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Abstract

This paper puts forward the basic form of stochastic Gronwall's inequality and uses,
respectively, the iterative method, the integral method and the martingale
representation method to prove it. Then it presents an application to prove a
comparison theorem of P solutions for one-dimensional backward stochastic
differential equations under the stochastic Lipschitz condition.
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1 Introduction

Gronwall’s inequality was first proposed and proved as its differential form by the Swedish
mathematician called Thomas Hacon Gronwall [1] in 1911. The integral form was proved
by the American mathematician Bellmen [2] in 1943; see the following Proposition 1.
Gronwall’s inequality is an important tool to obtain various estimates in the theory of ordi-
nary and stochastic differential equation. In particular, it provides a comparison theorem
that can be used to prove uniqueness of a solution to the initial value problem.

Proposition 1 Assume thata > 0and 0 < T < +o00. Let B(t) and u(t) be two non-negative

continuous functions defined on [0, T, which satisfy

t
u(t) < a+/ B(s)uls)ds, tel[0,T].
0
Then
(w(t) < aelPOs ¢ o, 7).

With the development of differential equations, it was found that the original Gronwall
inequality can no longer meet the needs of application, so people began to study the gen-
eralized Gronwall inequality. LaSalle [3] and Bihari [4] have put forward a nonlinear gen-
eralization of the Gronwall-Bellman inequality called the Bihari—LaSalle inequality. Pach-
patte [5] has presented some other variants and generalizations of Gronwall’s inequality.
In recent years, Chen et al. [6] have established some new nonlinear Gronwall-Bellman—
Ou-Iang type integral inequalities with two variables, which can be used as a simple tool to
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study the qualitative and quantitative properties of solutions to differential equations. Lin
[7] has provided several generalizations of Gronwall’s inequality and presented their ap-
plications to proving the uniqueness of solutions for fractional differential equations with
various derivatives. Zhang et al. [8] have studied a class of more general discrete fractional
order Gronwall’s inequality by using the definition of a new fractional order integral. Xu
et al. [9] have developed some generalized discrete fractional Gronwall inequalities based
on an iteration method, which can be used in the qualitative analysis of the solutions to
fractional difference equation and summation equation. In particular, Fan et al. [10] have
proposed the following backward Gronwall inequality, and used it to study the existence

and uniqueness of solutions to backward stochastic differential equations.

Proposition 2 Assume that a > 0, 0 < T < +00 and B(t) : [0, T] — [0,+00) satisfies
fOT B(s)ds < +o0. Let ju(¢) : [0, T] — [0, +00) be a continuous function with sup,c( ) 1(t) <
+00 and satisfy

T
u)<a +/ Bs)u(s)ds, tel0,T].
Then
() < ael P9S peo,T1.

This paper will put forward a class of stochastic Gronwall’s inequalities, provide its three
proof methods based on Propositions 1 and 2, and it will introduce an application in the

field of backward stochastic differential equations.

2 Notation

In this paper, let (£2,F,P) be a complete probability space carrying a standard d-
dimensional Brownian motion (B);0 and (F;);>0 be the completed natural o -algebra
generated by (B;);>o. We always assume that 0 < T < +o0, Fr := F and (F);>0 is right-
continuous and complete. E[£] is used to express the mathematical expectation of the
random variable &, E[£|F;] represents the conditional mathematical expectation of the
random variable £ with respect to F;, and ||£ || represents the infinity norm of the essen-

tially bounded random variable &, i.e.,

1€ Nloo := sup{x P >x) > 0}.

Denote a* := max{a, 0}, R := (=00, +00), R, := [0, +00). Let 14 represent the indicator func-
tion of the set A, which means for each subset A C 2 x [0, T], 14(w,t) = 1 in the case of
(w,t) € A, otherwise 14(w,t) =0.

For each p > 0, let L?(82, Fr,P) be the set of all R-valued, Fr-measurable random vari-
ables & such that E[|§]P] < +00. And let SP(0, T;R) (or S? simply) denote the set of R-
valued, (F;)-adapted and continuous processes (Y;):c[o,7] such that

I%Al
1¥llsr = (E[ sup 1vi?])" < +o0.
te[0,T]
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Finally, let M?(0, T; R?) (or M? simply) represent the set of (F;)-progressively measurable
R?-valued processes (Zt)tefo,1) such that

(oo

3 Main result
We first give the basic form of a stochastic Gronwall’s inequality, which is the main result
of this section.

