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Abstract

In this paper, we investigate the unique continuation properties for
multi-dimensional heat equations with inverse square potential in a bounded convex
domain € of RY. We establish observation estimates for solutions of equations. Our
result shows that the value of the solutions can be determined uniquely by their
value on an open subset w of §2 at any given positive time L.
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1 Introduction

In this paper, we consider the quantitative unique continuation for multi-dimensional heat
equations with a singular potential term. The heat equations studied in this article are
described by

0rp(x, ) — Ap(x, t) — V(x)p(x, t) =0 in Q x (0,L],
px,2)=0 on 3 x (0,L], (1.1)
@(x,0) = go(x) in ,

where L is a positive number, Q C R? (4 > 3) is a convex and bounded domain with
smooth boundary 92 and x = 0 € Q. The potential function is

I (d-2)?
Vix) = —, .= .
(%) P H<p 2

(1.2)

The well-posedness theory of these equations have mainly been studied in recent years.
For the existence and other properties of solutions to equation (1.1), we refer to [2, 3, 7,
13, 19]. In particular, in [3], authors proved that if a non-negative initial value ¢y € L2(£2)
is prescribed, then there exists a unique global weak solution for equation (1.1) un-
der assumption (1.2), but as p > p,, the local solution may not exist. In [19], the well-
posedness of equation (1.1) without the sign restriction for the solution is thoroughly
discussed. In summary, for any initial value @y € L*(R2), there exists a unique solution
@ € C([0, T; L*(2)) N L%(0, T; Hy (2)) for equation (1.1) with (1.2). Throughout the paper,
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we use || - || and (-, -) to denote the usual norm and the inner product in the space L*(R2),
respectively. Besides, variables x and ¢ for functions of (x,t) and variable x for functions
of x will be omitted, provided that it is not going to cause any confusion.

The main results are presented as follows.

Theorem 1.1 Suppose that w is a non-empty open subset of Q, 0 € w, and ¢y € L*(R).
Then there exist two positive numbers o = ¢(Q2, w), C = C(Q, w) such that, for each L > 0,

1-o o
2 % 2 2
L|¢(x,L)| dx < Ce (./;z l@ol dx) (/w|¢(x,L)‘ dx> . (1.3)

Moreover, if po # 0, then

C ”QD(?C,O)”%Z(Q) 2
ol 56exp(—+a4) / oD dx. (L4)
e L o0l g pl

Remark 1.1
(i) The mathematical model (1.1) is a special case where potential term V (x) = A/|x|2.

The singular potentials occur in many physical phenomena. In non-relativistic
quantum mechanics, the harmonic oscillator and the Coulomb central potential are
typical examples of such kind (see [12]). In particular, it can also be found in the
study of quantum scattering theory (see [17]). Thus, it is very significant to study
the properties of equation (1.1).

(i) The constant C in (1.3) or (1.4) stands for a positive constant only depending on 2
and w. Specifically, it depends on the size of w and €2, and the distance from w to
Q.

(ili) These results demonstrate that solutions of (1.1) can be uniquely determined by its
value on an open subset w, which contains zero, at any given positive time L.

The study of unique continuation for the solutions of PDEs began at the beginning of
the last century. It plays an important role in PDEs theory, inverse problems, and con-
trol theory. To the best of our knowledge, the first result for strong unique continuation of
parabolic equations was derived in 1974 in [10]. In [10], the authors established the unique
continuation for parabolic equations with time independent coefficients by the properties
of eigenfunctions of the corresponding elliptic operator, and this approach cannot be ap-
plied to parabolic equations with time dependent coefficients. From 1980s, there have
been more results of unique continuation for parabolic equations, and we refer the read-
ersto [5, 8,9, 11, 14—16] and rich references cited therein. In our paper, we mainly study
this property for the heat equations with the inverse square potential. The main difficulty
in proving Theorem 1.1 lies in the singular potential terms. This difficulty is overcome by
setting up a new norm for Hj () in terms of the Hardy—Poincaré inequality. With the aid
of the frequency function, we can obtain those quantitative estimates.

We organize this paper as follows: In Sect. 2, we give some preliminary results; Sect. 3
is devoted to the proof of Theorem 1.1.

