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Abstract

In this paper, we investigate the central limit theorems for sub-linear expectation for a
sequence of independent random variables without assumption of identical
distribution. We first give a bound on the distance between the normalized sum
distribution and G-normal distribution which can be used to derive the central limit
theorem for sub-linear expectation under the Lindeberg condition. Then we obtain
the central limit theorem for capacity under the Lindeberg condition. We also get the
central limit theorem for capacity for summability methods under the Lindeberg
condition.
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1 Introduction

Peng [15] put forward the theory of sub-linear expectation to describe the probability un-
certainties in statistics and economics which are difficult to be handled by classical prob-
ability theory. There has been increasing interest in sub-linear expectation (see, for exam-
ple, [1,2, 4, 11, 18, 26)).

The classical central limit theorem (CLT for short) is a fundamental result in probabil-
ity theory. Peng [16] initiated the CLT for sub-linear expectation for a sequence of i.i.d.
random variables with finite (2 + a)-moments for some « > 0. The CLT for sub-linear ex-
pectation has gotten considerable development. Hu and Zhang [10] obtained a CLT for
capacity. Li and Shi [13] got a CLT for sub-linear expectation without assumption of iden-
tical distribution. Hu [9] extended Peng’s CLT by weakening the assumptions of test func-
tions. Zhang and Chen [21] derived a weighted CLT for sub-linear expectation. Hu and
Zhou [12] presented some multi-dimensional CLTs without assumption of identical dis-
tribution. Li [14] proved a CLT for sub-linear expectation for a sequence of m-dependent
random variables. Rokhlin [19] gave a CLT under the Lindeberg condition under classical
probability with variance uncertainty. Zhang [22] gained a CLT for sub-linear expectation
under a moment condition weaker than (2 + «)-moments. Zhang [23] established a mar-
tingale CLT and functional CLT for sub-linear expectation under the Lindeberg condition.

The purpose of this paper is to investigate the CLTs for sub-linear expectation for a se-
quence of independent random variables without assumption of identical distribution. We
first give a bound on the distance between the normalized sum distribution IE[(p(%—:)] and
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G-normal distribution IE[go (£)], where £ ~ N'({0}; [02, 1]). It can be used to derive the CLT
for sub-linear expectation under the Lindeberg condition directly, which coincides with
the result in Zhang [23]. Different from the classical case, when choosing B,, as the nor-
malizing factor, we can also obtain a bound on the distance between the normalized sum
distribution IE[(p(g—”)] and the corresponding G-normal random variable E[¢(n)] where
n ~N({0};[1, Ez]inSecondly, we obtain a CLT for capacity under the Lindeberg condition
which extends the CLT for capacity for a sequence of i.i.d. random variables in Hu and
Zhang [10]. We also study the CLT for capacity for summability methods under the Lin-
deberg condition. The regular summability method is an important subject in functional
analysis. In recent years it has been found that summability method plays an important
role in the study of statistical convergence (see [5-7, 20]). So it is meaningful to investigate
the CLT for capacity for summability methods.

This paper is organized as follows. In Sect. 2, we recall some basic concepts and lemmas
related to the main results. In Sect. 3, we give a bound on the distance between the normal-
ized sum distribution and G-normal distribution. In Sect. 4, we prove a CLT for capacity
under the Lindeberg condition. In Sect. 5, we show a CLT for capacity for summability

methods under the Lindeberg condition.

2 Basic concepts and lemmas

This paper is studied under the sub-linear expectation framework established by Peng
[15-18]. Let (£2,F) be a given measurable space. Let H be a linear space of real func-
tions defined on £2 such that if X;,X>,...,X, € H then ¢(X1,Xy,...,X,) € H for each
¢ € CLip(R”) where C1ip(IR”) denotes the linear space of local Lipschitz continuous func-

tions ¢ satisfying
() — o) < C(1+1x|" +|y")Ix ~yl, Vx,y R,

for some C > 0, m € N depending on ¢. H contains all I; where A € F. We also denote

Cp,Lip(R") as the linear space of bounded Lipschitz continuous functions ¢ satisfying

lo(¥) —p(y)| <Clx-yl, V¥x,y eR",
for some C > 0.