Theorem 1 Let a > 0 and the (F;)i=o-progressively measurable random process S(w,t) :
2 x [0, T] +— R, satisfy

T
/ B(w,s)ds
0

i.e., there exists a constant M > 0 such that fOT,B(a), s)ds < M, dP-a.s. If the (Fi)i=o-
progressively measurable random process (1(w,t) : 2 x [0, T] — R, satisfies

< +00,
0

E[ sup u(w, t)] < +00
te[0,T]

and
T
pO=ax E[ | poue ds\ft}, telo,T), M)
t
then, for each t € [0, T], we have
u(t) < aE[eftTﬂ(s)dslft], dP-a.s. )

In particular, u(t) = 0 when a = 0.

Remark 1 In order to keep the simpleness of the notations, here and here after we usually
omit “dP-a.s.” and make random processes (w, t) and u(w, t) abbreviated as 8(¢) and w(¢)
or B; and u;. The notations of the other processes are similar.

Remark2 Inthe case of 8. being a deterministic process, i.e., 8. is independent of @, Theo-
rem 1 can be regarded as a direct corollary of Proposition 2. In fact, in this case, due to the
compatibility of the conditional mathematical expectation (see Theorem 5.1(vii), page 81
in [11] for details) and Fubini’s theorem, for each fixed ¢ € [0, T, it follows from (1) that

T
Eui)F] <a+ [ BOERGIF]d rels T
Furthermore, let v(r) := E[u(r)|F;]. Then

T
v(r)§a+/ Bs)v(s)ds, relt,T].



Wang and Fan Journal of Inequalities and Applications (2018) 2018:336 Page 4 of 10

In this way, using [¢, T] instead of [0, T] in Proposition 2 yields
E[u(r)|Fe] =v(r) < aeftTﬂ(s)ds, relt Tl
Finally, letting r = ¢, ¢ € [0, T'] in the above equation, we obtain
T
1(t) < aelt PO%,
which means that the conclusion holds true.

It is necessary to point out that this proof method is no longer applicable when the
stochastic process B. in Theorem 1 is not independent of w, so we need to explore the
new proof method.

3.1 Iterative method

Proof of Theorem 1 Let v(t) := aE[eftT Bsds| F,], t € [0, T]. Then v(t) satisfies

T
v(t)=a+E|:/ ,B(s)v(s)ds‘}'t], telo,T). 3)

In fact, due to the compatibility of the conditional mathematical expectation, it follows

that, for each ¢ € [0, T,
T T r
a+ E|:/ Bsvs ds‘]-}:| =a+ E|:/ ﬂsaE[efs ﬁ’d’|]:s] ds ]-}]
t t

T T
:amE[E[/ Boels ﬁ’d’ds‘]-}]‘}}}
t
T T
= ﬂ+(lE|:/ ﬂsefs ﬁydrds‘ft}
t

=a+ ﬂE[—efSTﬁst’tTLFt]

= aE[effTﬂ‘dtLFt]

= V¢.

Now, let ¢; = iy — v;. Then it follows from (1) and (3) that

T R

- EUTﬁsq)Sds‘ft}, t€[0,T). @)

In the sequel, we will use the mathematical induction method to prove that, for each

n>1,

[

t

(23 S E|: ,Bu(pu du‘Ft]’ te [0’ T] (5)
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First, in view of (4) and the progressively measurable property of the process 8., exchang-
ing the integral order of the double integral in (4), we obtain

r T
= ﬁswsds\fz}
LJ ¢t

<el [ 0] [ puvncif 7] 7]
o [ [ puvscuas|]

:E_/ ﬁu%/ ﬂsdsdu‘}}], te 0, 7).

Hence, (5) is true when # = 1. Now, assume that, when # = k, we have

/T f ﬁs ds)¥

t

p(t) < E[ L B, du

]-}], tel0,T]. (6)

We will prove that, whenn =k + 1,

T u st k+1
Dt S E|:/ %ﬂu‘pu du‘ft]: te [0! T]

In fact, in view of (4), (6) and the progressively measurable property of the process j., we
can take advantage of the formula of integration by parts to obtain

@ < E_/t ft 'BS ,Bu [/ Bror dr‘]—' :| du‘}'{|
=E / <(ft s ds)k / ,Brwrdr) du‘}"{|
[ ([ o) S5

ft ,35 dS k+1 j‘ ,35 dS k+1
=E r® rd t4 u ud
| (k+ 1) / p d +./: (k+1)! Putpu du

]

=E

/T (ft Bs dS)k“

ki D) Bupu du‘ft].