2 Preliminary results
We suppose that Q@ C R? (d > 3) is an open domain with a smooth boundary 9 and
0 € Q. Let us first recall the well-known Hardy—Poincaré inequality that there exists a
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positive constant C(£2), which only depends on €2, such that

2
/Q [!Vv(x)|2 — e V|x(|’§)} dx > C(Q) /Q P)dx, ¥veHLSQ), 2.1)

where p, is provided in (1.2). The proof for inequality (2.1) can be found in [4, 13]. Fur-

thermore, as @ < [y,

2 Vz(x)
/Q|:|Vv(x)| - e

By (2.2), we can equip H;(2) with the following inner product:

]dxzc(9)<1-i)/|vV(x)|2dx+ﬂ/ V2(x) dx. (2.2)
Mo Q s Q

&) ui@ = /Q[Vf(x) - Vglx) - Vx)f (0)gx) ] dx, Vf,g € Hy(R), (2.3)

and the norm |[f||Hé(Q) = (f9(|Vf|2 - V(x)v?) dx)% is equivalent to the standard norm in
H}(R). Taking L*(Q2) as a pivot space, we have the following compact embeddings (see
[18]):

Hy(Q) < L*(Q) — H1(Q)

and

(frg)H—l(Q),Hé(Q) = (f:g>L2(Q)’ Vf e LZ(Q),g € Hé(Q) (2.4)
For each A > 0, we define the following weight function over R? x [0, L]:

x[2
1 *ﬁ, (2.5)

Gl = e

Then, for each ¢ € [0, L], we define the following three functions over the interval [0, L]:

Hy(t) = /Q lo(x,0)|* G (x, 1) dix, (2.6)

D) = /Q [yw(x,t)\z—%’;t)'z}@(x,t)dx, 2.7)
and

N (f) = 2;*(&";), (2.8)

where ¢(x, ) is the solution of equation (1.1). The function N, (¢) was first discussed in [1].
It was called frequency function (see also [5, 6], and [16]). In this article, we define a dif-
ferent frequency function based on the new norm of Hj (). We always suppose H; (£) # 0.

Now, we will discuss the properties for the functions G; (x, £).
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Lemma 2.1 For each A > 0, the function G, given in (2.5) has the following identities over

R? x [0,L]:
3,Gy(x,t) + AGs (x,£) = 0, (2.9)
—X
VG, t) = — Gyl ), 2.10
o) = 5 s G (2.10)
392Gy (x, 1) 1 Gwo+ il G, (%, 1) (2.11)
; X, = —————— X, —_——— X, L), .
P QL —t+r) aL—t+r)2 "
and fori#j,
XiXi
8,0:G(x,1) = ——~ Gy (x, ). 2.12
/G (1) = gy 53 G ) 212)

Next, we will study the properties for derivatives of the functions H, (¢), D; (), and N, (¢)

in the following lemmas.
Lemma 2.2 For any X > 0, the following identity holds:

H;(t) = -2D;(¢), (2.13)
and

H,(¢) = 2/ (p(atqo - Vo )Gk dx. (2.14)
Q

x
2L —t+A)
Proof By direct computation, we obtain
Hj\(t)=2/ (patth;\dx+/ lo*0,G), dx
Q Q
:2/ (pathkdx—/ l9|>AG; dx
Q Q
-2 [ gl - 500G, dx-2 [ V476, ds
Q Q

2
= —2/ <V|<p|2 - ﬂ)@ dx = -2D;(t). (2.15)
Q

|2

Second,

H; () = 2/ w&thAdx—/ 9|2 AG,, dx
Q Q

:2f (pngG)\dx+/ V0p|*VG, dx
Q Q

X
=2 dp - Vo——— |G, dx. 2.16
/Qw( i ¢2(L_t+k)>GA x (2.16)

This completes the proof of this lemma. O

Page 4 of 13
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Remark 2.1 By Lemma 2.2, we have

Dy (t) = _/Q‘/)<8t§0 -Vy )G)\ dx.

x
2L—-t+A)

Lemma 2.3 For any X > 0, the following identity holds:

D.(t) =0 2/ 3 5 9o) Gdns — L D, (1)
b= N T ) ) T T Y

where

G d
e:/ |V¢|2—Ad0—2/ %% (Vv G,)do > 0.
Q v a0 v

Here and in what follows, v is the outward unit normal vector of the surface 0S2.

