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1 Introduction
The following result is known as the Mitrinovic—Adamovic inequality [1, 2]:

sinx)® b4
(—) >cosx, O<x<—. (1.1)
X 2

Nishizawa [3] gave the upper bound of the function ((sinx)/x)? in the form of the above
inequality (1.1) and obtained the following power exponential inequality:

. 3
(w) < (cosx)177, O<x<%. (1.2)
x

Chen and Sandor [4] looked into the bounds for the function sec x and obtain the following
result for 0 < x < 7w /2:

72 47

e <secx < o (1.3)
Nishizawa [3] obtained the following inequality with power exponential functions derived
from the right-hand inequality side of (1.3):

477 4% 2 T
—_ <secx, O<x<—. 1.4
(n2 —4x2) 2 (14

The purpose of this article is to establish some exponential approximation inequalities
which improve the ones of (1.1)—(1.4). We prove these results for circular functions by us-
ing the properties of Bernoulli numbers and new criteria for the monotonicity of quotient
of two power series.
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Theorem 1.1 Let 0 <x < /2, a=2/15=0.13333 and b = 4/7> ~ 0.40528. Then we have
2 sinx\> 2
(cos )™ <« (—) < (cosx)!™%*", (1.5)
x

where a and b are the best constants in (1.5).

Theorem 1.2 Let 0 < x < /2, ¢ =19/945 =~ 0.02011 and d = 8(30 — n2)/(157*) ~ 0.11022.
Then we have

. 3
2 4 Sinx 2 4
(Cosx)l—Zx /15—cx’ < (_) < (Cosx)l—lx /15—dx , (16)
X

where c and d are the best constants in (1.6).

Theorem 1.3 Let 0 < x < /2, b = 4/m? =~ 0.40528 and p = 1/(21n(4/7)) ~ 2.0698. Then
we have

47 b 47 P’
—_ <secx< | —— , (1.7)
2 — 42 2 — 42

where b and p are the best constants in (1.7).

Theorem 1.4 LetO<x<m/2,

1 2 31277, p=29(1_1 7’ 0.67462
0==— " ——— -3, , =—(1-=-—|~-0. .
12In2  p2In2 % b 8In
T b g T
Then we have
47 *2/21n(4/7)) +ox* 47 x2/(2In(4/7))+Bx*
(77_[2_4“2) <secx < (7n2—4x2> , (1.8)

where a and B are the best constants in (1.8).

We note that the right-hand side of the inequality (1.5) is stronger than that one in (1.2)
due to

4 , 2x 2x 2x
l-—=x" =1+ J{1-—)>1-—
T T T T

while the double inequality (1.6) and (1.8) are sharper than the (1.5) and (1.7), respectively.

2 Lemmas
Lemma 2.1 ([5-8]) Let By, be the even-indexed Bernoulli numbers, n=1,2,.... Then

2n)t 2 o 2em)t 2 (2.1)
— < < S0, ’ '
@n)z 22 -1 S (2 22 -2

2771 _12n+2)2n+1)  [Byal 2 -1 (2n+2)2n+1) 2.2)

22n+1 -1 7'[2 |an| 22n+2 -1 7-[2
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Lemma 2.2 Let By, be the even-indexed Bernoulli numbers. Then the following power se-
ries expansion:

. o0 on
sinx
In— =— —  _|By,|x*", O<|x| <, 2.3
; ;2;1(2”)!' ] x| (2.3)
and
o0
22n -1 2n 2n %
Incosx = — ; 214(211)!2 |Bou |7, |x| < 5 (2.4)
hold.

Proof The following power series expansions can be found in [9, 1.3.1.4(2)(3)]:

1 = 22" 2n—-1
cotx = — > mwwc ) (2.5)
n=1
= 22" -1 2n 2n-1
tanx =y T 22| By, |61, (2.6)
n=1

By (2.5) and (2.6) we have

. X . t / X 1
lny =f (lnﬂ) dt:/ (cott——) dt
X 0 t 0 t

00 2271 5
=— Y ———|By,|x™"
2 2n(2n)!| 2

n=1

and

lncosxzf (lncost)/dtz—f tant dt
0 0

o0
221 _ 1
— 22}1 B xzn‘
Z; 21(2n)! 1Bl 0

Lemma 2.3 ([10]) Let a, and b, (n=0,1,2,...) be real numbers, and let the power series
A(t) = Y0y ant” and B(t) = > - but" be convergent for |t| < R (R < +00). If b, > 0 for
n=0,1,2,...,and if &, = a,/b, is strictly increasing (or decreasing) forn =0,1,2,..., then
the function A(t)/B(t) is strictly increasing (or decreasing) on (0,R) (R < +00).