Above all, (5) is established.

Furthermore, it is easy to verify that the right side of (5) tends to 0 when n — +00 by
the Lebesgue dominated convergence theorem together with the condition of Theorem 1,
which means ¢(¢) < 0 for each ¢ € [0, T], that is,

u(t) < v(e) = aEel PO¥F], re0,T).

Finally, in the case of a = 0, it follows from the above proof process that, for each n > 1,

7

1 T
w(t) < - +E
n t
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—_

< —E[el #9417, te(o,T].

N

Therefore, let n — +00, then ©(£) = 0. The proof is then complete. O
3.2 Integral method
Proof of Theorem 1 By replacing ¢ in (1) with r, multiplying both sides of (1) by b, =

ﬁ,efor Fsds and then taking the integral on [¢, T] and the conditional mathematical expec-
tation with respect to F;, it follows that, for each ¢ € [0, T],

T T T T
EU by, dr ;ft] < aE[/ b,dr‘]—}] +EU b,EU ﬂs,usds‘}',} dr‘]—'t}
t t t r
. T T T
= aE[efO ﬁsd5|t |]—'t] + E|:/ (b,f Bsls ds) dr‘]—'t:|. 7)
t r

On the other hand, exchanging the integral order of the double integral yields

/f(b,/fﬁmﬂs) dr = /tT(,BS,us/tsb,dr>ds

T
= / IBSI/Ls'efOrﬂu du
t

ds

t

T T
:/ bs,usds—efﬂtﬂ“d”f Bsusds, te[0,T]. (8)
t t
Now, substituting (8) into the right side of (7) and rewriting this formula, we have
Lpsd ’ T pg.d Lpsd
elo Ps SE[/ Bstts ds‘}"{| < aE[eJO Bsds _ pJo Bs Slft], te[o,T].
t
Hence,

T .
E[/ Bslds ds‘ft} < aE[ejtTﬁ’d’LFt] —a, tel0,T].
t

Furthermore, in view of (1), (2) follows immediately.
The proof of the case of a = 0 is the same as in Sect. 3.1. The proof is complete. d

3.3 Martingale representation method

Proof of Theorem 1 Denote & = fOT Bsitsds. Then E[|€]] < +o00 by the condition of Theo-
rem 1. By the martingale representation theorem (see Theorem 2.46, page 120 in [12] for
details), it follows that there exists a stochastic process (2;)ccpo,77 €[ e01) MP such that,
for each t € [0, T'],

t
E[£|F] = E[£] +/ % dB.
0
Now, let

T
fiei=a+ E[/ Buts ds‘]-"t}, te[0,T).
t
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Then 1, is (F;)-progressively measurable, p; < fi;, and
t
fie=a+ E[s - [ bun ds\ft]
0
t
~a+EEF] - [ punds
0
t t
~avElel+ [ odi- [ pads cerol
0 0

Next, using Itd’s formula and the fact that u, < ji, yields

ot ¢ _
d(MtefO ﬂsds) = el AS[ By, dt + 2, - dB; + Byt dt]

> efé Bs dSZ[ . dBt. (9)

By the fact that the process ( fot eloBsdsy . dB,)ie0,1] is (F:)-martingale, note that

T T t
E|:/ eforﬁsdszr . dBr’E] = E[/ eforﬂsdszr . dBr‘JT"t} _/ ef(;ﬁsdszr . dBV
t 0 0
=0, tel0,T]

Integrating on [¢, T] and taking the conditional mathematical expectation with respect to
F; on both sides of (9) leads to, in view of i = a,

E[aefOT Bsds _ ﬂtefé ﬁsds|}"t] >0, tel0,T].

Furthermore, since the process ,&tefotﬁx ds js F,-measurable, we have E[[Ltefozﬁsdﬂ]:t] =
[Ltefé Fsds and then

fiefo P85 < E[aeld B4\ 7], telo,T).
So
pe < iy < aE[effT kdiE], telo, T

Thus, (2) is established.
The proof of the case of a = 0 is the same as in Sect. 3.1. The proof is completed. 0

4 Application
This section will introduce an application of the stochastic Gronwall’s inequality.

We are concerned with the following one-dimensional backward stochastic differential
equation (BSDE for short in the remaining):

T T
yt = g + / g(S;ys,Zs) dS _/ Zs st’ te [01 T]) (10)
t t

where 0 < T < +00 is called the terminal time, £ is Fr-measurable random variable called
the terminal condition, the random function g(w,t,y,2) : £2 x [0, T] x R x RY — Riis (F;)-
progressively measurable for each (y,z) called the generator of BSDE (9). The solution
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(V&> 2e)teo,1) is @ pair of (F;)-progressively measurable processes and the triple (§,7T,g) is
called the parameters of BSDE (9). BSDE with the parameters (£, 7, g) is usually denoted
by BSDE (£, T, ).

