|ao|* foralln=1,2,....

Lemma 1.3 (Schwarz-Pick lemma) If ¢(z) = Y - a,z" is analytic and |¢(2)| < 1 in the
unit disk D. Then:
(1) lp(z1) — e@)I/11 — @(z1)@(22)| < |21 — 22|/|1 — Z122| holds for z1,z, € D, and the
equality holds for distinct z1,z, € D if and only if ¢ is a Mobius transformation;
(2) l¢'(@)| < % holds for z € D, and the equality holds for some z € U if and only if f
is a Mobius transformation.

Lemma 1.4 ([7]) If ¢(z) = Y .-y anz" is analytic and |¢(z)| < 1 in D. Then, for all k =
1,2,..., we have

k(1 - lp()I%)
Ol T

(1+12), Jzl<1.
Lemma 1.5 ([3]) Ifp(z) = Z,‘ﬁopkzk is analytic in D such that Re p(z) > 0 in D, then |py| <
2Repg forall k > 1.

2 Main results
We first provide a result involves computing Bohr-type radius for the analytic functions
f(z) for which |a| and |a; | are replaced by |f(z)| and |f'(z)|, respectively.

Theorem 2.1 Suppose that f(z) =) ;o ayz" is analytic in D and |f(2)| < 1 in D. Then

lf(z)|+V'(Z)\|Z|+Z|ak||z|k§1 for|z|=r< 2

k=2

V17

The radius r = % is the best possible.

Proof By assumption, f(z) = Y o axz* is analytic in D and |f(z)| < 1 in D. Since f(0) = ao,
by the Schwarz—-Pick lemma, we obtain, for z € D,

If (2) - ao| , 1-f(2)?
WSM’ V(Z)|§1—7|Z|2

Thus it follows from the above inequality and Lemma 1.2 that, for z = re? e D,

"+ |aol

2
lak] <1 - |ao|

If(z)| <

1+ rlag|’

fork=1,2,....
Using these inequalities, we have

If@|+|f @]+ laxl*
k=2
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r2
<75 (- [@1) + @] + (1~ laoP) 7

2 2
r r+la r+la r
< 1- | 0| . | 0| +(1—|(l0|2)
1-r2 1+ |ag|r 1+ |ag|r 1-r
2

lao| + 2r + |ag|r? o T
L LY P L 2.1
(1 + |ag|r)? ( ol )l—r @1

Notice |ag| < 1, we know (2.1) is smaller than or equal tol prov1ded o(r) < 0, where

@(r) = (laol +2r + lao|r*) (1 —r) + (1 + |a0|r) (1—laol®)r* - (1 + |a0|r) 1-r)

(L= laol)[-1 + 37+ (2laol = 1)7r* + |ao| (2lao| + 1)7° + |ao|*(1 + |aol)r*]

< (1-laol)(=1+3r+7r*+3r +2r*)

= (1-laol)2(1 +72) (r+ “/i”) (r— @)

Now, ¢(r) < 0if n(r) := (1 + r2)(r + ‘/_7+3)(r q*) < 0, which holds for r < \/ifs' The
first part of the theorem follows.

To show the sharpness of the number r = “/i’e’ ,we let a € [0,1) and consider the func-
tion
a-z >
2)=——=a-(1-d° a1,
f@=1—=a-(1-a) ;

For this function, we find that

a+r 1-a? ar?
- r+(1-d* . 2.2
V( r')| V( r){r+Z|ﬂk|'” 1+ar (1+ar)2r+( ﬂ)l—ﬂ}” ( )
The last expression is larger than 1 if and only if
1- a)(—l +Q+ayr+a’r? +a’Qa+1)r* +a®(1 + a)r4) > 0. (2.3)

Let P3(a,r) = =1+ (2+a)r+a*r? +a*(2a+ 1)r® +a3(1 + a)r*. After elementary calculation,
we find that ap 52
any r € [0,1). The latter equation implies that

=1+ 2ar? + 6a*r® + 2ar3 + 3a’r* + 4a®r* is equal to or greater than 0 for

Py(a,r) <P3(1,r)=-1+3r+r*+3rf + 2t = 2(1 + rz) (r +

(- 2)

Therefore, Eq. (2.2) is smaller than or equal to 1 for all @ € [0,1), only in the case when
r< ‘F_S . Finally, it also suggests that @ — 1 in (2.3) shows that Eq. (2.2) is larger than 1

fs

ifr> . This proves the sharpness. O

Next, we discuss the Bohr-type radius when the coefficients of the series of missing series
are completely replaced by the higher order derivatives.