Proof By the fact ¢ =0 on 9€2, we first derive that

2000 2
D) :2/ V(pVBthGxdx—/ szt(pG,\dx+/ [|V¢|2—%:|8tdex
Q o | Q x|

= 2/ diV(3t<pVgon)dx—2/ 0:0 div(VeG,) dx
Q Q
9 2
—2/ Loy —/ |:|V¢|2—%]A6Adx
o |« Q ||
= —2/ 00 A9 G, dx—Z/ 0:pVoV G, dx
Q Q

2
—2/ 8t¢M—¢;Gxdx—/[|Vg0|2—%j|AG,\dx
Q || Q x|

123 —X
=-21 0 A — G, dx-2 | 3,oVo————G, d
/Q t§0< ‘/’+|x|2) ) ax /;2 1 (p2(L—t+A) 2 ax

2
—/ [|V¢|2—%:|Adex
Q x|
= —2/(8t<p)2Gx dx—2/ 99V
Q Q

2
—/ [|v¢|2 - ﬂ}AGK dx.
Q

|x[>

—-X
_* Gd
2W—r+n)

Now, we deal with the last term in (2.18). In fact,

3G
‘/|V¢|2AG,\dx= |Vg0|2—kda—/V|Vg0|2Vdex
Q v Q

aQ
G
=/ |V¢|2—*da—2/ VoV(VeVG,)dx
aQ v Q
d
+22/ 3i0(Vd,VG,)dx
-1 /8

G
= | IVeP=ltdo —2/ div[Ve(VeVG;)]dx
a0 dv Q

(2.17)

(2.18)

Page 50f 13
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d
+2/ A(p(V¢VGA)dx+ZZf 3ip(Vod;VG,)
Q i=1 Q

3G 9
- | Ve as —2/ 2% (Vv G,)do
99 dv aq 0V

d
+2/ Ago(VwVGA)dx+2Z/ 3ip(Vod;VG,).
Q 1 /9

Thus,

d
/ |V¢|2Adex=9+2/ A(p(V(pVG)\)dx+2Z/ 0;0(Vpo;VG,)
Q Q ' Ja

=9+2f Ago(VwVGk)dx—/ [Vo|? G dx
Q Q L-t+x
2
+2/ LV(/) G, dx
Q\2(L—t+2) rE
where
G 0
6 = |v¢|2—*da-2/ 2% (Vv G,)do.
IQ v IQ v
Meanwhile,
2 2
/%Adexz—/V%VGxdx
Q x| o |l
2u@V 2>
:—/ M¢2¢VGxdx+/ &KVdex
o I« o Il
2V 1 2
=—/ a'd gDVG)LdQC— /ﬂGxdﬁC
o |x? L—t+XJgo |x?
Combining it with (2.18), (2.19), (2.21) indicates
—x
D.(t)=-2 | (3,9)°Grdx-2 | 9,9V9p——G)d
x() /Q(t‘P) A ax /Qrf/? ¢2(L—t+k) ) ax

2
X
—0-2 | 2p(VeVG)dx-2 | [ —+——Vg¢) G.d
/sz PIVV G dx /9(2(L—t+k) (p) e

1
+/|V(p|2 G, dx
Q L—t+x

2upV 1 2
—/ He gDVG)\d&‘C— / ﬂGxdx
Q

|x|2 L-t+AJg |x?

—X
=2 | (8:9)*Grdx—4 | 9,9Vo—-——G, d
/Q( 1) G, dx /;2 1% ¢2(L—t+k) ) ax

2/ * v 2Gal b+ — 1 b
2L —t4n) b)) BT T

0 2/ 9 * 9o) 6.d L
=-0 - - +— .
N T i) ) T T T

(2.19)

(2.20)

(2.21)

(2.22)

Page 6 of 13
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Next, we will prove 8 > 0. Since ¢ = 0 on dg, it holds that Vg = g—fv. For the domain 2

is convex and 0 € 2, we have x - v > 0. This, together with (2.7) and (2.20), shows that

1 1 ) 2
6= | Vol )G do + [ 3] @161do
2(L—t+)\) aQ L—-t+A aQ av
1
= Vo|*(x-v)G, do > 0.
This completes the proof of this lemma. d

The frequency function N; (¢) satisfies the following lemma.

Lemma 2.4 Forany A >0,
AN (L) < (L—t+ AN, (t) < (L + AN (0), te]0,L]. (2.23)

Proof By Lemmas 2.2, 2.3, and Remark 2.1, we derive

NL(O) = #{Dmmm — H(0)D,(0))

2 X 2 1
Hf(t)”_e _2/9(8“0_ 2(L—t+k)v<p> G di + L—t+ADA(t):|

2
ZG d 2 / (a - Vop— G} dx)
X-/Q < Q ‘ 2(L t )‘)

1
<———N,. 2.24
S L—t+r (2:24)

The last step is based on the Cauchy—Schwarz inequality. It shows that
[(L-t+MN(®] <0 (2.25)
Thus, (L — ¢ + L)N, (¢) is a decreasing function, and
AN (L) < (L—t+ AN, (t) < (L +A)N(0), te]0,L]. (2.26)
This completes the proof of this lemma. g
Letting m = sup,.q, ||x||éd, we have the following.