In order to prove Theorem 1.4, we need the following lemma. We introduce a useful
auxiliary function Hyg. For —00 < a < b < oo, let f and g be differentiable on (a, b) and
g #0on (a,b). Then the function Hy, is defined by

4

S
Hpg=—g—f.
g g

The function Hy,, has some good properties and plays an important role in the proof of a
monotonicity criterion for the quotient of power series.
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Lemma 2.4 ([11]) Let A(t) = Y oo art’ and B(t) = 3 o, bkt* be two real power series con-
verging on (-r,r) and by > 0 for all k. Suppose that, for certain m € N, the non-constant
sequence {ay/by} is increasing (resp. decreasing) for 0 < k < m and decreasing (resp. in-
creasing) for k > m. Then the function A/B is strictly increasing (resp. decreasing) on (0,r)
if and only if Hyp(r™) > (resp. <) 0. Moreover, if Hap(r™) < (resp. >) 0, then there exists
to € (0,7) such that the function A/B is strictly increasing (resp. decreasing) on (0, ty) and
strictly decreasing (resp. increasing) on (fo,r).

3 Proof of Theorem 1.1

Let
Fi) irllnc(;?: -1 SInSi%—lncosx lncosx—Sln% A(x) 0 T
x) = : = = =—, <x<—,
! x2 x2Incosx —x2Incosx B(x) 2
where
. o0 [o¢]
sinx 22 _1 3.2%
A(x) =Incosx —3In — = — 22| By, 52" + = =By lx*"
(<) x — 21(2n)! B2l 21: 2n(2n)!| 2|
o0 [o¢]
2" —4 22" —4
=-> 2% |Baala® = =) 2% | Byl
=t 2n(2n)! — 2n(2n)!
i 222 -4 Mm+2 2m+2 i 2
= - —_— [Boys2|x e = apX "
=t 2n+2)(2n + 2)! —
and
o0 227[ _ 1 o0
B(x) = —x*Incosx = Z 21/1(211)!22"|B2n|962"+2 = Z bx*
n=1 n=1

by Lemma 2.2. Let

ay 16n |BZn+2| _

by @2n+2)2n+1)(m+1) |Bayl

“Cnm

where

_ 16n |BZn+2|
@2n+2)2n+1)(m+1) |By|

€n

We now show that {e,} is increasing for n > 1. Since

16(n—1)  |Byl 16(n—1) 1 2n(2n—1)221
T m@n— 1)) Banal © @m)@n-1)(n) Q)2 21
16n 1 @n+2)@2n+ 1) 1-1)
1 an+2)@n+ Dn+ 1) 21)? 21

by Lemma 2.1, the proof of ¢,_; < e, for n > 2 can be completed when proving

n (221'-1) n-1 22!
> .
n+l 221 no 2-1-1
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In fact,
i (22n—1 _ 1)2 _ (n2 _ 1)22(2n—1) _odn2 _ygny2 2

for n > 2. So {a,/b,}u>1 is decreasing, and F; (x) is decreasing on (0,77/2) by Lemma 2.3.
In view of F1(0*) = —2/15, and F;((r/2)") = —4/n2, the proof of Theorem 1.1 is complete.

4 Proof of Theorem 1.2
(i) We first prove the left-hand side inequality of (1.6). Let

sinx 2 5, 19 , T
Fy(x)=3In— — (1 - —x"— —x" ) Incosx, O<x< —.
X 15 945 2

Then by Lemma 2.2 we have
oo
Fy(®) = ) in2"" By ™,
n=3

where

16(2*"*2 —4)  |By,a|  8(2*"-1) 1922 -1)  |Boyal
iy = - - .
T 2n+2)2n+2)! |Bayl 30n(2n)! 94521 —2)(2n —2)! |Bo,|

By Lemma 2.1, we have

16222 —4) (2n+2)2n+1)(2>1-1) ~ 8(2%" - 1)

n > (2n+2)(2n +2)! m2(22m+1 _ 1) 30n(2n)!
19(2*2 - 1) w2221~ 1)
94521 —2)(2n - 2)! (2n)(2n — 1)(22-3 — 1)
1,
" en”

with

. 16(22n+2 _ 4) (22n—1 _ 1) 8 22;1 -1 19 2271—2 -1 7T2(22n—1 _ 1)
T @2n+2) w2@+1-1) 15 2m 945 2n-2) (223-1)
160222 —4) (21-1) 8 (2>-1) 19 79(2*2-1)(2¥1-1)

(21’1 + 2) %(22}%1 — 1) 15 2n 945 . 8 (2;/1 — 2) (22n—3 _ 1)