Page 4 of 13
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Theorem 2.2 Suppose that N(> 2) is an integer, f(z) = > 1o arz’ is analytic in D and
[f(2)| <1inD. Then

2\ P(z)
>

k
|z]

<1 forl|z|=r <Ry,

where Ry is the minimum positive root of the equation Yy (r) = (1 + r)(1 = 2r)(1 — r)N-1 —

2rN = 0. The radius Ry is the best possible.

Proof By simple calculations we can know that

2rN -1
1+r1=2r1=-rN-1 =7

r <Ry <1/2 ifand onlyif

By assumption, f(z) = > 1o axZ* is analytic in D and |f(z)| < 1 in D. Since f(0) = ay, it
follows from the Schwarz—Pick lemma and Lemma 1.4 that, for z = re?? € D,

[f(z)|<L|dO| nd [f | M(lﬁd)k_l fork=1,2,....

~ 1+ aolr |2|%)k

Using these inequalities, we have

()] + Z‘f @]

<lf@l+ Z ;1 l]|((|2))k)(1+|2|)k_1’k

& (1 )k—l k
=@+ (=@ Y g

k=N
}"N
2
el -V e g v
o~ : a

=@l - 1+n1-2n(1- N,llf(z)l T A+ =201 =N

(Idol +1)(1+ laolr)(1 = r)N(1 = 2r) + (1 — |ao*)(1 - V)ZVN
- 1-=rNAQ-2r@1 + |ao|r)?

= awn(r) (2.4)

forO0<r<Ry<1/2.

Now, wy(r) < 1if vy(r) <0, where

un(r) = (aol +7) (1 + laolr) (1 = )™(1 = 2r) + (1 = |ao*) (1 = r)*rY
~ (1 =N =27 (1 + |aolr)?

= (L= laol)[ (=1 + (3 = laol)r + (3laol — 2)r* = 2lao|r*) (1 — )N

+ (L + aol)r™ (1 - r)?]
= (L—laol)[(-1+3r-2r)A = )N + N (1 - 7r)?]

+ (L= laol)laolr(1 = r)*[PN7' = (1 - 2r)(1 - )]
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Now we split all this into two cases to prove that vy (r) < 0 for r < Ry.
Case 1. r < Ry,1, where Ry is the minimum positive root of the equation ¢n(r) = (1 —
2r)(1 = r)N-t = ¥N=1 = 0, Since rN=1 — (1 = 2r)(1 = r)N=1 <0 and |ag| < 1, we have
o (r) < (L=laol) (X = r)?*[r- N = (1 =211 -]
< (1-laol)@ -r)?[N' -1 -2n1-rNT] <0

Case 2. Ry,1 <7 < Ry. Notice that Ry ; < Ry and 7N~1 — (1 -2r)(1 - r)N"! > 0 for r > Ry 1,

we have

w(r) < (1 - |a0|)[(—1 +3r— 2r2)(1 -V +NQ1- r)2]
+ (1 - |u0|)r(1 - r)z[rN"1 -(1-2nNQ1- r)N"l]
< (1-laol)@-r*[2N -1+ -2r1-rNT] <0.

The first part of the theorem follows.

To show the sharpness of the number Ry, we let a € [0, 1) and consider the function

f(2) =

a-z _ 1_ .2 k-1,_k
l—az_a (1 a)kga Z5, zeD.