Lemma 2.5 Forany A >0,

M\ [ m Jo lo(x, 0)|* dx

Proof We first have

L

g)\NA (L) = /0 * AN, (L) dt.
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It follows from Lemma 2.4 that

L
2

2D;.(t)

dt.
o Hi()

%ANA(L) <L+ )»)/OENA(L‘) dt = (L +2)

By Lemma 2.2,

=(L+A)In 1,0

HA() Hx(%)'

—ANA(L)< (L+A)/

Since

H(0) _ Jolp@ O dx (5 + )7 S5  w fole O) da
Jo 9, P dx L )2 ol DR

(Sl

| /\

Therefore,

L Jo lp(x,0 |2dx:|
)LN)\(L) <(L+ A)[ In 7/,9 o D dz (2.28)

By direct computation, we obtain

d
P ||‘P||L2 II¢|IH19) 0. (2:29)

Thus, the solution of (1.1) satisfies that

I\
/Q|<p(x,L)|2dx§/Q'<p(x,5>

We obtain (2.27). This completes the proof of this lemma. O

(2.30)

Since 0 € w, we can get a positive number r such that B, = {x € R? : ||x||ps < 7} C w. The

following lemma plays a key role in the proof of the main results.

Lemma 2.6 There exists a positive number C > 1 such that, for any \ > 0,

[1 8rC2A< ) ]/|x||(px, eﬁdx

< SCA(Z ¥ 1)IC(L) /B r|<p(x,L)|2e-‘% dx, (2.31)

where

Jo lo(x,0)|* dx d
K(L +2InS—F——— + - 2.32
0= Jo lot, L) dx (232

Proof For any f(x) € H}(2), it holds that

o o )]

dx. (2.33)

Page 8 of 13
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By direct computation, we get

|«

2 k2 2 2 d 2 I
—[f(x)| e w dxsZ)»/Wf(xﬂ e m dx+—/[f(x)| e dx. (2.34)
o 8A Q 2 Ja

Recall that, for any g € Hj(S), the norm |ig||; = (/,,(IVgl* - V(x)gz)dx)% is equivalent to

the standard norm in H}(€2). Thus, there exists a positive number C > 1 such that

/ |Vg|>dx < Cf (|Vg|2 - V(x)gz) dx foranyge Hg(Q).
Q Q

This, combined with (2.34), shows

2 2 bl
x| |<p(x,L)| e % dx
Q

DP w2, d 2
§8A<2AC/ |:|V(p(x,L)|2_W:|e% dx+§/|<p(x,L)|2e’% dx)
Q X Q

xZ
<8A (A«CNA(L) + / o (, L)‘Ze_% dx
Q

d

2

d 2 1 2
< SA(ACNA(L) + —) </ |¢(x,L)|Ze"% dx + —2/ |x|2|<p(x,L)|2e_W)

2 By r JQ\B,

A 2 st 1 2 2 2
<8CA|l = +1)K() ‘(p(x,L)| e w a’x+—2 | x| ’(p(x,L)’ e w |,
L By = JQ\B,

Therefore,
8CA (A |2
(1 - —2(— + 1>IC(L)> / 2|, )| e 5
r L Q
A 2 It
=8C( 7 +1)AK@) lp(x,L)| e 5 dx.
By
This completes the proof of this lemma. O

3 Proof of the main result

Proof We first prove (1.3). By taking A > 0 in estimate (2.31) to be such that

8CA (A
r2 \L

+ l)IC(L) = % (3.1)

By direct computation, we have

DY R P T
o\t 4CK(L) )
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Since 7 < K(L), it follows that

/72 Lr?
1 L+./L +4C)€(L)