Definition 1 Assume p > 1. If (4, 2¢)cef0,1] € SP(0, T;R) x MP(0, T; R%) and dP-a.s., BSDE
(9) holds true, then the processes (y;,z;):[0,1] is called an L solution of BSDE (9).

Assume that the generator g satisfies the following assumption:
(H) There exist two stochastic processes (u)eo, 1], (Ve)ielo,r] satisfying

T
/ [ut(w) + vf(a))] dt <M, dP-as.,
0

for some constant M > 0 and such that dP x d¢-a.e., for each (y;,z;) € R x R,
i=1,2,

lg(@, t,y1,21) — g(@, 8,92, 2)| < ue(@)ly1 = y2| + ve(@)|z1 — 22].

Theorem 2 Let p>1,0< T < +o0, §,& € LP(2, Fr,P), g and g’ be two generators of
BSDEs, and let (y.,z.) and (y',z)) be an L? solution to BSDE (§,T,g) and BSDE (§',T,g'),
respectively. If dP-a.s., § < &' and one of the following two statements is satisfied:

(i) g satisfies (H) and 1,,.,(¢(t,y;,2;) - &' (t,¥;,2,)) <0, dP x dt-a.e.;

(ii) g satisfies (H) and 1,,.,,(g(t,y0z) = g (t,91,2)) < 0, dP x dt-ae.,
then, for each t € [0, T, y; <y,, dP-a.s.

Proof We only prove the case (i). The other case can be proved in the same way. Set y. :=
y.—y,z:=z -7 and £:=£— & Then

T T
V=& + f [g(s,ys,zs) —g/(s,y;,z;)] ds —f z,-dB;, tel0,T].
t t

Tanaka’s formula (see page 220 in [13] for details) yields, in view of dP-a.s., E*=0,

T T
At £+ S 1
¥ =& +/ lys>o(g(s,ys,zs)—g/(s,y;z;))ds—/ 15,502 - dB; — EL?
t t

T T
< / 1,50(g(s,y5:25) — &' (5,5,,2,)) ds — / 15,502 - dB;,
t t

where L? is the semimartingale local time of the process J; at 0, it is an increasing process
and Lg = 0. Since 1,,../(g(t,y},2,) - &'(t,5},2})) is non-positive, we have

Ls0(g(s, 75 25) — €' (8,9, 2,))
= 150(8(5, 75 25) — 2(5,55, %)) + Lo (€(s: 95, 2) - € (.95, 21))
= 15’s>0 (g(s’yS’ZS) —g(S»J/;, Z;)), dP x ds-a.e.,

Furthermore, using the assumption (H) for g, we deduce that

150 (g(s,ys,zs) —g(s,y;,z;)) <udi + Lovslzgl, dP x ds-a.e.
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Therefore, we obtain
T T
5’; = / (usj’; + 15/5>0Vs|23|) ds - / 15/s>025 - dBy

t t

T T 2
At A VsZs
= / Uy ds —/ 15,X>025 . |:st - mlﬁsb«) dS], te [0, T] (11)
t t S

In the sequel, let Q be the probability measure on (£2, F7) which is equivalent to P and
defined by

dQ T vz, 1 T
b B s dBo— = [ 1500w dst.
P exP{/o 5| Ll 2/0 51701 Vs]

It is worth noting that dQ/dP has moments of all orders since foTvz(s) ds <M, dP-a.s. By
Girsanov’s theorem, under Q the process

PN
B(t)th—/ 2—1\25\;!0(15; tel0,T],
0

is a Brownian motion. Moreover, the process

t
(/ 15,S>025 . dBS)
0 te[0,T]

isan (F;, Q)-martingale. Thus, taking the conditional expectation with respect to F; under
Q in (10), we obtain, for each ¢ € [0, T,

T
ji <ko| [ uitaf7] dqus
t

Thus, it follows from Theorem 1 that y7 = 0, dQ-a.s, and then y, <y}, dP-a.s. for each
t € [0, T] since Q is equivalent to P. Theorem 2 is then proved. O

Remark 3 1t follows from Theorem 2 that if g satisfies the assumption (H), then the L?
solution of BSDE (&, T,g) must be unique.
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