For this function, we find that

r*

|
o+
2%

2. a1 -a?)
=l e

k=N

_a-r ) aN- 1N 1
= +(1-a )—(l—ar)N(l—Zar) (whenr< 24). (2.5)

The last expression is larger than 1 if and only if
(1- a)[(—l +Q2a-1)r+ Zarz)(l —ar)N Ty (14 a)aN_er] > 0. (2.6)

Let Py(a,r) = (<1 + (2a—1)r + 2ar®)(1 —ar)N"! + (1 + a)a™~'rN. After elementary calcula-
tion, we find that % =2r+2r)1-arN 1+ r(N-1)1 +7r)(1 -2ar) 1 —ar)N2 + a1/ +
(1+a)(N -1)aV=2rN is equal to or greater than 0 for any r < % The latter equation implies
that

Pyla,r) < Py(1,7) = (—1 +7+ 2r2)(1 — N N = 2N — (1) - 27 (1 = )NV

holds for r < % Therefore, Eq. (2.5) is smaller than or equal to 1 for all 4 € [0, 1), only in
the case when r < Ry.

Finally, allowing a — 1 in (2.6) shows that Eq. (2.5) is larger than 1 if r > Ry. This proves
the sharpness. O
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Corollary 2.3 Suppose that f(z) =Y 1o, arz’ is analytic in D and |f(2)| < 1 in D. Then

<1 for|z|=r<Rj,

)l +

)

|/
where R); is the positive root of the equation (1 + r)(1 - 2r)(1 — r)N=! — N = 0. The radius
R); is the best possible.

Proof By simple calculations we can know that

Q+r)A-rNQ-2r)=rN1-7) -
1+rA-2r)1Q-r¥N -

r<R), ifand onlyif

In analogy to the calculation of Theorem 2.2, we have

| (2)
If)| + 2% *
< | Z l];(T))' )(1 n |Z|)k—1rk
<( MN(1-r) )lf( )| MN(1-r)
- 1+r)(Q=2r)1Q-rN 1+rA=-2r)1Q-r)N

|ﬂo|+r) 1 =N =2r) + (1 - |ao| )rN(l—r)
B (1 =N + |aolr)*(1 - 27)

(2.7)

So (2.7) is smaller than or equal to 1 provided wy(r) < 1, where

(laol +r)*(1 =N (A =2r) + (1 = |ao)r" (1 - r)2

wn(r) = (1 =N + |ao|r)2(1 - 2r)

Now, wy(r) < 1if vy(r) <0, where

v (r) = (|a0| + r)z(l -HN@Q-2r)+ (1 - |a0|2)rN(1 -n?-(Q1- r)N(l + |a0|r)2(1 —-2r)

(L—lao®)[A =N (-1 + 7 +2r-277) + N (1 - 1)?]

= (1-lao)[A - N1 -nA+r)@r-1)+ N1 -r)?]

Now, vn(r) < 0if (1 +7)(1 —2r)(1 - r)N=1 — N > 0, which holds for r < R}, where R}, is as
in the statement of the theorem.
To show the sharpness of the number R}, we let a € [0, 1) and consider the function

flz) = lﬂ__:z =a-(1-a% Zak‘lzk,

k=1

For this function, we find that

2 a1 - a?
[f(r)|2+k:N F=f(r )| Z - ar)’“l

Page 7 of 13
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_(@-rP(-an(1-2ar) + (1 -a?)a 'V (2.8)
) (1-ar)N(1 - 2ar) ’ :

(2.8) is larger than 1 if and only if
(1-a®)[(-1+2ar+7*-2ar*) (1 -ar)N"2 +a V] > 0. (2.9)

In analogy to the processing methods of Theorem 2.2. After elementary calculation, we
find that allowing @ — 1 in (2.9), it follows that Eq. (2.8) is larger than 1 if r > R};. This

proves the sharpness and we complete the proof of Corollary 2.3. g
Applying a method similar to Theorem 2.2, we may obtain the following corollary.

Corollary 2.4 Suppose thatf(z) =Y 1o, arz" is analytic in D and |f(2)| < 1 in D. Then

oo

) (£ 3
Zfo)|z|k§1 forlzl=r< .
k=0 ’

The radius r = @ is the best possible.

In analogy to Theorem C, we now consider the Bohr-type radius when conditions of
[f(2)| < 1 are replaced by Ref(z) < 1 and f(0) = ay is positive.

Theorem 2.5 Iff(2) = Y popax2* is analytic in D satisfying Ref(z) < 1 in D and f(0) = ao

is positive, then

o0
@]+ lamlle™ <1 for |zl =r <Ry, (2.10)
k=1

where R, is the positive root of the equation ,(r) = 0, ¢, (r) = r"*! + 3r" + r — 1. The radius
R, is the best possible.