1 h(n)
1,194,480 n(2 - 227 — 1)(227 - 8)(n — 1)(n + 1)

due to 72 < 79/8, where

h(n) = (1,061,146n> - 2,172,518n + 637,056)2°"
— (13,695,401 — 22,830,4871 + 6,052,032) 2*"
+ (39,747,422 - 52,928,098 + 7,963,200)2>"
— (27,468,904n> — 31,914,392n + 2,548,224)
=21 (n) + hy(n).
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It is not difficult to verify

hi(n) = (1,061,1461* - 2,172,518n + 637,056) 2*"
— (13,695,401n> — 22,830,487n + 6,052,032)

>0
and

hy(n) = (39,747,422n — 52,928,098% + 7,963,200)2>"
— (27,468,904n — 31,914,392n + 2,548,224)

>0

for n > 3.So0 i, >0 for n > 3, and F5(x) > 0 for x € (0,7/2).
(ii) Then we prove the right-hand side inequality of (1.6). Let
2 , 830-x?

Fi(x) = 31 sinx 1
x)=3In— —[1- —x*-
3 x 15° 15 #*

4 b4
x*)Incosx, O<x< 3

Then by Lemma 2.2 we have
Fs(x) = > 1,272 By ]a™*?,
n=2

where

_16(2%*% —4) By, 8 271 830-m 22 —1  [By,,
T @n+2)2n+2)! By,  152u(2n)! 15 w*  (2n-2)2n-2)! |By,|

n

By Lemma 2.1 we have

16(222 —4) 2271 2n+2)2n+1) 8 2" -1
< -
" 2n+2)(2n+2)122142 1 2 15 2n(2n)!
8 30-n2 272_1 T2(2%" —1)
15 7% (2u-2)2n-2)! (2n)(2n-1)(22-2 -1)

’

that is,
n)l 16222 —4) (22" -1) 8§27 _1 830-m222_1x2(2*-1)
n)i, < _— -
" @n+2) m2@¥2-1) 15 2 15wt (2n-2) (22-1)
_ i(zzn ~1) £(n)
15 m2n(n? - 1)(4- 22 - 1)’
where

t(n) = —(240n — 47%n — 47*)2*" - (90n* - (150 - w%)n + %) < 0

for n>2.So0 [, <0 for n> 2 and F3(x) < 0 for x € (0,7/2).
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(iii) Let

sinx
31n >7

F4(x) _ Incosx

—(1-2x?) g
1 77 0<x< —.
X 2

Then

F(()+)— R E i ) _ 330—712
T T g5 *\\2 T 15 gt

This complete the proof of Theorem 1.2.

5 Proof of Theorem 1.3

(1) Let
Gix) =1 2% 21 47 0 T
x)=Insecx— — ) In——, <x<—.
! T 2 — 4x2 2
Then we get

o0
Gi®) =) k™",
n=0

where

k L 41 4 0
=——-—In—>0,
7o T2 n

2 2n+2 1 22m+2 _
kn:_<<_) — —22n+2|32n+2|)’ n=12,....

T n (2n+2)(2n+2)!

‘We now show

2 2n+2 1 22n+2 -1
k,=—( = S —— ) <0
! ((n) n (2n+2)(2n+2)! | 2"+2|)

for n > 1, that is,
2 242 1 22n+2 _1
_ e L) 2 20
(7T> n (2}’1 + 2)(21’1 + 2)| |B2ns2l
or

1 Q2n+2)!2n+2
2n+2 22n+2 -1 n

|BZVI+2| <
b4
holds for n > 1. In fact, by Lemma 2.1 we have

22m +2)! 2%
(27[)2n+2 22n -2

|82n+2| <

’

so (5.1) holds as long as we can prove that

22n+2)! 22 1 @u+2)!2n+2
(27‘[)2'”2 22n -2 < 7T2”+2 22n+2 -1 n

’
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that is,
n(2**? - 1) <4(n +1)(2*" - 2),

which is equivalent to

4(n+1)(2 -2) - n(2*? -1) =

(2018) 2018:313

4.2 _ 77 -8>0

for n > 1. So k, < 0 for n > 1, which leads to G{'(x) = > e, 2n(2n — 1)(2n - 2)k,x*" = < 0,
and G/ (x) is decreasing on (0, 7/2). We can compute

, 8 | n 32 &
G; (%) = tanx — —2¥In —44x2 —2 )t a2
8 T 160 2 256 xt
1" _ 2 _ _ - _
Gj (%) = tan x_n,z ln< 44x2_n2)+ w2 4x? -2 7w? (4o’ —72)? v

which give

8 4 o
G/(0") =1- — In— =~ 0.80420 > 0, G’l/(_ ) - oo
R

2

Then there exists an unique real number x; € (0,77/2) such that G} (x) > 0 on (0,%;) and

G} (x) <0 on (x1,7/2). So G (x) is increasing on (0,x;) and decreasing on (x1,77/2). Since

G,(0") =0, G;<(%)_> = —00,

there exists an unique real number x; € (x1,77/2) such that G/ (x) > 0 on (0,x;) and G/ (x) <

0 on (x3,7/2). So Gi(x) is increasing on (0,%;) and decreasing on (x,7/2). In view of
G1(0") =0 = G1((w/2)7), the proof of the left-hand side inequality of (1.7) is complete.