Definition 2.1 A functional E: H — R is said to be a sub-linear expectation if it satisfies:
forVX,Y e H,

(a) Monotonicity: X > Y implies E[X] > E[Y].

(b) Constant preserving: E[c] = ¢, Vc € R.

(c) Positive homogeneity: E[AX] = AE[X], VA > 0.

(d) Sub-additivity: E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is well defined.

The triple (£2,H, E) is called a sub-linear expectation space.

Remark 2.1 The sub-linear expectation E[-] satisfies translation invariance: E[X + ¢] =
E[X] +¢, VceR.
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Definition 2.2 ([3]) A set function V : F — [0,1] is called a capacity if it satisfies
() V(@) =0,V(2)=1.
(b) V(A)<V(B),ACB,A,Be F.

Definition 2.3 For a capacity V, a set A is a polar set if V(A) = 0. And we say a property
holds “quasi-surely” (q.s.) if it holds outside a polar set.

Definition 2.4 A sub-linear expectation E : { — R is said to be continuous if it satisfies:
(1) continuity from below: X,, 1 X implies E[X,,] 1 E[X], where 0 < X,,, X € H.
(2) continuity from above: X, | X implies E[X,,] | E[X], where 0 < X,,, X € H.
A capacity V : F — [0, 1] is said to be continuous if it satisfies:
(1) continuity from below: A, 1 A implies V(4,) 1 V(A), where A,,,A € F.
(2) continuity from above: A, | A implies V(4,) | V(A), where A,,A € F.

The conjugate expectation £ of sub-linear expectation E is defined by
E[X]:=-E[-X], VXeH.

Obviously, for all X € H, £[X] < E[X]. A pair of capacities can be induced as follows:
V(A) :=E[I4], v(A) :=E[I4] =1 -V(A°),VA € F.

Definition 2.5 ([15-18]) (Independence) Y = (Y1,...,Y,) (Y; € H) is said to be indepen-
dent of X = (X3,...,X,,) (X; € H) if, for each test function ¢ € Cj1;,(R” x R"),

E[o(X,Y)] =E[E[o(X,Y)]lx-x],

whenever the sub-linear expectations are finite.

{X,};°, is said to be a sequence of independent random variables if X,,,; is independent

of (X3,...,X,) for each n > 1.

Let X be an n-dimensional random variable on a sub-linear expectation space (£2, H, E).
We define a functional on Cj;,(R") such that

Fxlp] :=E[e(X)], ¢ € Cup(R") > R.

Then Fx[-] can be regarded as the distribution of X under E and it characterizes the un-

certainty of the distribution of X.
Definition 2.6 ([15-18]) (Identical distribution) Two n-dimensional random variables

X1, X, on respective sub-linear expectation spaces (§21, H1,[E1) and (£25, Hs, E;) are called
identically distributed, denoted by X; x o, if

Ei[e(X1)] =Ea[0(X2)], Ve € Ciuip(R"),

whenever the sub-linear expectations are finite.
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Definition 2.7 ([15-18]) A one-dimensional random variable & on sub-linear expectation
(£2,H,E) is said to be G-normal distributed, denoted by & ~ A(0, [02,52]), if for any ¢ €
Ciip(R) the following function defined by

u(t,x) := E[(p(x + «/ZS)], (t,x) € [0,00) x R,

is the unique viscosity solution of the following parabolic partial differential equation
(PDE) defined on [0, 00) X R:

0t — G(0xxut) = 0,

u|[:0 =¢,

where G(a) = 3a'> - ja 0% acR.
Remark 2.2 The G-normal distributed random variable £ satisfies: a€ + b& O b2,

Ya,b > 0, where & 4 £ and £ is independent of £. This implies E[£] = E[-£] = 0.

Next we recall the definition of G-expectation. Let 2 = C[0,00) be a space of all R-
valued continuous paths (w;);>0 with wy = 0, equipped with distance

o0
1,2 —i 12
s = 2 [(max - ) A 1].
p(a) w ) ; te[O,i]|wt w;
Denote W;(w) := w; for each w € 2 and

Lip(2) = oWy, W) ik €Nty .., tr € [0,00), ¢ € Cipip(RF) .