Proof By assumption, f(z) = Y _poo @u2"* is analytic and Ref(z) < 1in D.

Since f(0) = ay is positive. Applying the result of Lemma 1.5 to p(z) = 1 — f(z) and the

Schwarz—Pick lemma that, for z = re € D, we have
|l <2(1-ap) fork=1,2,...

and

V(z)’< r+agp

“1l+rag
Using the last two inequalities, we have

n
r
n;

1-r

a

nd nk r+aop
[f(z)|+k2:1:|a,,k|r < ~+2(1 - a) (2.11)

1+ag
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for which (2.11) is smaller than or equal to 1 provided ¢(r) < 0, where

o(r)=(r+ ao)(l - r") +2(1 —ag)r"(1 +apr) — (1 + aor)(l - r”)
=(1- ao)[(2zz0 D3 -1+ r]
<@ -ap)(r' +3r" +r-1) since |ao| < 1.
Now, ¢(r) < 0if ¥ (r) := ¥ + 31" + r — 1 < 0, which holds for r < R,,. This completes the
proof of inequality (2.10).

To shows that the radius r = R, is the best possible, we let a € [0,1) and consider the
function

flz) = a_—azz =a- (l—az)Zak‘lzk, z€D.

1
k=1
For this function, we find that

n-1.n

o0
a+r a
—r)| + aulr’™® = —— + (1-a? s here r = |z|. 2.12
el ot = 70 (=) 1 (2.12)

We claim that, for every r such that R, < r < 1, there is a such that 0 <2 < 1, and

(a+r) 1 -a"r)+ (1 -a®>1 +ar)a”'r"

1 +ar)(1 —a"r)

> 1. (2.13)

Indeed, inequality (2.13) is equivalent to the inequality
1- a)[(a”_l + Za”)r" +a™ ey - 1] > 0. (2.14)

Let P(a,r) = (@™ ! +2a™)r" + a"1r"*! + r — 1 denote a part of the left-hand side of (2.14).
% > 0 apparently. The latter inequality implies
that Py(a,r) < P1(1,r) = ¥"*! + 3r" + r — 1 holds for all r € [0,1). Therefore, Eq. (2.12) is
smaller than or equal to 1 for all a € [0, 1), only in the case when r < R,,.

Finally, allowing a — 1 in (2.14) shows that Eq. (2.13) is larger than 1 if r > R,,. This

proves the sharpness. O

After elementary calculation, we find that

Setting # = 1 in Theorem 2.5, we have the following corollary.
Corollary 2.6 Iff(z) = > 3o axz’ is analytic in D satisfying Ref(z) < 1 in D and f(0) = ao

is positive, then

If ()| +Z|ak|lz|k§ 1 forlzl=r<+/5-2,

k=1
where the radius \/5 — 2 is the best possible.

Remark 2.7 By simple calculation, we can know the Bohr-type radius in Theorem 2.5 with
the condition of Ref(z) < 1 and f(0) = ao > 0 is the same as the condition of |[f(z)| < 1.

Page9of 13
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Finally, we consider a new Bohr-type radius of the alternating series associated the Tay-
lor series of analytic functions where |ao| is replaced by |f(z)|. We have

Re(2) = [f@)] + Y _(-1)"|allzl".

k=1

Lemma 2.8 Suppose thatf(z) =Y 1o, arz’ is analytic in the unit disk D and |f (z)| < 1 in D.
Then

[f@)|+ ) laxllzl™* <1 forlzl=r<~2-1 (2.15)

k=1
The radius r = /2 — 1 is the best possible.