(2) Let
2
x 4m
Gy(x)= —— In——
) 2t 72— 42
Then we get
oo
Go(x) = ) wua®™??,
n=1
where

—Insecx,

T
O<x<—.
2

22n+2 -1

1 [/2\"1
Wp=—>=) -
2In -\ 7 n (2n+2)2n+2)!

22n+2

|BZn+2|; n=12,....

We now show w,, > 0 for n > 1, that is,

(n+1)2n +2)!
4nln 2727 (22142 — 1)

|BZVI+2| <

(5.2)

Page 8 of 12
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holds for # > 1. In fact, by Lemma 2.1 we have
22m +2)! 2%
|BZVI+2| < (27-[)2n+2 m;

so (5.2) holds as long as we can prove that

(2nln f) (272 -1) <7’(n+1)(2*" - 2),

T
which is true for #n > 1. So G, (x) > 0, and G, (x) is increasing on (0, 7/2). We can compute
G>(0*) = 0 and G»((7w/2)7) = +00, the proof of the right-hand side inequality of (1.7) is

complete.
(3) Let

T

N 4
) ) = — ~0.40528,
2 2

~ 2.0698, Gs ((

G3(0+) - 2In2

this completes the proof of Theorem 1.3.
6 Proof of Theorem 1.4

12 |, _4n
2mE 224 f(x)
=—, 0O<x< EX

Let
Insecx li
hZy 22 Insecx —
G4(x) = = = )
x xtIn 2 gx)
where
[o¢]
@) =piat+) " ppa?
n=2
and
o0
W) = qxt + ) g™
n=2
with
111 (2)\*
pr= 12 2Ini\n)’
b
pROSI | 11 /2\"1
— 22Vl+ZB I -, n>2
b= s e P 2Int (n) n =
4
q1=In—>0;
T
2 2n-2 1
qn:(;> n_1>0, n>2.
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£ 4” ~ —-1.0624
q1 In =
and
2n—-1 42n 22n+2_1 1 1
e Bosl - —== ), n>2,
qn b4 2n+2)! n+1 In—n
we can obtain
1 1 1
Pr o 0624 < P2 — <_n4 - —4> ~ —0.36461,
71 q> T 180 In =
but
Pn Put 6.1)
qdn  qn+1

for n > 2. The inequality (6.1) is equivalent to

2n-1) [ 4mx? 222 _1 By ] 11
2 @n+2) n+l 2 In2n
owm 47T2n+2 22n+4 -1 |B | 1 1 Yy
>—| ———— - , n>2.
2\ @n+d) n+2 T Intn+1 -
By Lemma 2.1, we have
2n-1) [ 4m? 222 _1 By | 11 2(n-1) 8 11
—_——— > —_— — —
2 @n+2) n+l 2 In2 n 2 m2(n+1) Inin
and
o 47T2n+2 22n+4 -1 |B | 1 1
72\ (2n+4)! n+2 2n+4_ln%n+1

2n 1 226 _4 1 1
< — -— .
w2\ 7223 1) n+2  InZn+l

So (6.1) holds when we prove

1 2216 _g4 1 1 8 11
n - | <u-) - |
22213 _1) n+2 InZn+l m2(n+1) In>n
or

(27 - 1)(n+2) > (ln ;)n(22”*7 +4n* + 4n - 16),

which is ensured for n > 2.
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So

b1 P2 P3s _Pi
— < =>—=>— >,
91 92 493 44

Since

me(3) )= (s ) o

we see that G4(x) is increasing on (0, 7/2) by Lemma 2.4. In view of

= L 2 ~ -3.1277
_12ln% 72nd " ’

T

7\~ 16 1 72
G, _ =Bf=—|[1--—— ) ~-0.67462,
((3) )-r-=0-5m0)

the proof of Theorem 1.4 is complete.

G4(O+) =u

7 Remark
Remark 7.1 The results of inequalities in Theorems 1.1-1.4 can be validated by methods
and algorithms developed in [12, 13] and [14].
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