-2
A Lr?
ICKD)
Lr? 1
—sc(L+ |12 1 xw
( * +4CIC(L)>Lr2 @

Lr? 1
< 8C<2L + 4CK(L)> KW

4r \ C

Therefore, it holds that

my C
6% Se(4m+r4/t)}’7K(L)

ny 2
< B Jamer B <f9(|</)(x, 0)[?) dx>20<4m+r«/? i '
B Jollo(x, L)%) dx

By Lemma 2.6, we get

2 2 s 2 2 _ 2
x>, L)| e i dx <r* | |p,L)| e 5 dx.
Q B,
It indicates that

/"ML)I%‘% dx5/|¢(x,L)|2e-% dx
@ Q

/ |¢(x’L)|ze_%dx+_/iW(x,L)|2e‘%dx
Q\B, s,

iz/|x|2|‘/’(’c’”|267%0’?”/ |<0(x,L)|2e*%dx
r? Jq .
<2 [ otpPe ¥ ar<2 [ Jptm| dx
By B,
Thus,

/|<p(x,L)|2dx§26%/ |<p(x,L)|2dx
Q B,

-

2 2C(4 B
< ze@mwm;ze@mwmarz(fm(x, )| >dx) N

Jolle(x, L)12) dx

X |<p(x,L)|2dx.
By

This shows that

S ¢ [ folo0)2dx\ " 2
(x,L) >dx < Cer elr? (Qi) / (x, L)|" dx,
[g"p | Jo lpx,L)|? dx B,}w |

(3.3)

Page 10 0f 13
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which is equivalent to the following inequality:

2 [ 2 rfrC 2 %
fQ|<p(x,L)| dx < Ce (/;Z|go(x,0)| dx) (ero(x,L){ dx)
f(/|go0 x)’ dx) (/’(p(x, ‘ dx> +C.

2
Let @ = -—, then the above inequality can be written as
re+C

5 c ) 1-o ) o
/‘(p(x,L)‘ dx < Cel (/’(po(x)’ dx) (/‘(p(x,L)‘ dx) . (3.4)
Q Q w

Conclusion (1.3) then follows.

In order to prove (1.4), we will prove the following estimate:

x,0
o O, 1, <exp L w ot DI @5
H= (@) lp(x, 0)117,- H

We define a function ®(¢) as follows:

”(ﬂ(x, t)”i{—l Q

By direct computation, we obtain

d 2
This, together with (2.4) and (2.29), indicates

d oo 1910 U1 1ig) — Ul )11 )

t
dt (IPRNE

2
N P R P P
(”(p”?{*l(ﬂ))z{ Hy(R) H-1(Q) L(Q)}

Thus, ®(¢) is a decreasing function, and
D(L) < ©(0).

It follows from (2.29) and (3.6) that
0=

(||<P|| @) + 19172

=

(101-10) + PPN g (3.7)

Nl= N =
&.|§_‘ &.|a~

Integrating (3.7) on (0, L), we get the desired estimate
2 20(0)L 2
lo(x,0) “H—I(Q) =e lo(x, L) ||1-1—1(sz)

With the aid of (3.5), we can get (1.4). This completes the proof. O

Page 11 0f 13
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Corollary 3.1 Suppose that w is a non-empty open subset of Q, 0 € w, and ¢y € L*(Q).
Then there exist two positive numbers o = «(Q2, w), C = C(2, w) such that, for each L >0
and Q € Q,

[ ot 0 ds = G L (o9 0) ([l D ) (8)

Proof For any s € [0, £], we take z(x, £) = ¢(x, t + 5), where t € [0,L — 5], x € Q. Then z(¢,x)
satisfies the following equation:

0z(x, t) — Dz(x, t) — V(x)z(x,£) =0 in Q x (0,L —s],
z(x,t) =0 on 92 x (0,L —s],
z(x,0) = (s, x) in Q.

By the same argument as that in the proof of Theorem 1.1, we also get

2 el 2 e 2 “
/Q|z(x,L—s)| dx < Cel-s (‘/Q|z(x,0)| dx) </w|z(x,L—s)| dx) ,

where the constant C is a positive constant only depending on 2 and w.
Thus,

2 c 2 e 2 *
/Q|<p(x,L)| dx < Cel-s </Q|<p(x,s)| dx) (/w|<p(x,L)| dx) .

Then we have

L 5
E/S;‘w(x;L)‘zdx=/O /Q]go(x,L)}zdxds

L 1-o o
5/07C6L% (/Q|g0(x,s)|2dx> (/(;|<p(x,L)|2dx> ds

L
2

o l1-a
§Ce¥ (‘/w|<p(x,L)|2dx) /0 </Q|<p(x,s)|2dx> ds
ac (L\“ « —u
<Cel (5) (/|(p(x,L)|2dx) (le@ 9 p@eosy) ™ 69

The last step is obtained by Holder’s inequality. Therefore, we can get (3.8). This completes
the proof. O
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