Proof By assumption, f(z) = Y rop a;z* is analytic and |[f(z)| < 1 in D. Since f(0) = ao, it
follows from Lemma 1.2 and the Schwarz—Pick lemma that, for z = re?? € D,

lag] <1-—|ao)*> fork=1,2,...

and

lf(z)|< r+|“0|

1+r|a0|'

Using the last two inequalities, we have

o0 2

ok _ T+ laol n T
zZ)| + anlr*<——+(1—-|a , 2.16
/(2 k§:1|2k| = T * (17190 T (2.16)

and (2.16) is smaller than or equal to 1 provided ¢(r) < 0, where

o(r) = (r+ |a0|)(1 - rz) + (1 - |a0|2)r2(1 + |a0|r) - (1 + |a0|r)(1 - rz)
= (L= laol)[-1+7+ (2 + laol)r* + (lao|* + lao| - 1)r°]
<(1-laol)(3* +r—1+7r)

=(1-laol)(r+1+ V2)(r+1-+2)(r+1), since |ao|<1.

Now, ¢(r) <0if Y (r):= (r + 1 + v/2)(r + 1 — V/2)(r + 1) < 0, which holds for r < v/2 - 1.
This completes the proof of inequality (2.15).

To shows that the radius r = +/2 — 1 is the best possible, we let a € [0, 1) and consider the
function

flz) = a_—azz =a-(1-a% Zak‘lzk, z€D.

1 k=1

For this function, we find that

& 2

o G+ o ar
—r)| + doi|r™ = +(1-a°)———, wherer=]|z|. 2.17
If (=) ;uu ot (-at) s 2] (2.17)

Page 10 0of 13
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We claim that, for every r such that +/2 — 1 < r < 1, there is a such that 0 <« < 1, and
(a+r(1-ar)+ (1 -a®)ar*

I+ar)(1-ar) > 1 (2.18)

Indeed, inequality (2.18) is equivalent to the inequality

2

1+a)yr+a r2] > 0. (2.19)

(1- a)[—l +

Let Pi(a,r) = =1 + (1 + a)r + a*r* denote a part of the left-hand side of (2.19). After

elementary calculation, we find that = M) SEET+ 2ar? > 0. The latter inequality implies that

Pi(a,r) < P;(1,r) = =1 + 2r + r* holds for all 7 € [0, 1). Therefore, Eq. (2.17) is smaller than
or equal to 1 for all 2 € [0, 1), only in the case when r < /2 — 1.

Finally, allowing @ — 1 in (2.19) shows that Eq. (2.18) is larger than 1 if r > /2 — 1. This

proves the sharpness. 0

Theorem 2.9 Suppose that f(z) = o arz" is analytic in D and |f(2)| < 1 in D. Then

If(2)] + Z Wlarllzlk| <1 forlzl=r<~2-1. (2.20)
k=1
Proof By the proof of Lemma 2.8, we have
z)| + -1)¥a rk< 9 axy|r agp_1 !
IF@]+ > (1) al = T lalr Z|2k| = laxal
k=1 k=1
r+|aO| ok
axr
= Tt iar Z| 2|
r+ |ao| N
am— - |a . 2.21
= 1+ laolr (1-1aol) 775 @21)

We know that Eq. (2.21) is smaller than or equal to 1, which holds for r < /2 -1 and for
alla €[0,1).
To find a lower bound for R¢(z), we consider the following chain of relations:

o0 oo
+ Y lanl™ =) lag [P
k-1 k-1
o0 [e e}
—Z a1 |r* ! = —<|611|V + Z |6l2k+1|’”2k+1>
k-1

k=1
<1—|ao| r+Z|a2k+1|r >
k=1
7+ |ao| >
0 2
- + Y lanalr™ ),
1+ 7|ag| o

where the last inequality is obtained by a simple calculation.
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Combining this with (2.21), we conclude that R¢(z) > -1 for all r < /2 — 1. This com-
pletes the proof of inequality (2.20). d

Notice that we have not proved that the number r = /2 — 1 is the best possible in The-
orem 2.9, therefore the following problem remains open.

Problem 2.10 Find the largest radius r, for the class of analytic functions f(z) = Y _po, ax2*
in D with |[f(z)| < 1 in D such that

[e¢]

@]+ (D |al 2

k=1

<1 for|z|=r=<ry.

3 Conclusion

From the results that we have given in this paper, we can get the exact Bohr-type radius
when we replace the coefficient of Bohr’s inequality with f(z) or its higher order deriva-
tives, and we conclude that the Bohr-type radius obtained after the change of coefficients
is smaller than the Bohr radius.
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