2_

For each given monotonic and sub-linear function G(a) = %a*E %a’gz, 0<0 <07 <00

a € R, let the canonical process (W;);>0 be G-Brownian motion on a G-expectation space
(2,L,(2),E). That is,

]E[(/’(‘thnn; ‘th—l’ th - th—l)] = IE[I#(WH,..., th—l)]’

where ¥ (xv1,...,%1) = E[@(1,..., %01, /B — Bt W1)], W1 ~ N ({0} [02,52)).

For each p > 1, we denote L’é(fj) as the completion of Lip(ﬁ) under the norm ||X||L1(73 =
(IE[|X|P])1/1’. Then the G-expectation & can be continuously extended to (§,Lé(§)). We
still denote the extended G-expectation space by (.5 ,L’é(ﬁ), IE).

Proposition 2.1 ([4, 11]) There exists a weakly compact set of probability measures P on
(2, B($2)) such that

]E[X] =sup Ep[X] foranyX e LlG(ﬁ),
PeP

where B($2) denotes the Borel o -algebra of 2. We say that P represents E.
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Given a G-expectation space (§,L1G(§),E), we can define a pair of capacities:

V(A):=supP(A) =E[l4],  WA):= inf P(A) =1-V(A°), AeB(2).
PeP peP

Obviously, by Proposition 2.1, E[-] and ¥(-) are continuous from below.

Definition 2.8 A sub-linear expectation E is said to be regular if, for each sequence
{X,,}32, satisfying X,, | 0, we have E[X,,] | 0.

Lemma 2.1 ([4, 11])
(1) For any closed sets F, |, F, it holds that V(Fn) N V(P).
(2) G-expectation ]EH is regular.

Hu et al. [11] indicated that G-Brownian motion does not converge to any single point

in probability under capacity V as follows.

Lemma 2.2 Given a G-expectation space (§,L2G(§), IE),for any fixed a € R, it holds that

limsup V(|W; —al <¢) =0, V£>0.

eNO0 zeR

In particular, the above equation holds for G-normal distribution W.
Lemma 2.3 ([8]) E[|X|] < oo implies |X| < 00 g.5., i.e., V(] X| = 00) = 0.

The following Rosenthal’s inequality under sub-linear expectation was obtained by
Zhang [24].

Proposition 2.2 Assume that {X,,}}°, is a sequence of independent random variables. De-
note S, := Y+, X;. Then, for any p > 2, we have

]E[max 1S; |P]

i<n

< cp{ SOE[XP] ¢ (éE[w])% . (i[@amy . (S[Xi])]>p}, 21)

i=1 i=1
where C, is a positive constant depending on p.

Lemma 2.4 Assume that E is continuous from below and lim,,_,  X;,, = X. Then

E[X] < liminfE[X,,].

n—00

If we further assume that E is continuous, then

E[X] = lim E[X,].

n—00
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Proof Since inf;-, X; is non-decreasing in 7, we have

E[X] = E[lim ian,,] - E[ lim ian,-] = lim E[ian,»]

n—00i>n i>n

— lim ianE[iani] <1liminfE[X,].

n—00 i>n n—00

If E is continuous, by noting that sup;., X; is non-increasing in n, we have

E[X] = E[limsupX,,] = IE[ lim supXi] = lim E[supXi] = limsupE[supXi]

1 00 H=>00 j>p n—00 i>n n—00 i>n

> limsup E[X,,] > liminfE[X,] > E[X].

n—0o0

Thus lim,,_, « E[X,,] = E[X]. O

Lemma 2.5 Assume that & is continuous from below and regular. Let {X,}32, be a se-
quence of independent random variables with E[X,] = £[X,] = 0 for any n > 1 and
Y P E[X?] < 00. Then S:= Y ) X; convergence q.s. under capacity V and, for any p > 2,
we have

E[IS)] < cp{iE[mw] + (i:EUX,»F])% } (2.2)

Proof One can refer to Zhang and Lin [25] for the proof of the convergence of S. Now we
prove (2.2). By E[X,] = £[X,,] = 0, taking limsup,,_, ., on both sides of (2.1), we have

00 o0 5
limsupE[max |Si|p] < CP!ZEUXHP] + (Z ]E[|Xi|2]> }
n>oo LIS i-1 i=1
On the other hand,

E[max |S;17] = E[1S, "].
<n
Note that lim,,_,» S, = S. By Lemma 2.4 we have
liminfE[max 1S; |P] > liminfE[|S,[?] > E[|S?].
n— 00 i<n n— 00

Combining the above inequalities, we have

o0 o0 17)
E[Is1"] < cp{ZE[W] + (ZEUX,-F]) } -
i=1 i=1

Throughout the rest of this paper, let {X,}°; be a sequence of independent random
variables on a sub-linear expectation space (2, H, E) with E[X,,] = £[X,,] =0, E[X?] = Ei,
E[X2]=02,0<0, <G, <00.Denote S, :=Y " X;, Ei =Y or,and B2:=) " 02 The
symbol C presents an arbitrary positive constant and may take different values in different
positions.
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Zhang [23] obtained the following CLT for sub-linear expectation under the Lindeberg

condition as a corollary of the martingale CLT for sub-linear expectation.

Theorem 2.1 Let & be G-normal distributed on a G-expectation space (2, LZG(ﬁ ), E) with
£ ~N({0};[0?,1]), 0< o < 1. Assume that
(1)

lim — > |o*-57 -o}|=0. (2.3)
(2) Foranye >0,

2
nlggo— X;E 1X:I*1(1X;] > €B,)] = 0. (2.4)

Then, for any ¢ € Cp1ip(R),

Tim E[w(%—)} ~Blp(©)]. 25)

3 The bound on the distance between the normalized sum distribution and
G-normal distribution

The following theorem gives a bound on the distance between the normalized sum distri-

bution E[go(%—’;)] and G-normal distribution IE[(D(S)] where & ~ N ({0};[02,1]).

Theorem 3.1 Let & be G-normal distributed on a G-expectation space (.(NZ,LzG(ﬁ ), E) with
£~N({0}[g?1]),0<a <1.

Then, for any fixed ¢ € Cp,1ip(R) and any h > 0,0 < & < 1, there exist some 0 <o <1,C > 0,
and Cy, > 0 (a positive constant depending on h) such that

SUOIREE

Z|a .52 2\+B—ZJE|X|21r(|)(|>eB )]

=
Bnll n i=1

n 1+§
+Ch(_i2 ZE[|X5|2I(|X5| >8§,,)]> + Cpe® +C(«/E+\/1+h—1). (3.1)
B

n i=1

Remark 3.1 By Theorem 3.1 we can derive Theorem 2.1. If (2.3) and (2.4) hold, taking
n— 00, & — 0, and & — 0 in turn on both sides of (3.1), we can get (2.5).

Proof For any fixed ¢ € Cp1;p(R) and any /2 > 0, let V(¢,x) = ]E[(p(x ++/1+ h—t£)]. By Def-
inition 2.7, we have that V is the unique viscosity solution of the following parabolic PDE:

9V + 30 V)" = 3(0x V) 02 =0, (32)

V|t=1+h =9.

Page 7 of 21
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Let X" = (-B,) v (Xi ABy), 8" = -3, X, 83 = 0,5/ = 1, 37 57, 8" = 0 for each

i=1,2,...,n. Then we have

+[E[p(s1)] - E[0€)]]

+|E[V(1+kSP)] - V(h,0)]

+[E[V(1+hS7)]-E[V(LS7)]|

o)) e

+[E[V(1,8,7)] - V(0,0)] + [V(0,0) - V(1,0)].

Since ¢ € Cp1ip(R), for any 0 < & < 1, it holds that

n

C i C -
<= Y E[|Xi-x"|] = = > E[IX:|1(1X: > B,)]
B” i=1 B” i=1
C « - C < -
<= E[1X:*1(1X:| > B,)] < =5 Y E[1X:*1(1X:| > €B,,)],
n i=1 n i=1

[E[V(1+hs7)]-E[V(LS7)]]
< sup‘ V(1 +h,x) - V(l,x)‘ = sup|<p(x) - IE[(p(x + \/Zé)”

< supE[|o() - o(x + Vhe)|] < CVHE[|€]] < CVh,

and
V(0,0 - V(i,0)| = [E[p(v/1+h8)] - E[p®)]|
< CW1+h-DE[5] = CW1+h-1).
Then
IE[(/)(%—)] _ E[w(g)]‘ < [E[V(L,5)] - v(0,0)| + éz&:pxﬁ(m . ¢B,)]
+CWh+V1+h-1). (3.3)

So it is sufficient to get the bound of IE[V(I,SE,"))] - V(0,0)|.

V(1,5%) - v(0,0)

=SV S) - V(5. 5)]
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n-1

= (V. s0) - V(s sih)) + (Vs si) - V(5™ 57)]
i=0

n-1

=N+,

i=0

where I and J" are obtained by Taylor expansion:

z+1

n i n n 1 n
1" = B“av(a“s )+gamv( L, 8M) X" + += =3,V (5", 5")x

n n n

2
=( i+1 o,V (5(”),.55")) : ézaxxv(gl Sl )X+1 + — 3 8 V(5 S(”))Xi+1>
B

n n n

1 n n 1 n n n
(V6 SV - 20) -0V 617, 507) () - X))

i+1
n

_ ) (n)

= ILL. +12]l..

2
10 = Tt [av (6, 5 - v (517, 517)]
B

n

a1 ! o
S NG ) BTG
B

n

X w oy | Xinl?
ff[axx\/(l ,S y,BE—“)—BxxV((Sf Lgl( >)]E;21ydﬁdy.

n n

Since X;,; is independent of SE"), we have

]E[axv((s}”%sﬁ”’)xiﬂ] :IE[IE[%XM]IV V™, ‘”’)]

B[V (6, 5) EXea] - (0V (8, 5)) €]
=0.

Similarly, we can also have E[-d, V(SEH), S;") YX;11] = 0. It follows that

=2
E[lif“,-)]=E[%atv(a§”>,sﬁ”>)+ézaxxv(3( S )xfﬂ]

n n

1T
=—_2IE E|: 0P+ q z+1:|

1
= —_ZE 1+1p+ 2q E[Xl+1] _q g[ l+1]

n L

=0,V ,S"),. =01 V' (swﬂj

p=0e V(8" "), q=0sx V(6" ”’)]

- SE| AV 5 BV () 7

1 n n -
-5 (0. (3",5") Qil}

< TRV 67, 7) + (v 67,57) - 5 (6157
B

n



Hu Journal of Inequalities and Applications (2018) 2018:316 Page 10 of 21

+—E[axxv(a<”) $) 6?52, - 3.V (8", 8") 02,]

Zi+1
2B
1 _
< —lo T~ Bl (57 5)])
n

By the interior regularity of V' (see Peng [18]), it holds that

vy Cl+§ e <o forsomea € (0,1),

([0.1]xR)

which implies 9,V, 9,V and 9y, V" are uniformly 7-Hélder continuous in ¢ and a-Holder
continuous in x on [0,1] x R. For any n > 1 and i < #, it holds that

Ef[o.V (6", 5")[] < 3 V(0,0)| + i[5 + E[[S{"[])
< G(1+ E[Is"]?)-

By Proposition 2.2, we have

el )= 5 DR 7o S(20Ebey e )

n i=1 i=1

<—Z]E|X| +—<ZE [|x - X" )2

nll

<C+C<BHZ]E [1X:11(1Xi| > B, )])2

i=1

5C+C< ZZ]E 1X; |2 )

n i=1

<C

So we have E[|9,, V(8" 5)|] < Cy,. Similarly E[|3,V(8",5")[] < Cj. Then

n-1 n-1
]E|:Zlﬁ):| <Y B[] =< Z|o
i=0

i=0 nll

On the other hand,

5

—E[Z[ll + —at 5,8 + Laxxv(an LS x?
B, 2B

n
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[Za, T (o, 50)
(axxv(sn 1¢qun)l)) Efl 2B (axxV(gn I,Snn)l))_gi:|

=2
2 52
[Z T (a0 5) 50V 6, 5))
0 n
5 V50 0?)

1 S | _
2 (8“\/(8 S( )1)) o’ ‘73: - ?(3”‘/(5}(;4_)1’531_)1)) Qij|
n n
n-2
[ 17+ — 0.V (87, 8™)) (272 —gi):|
i=0 n

n

ZE[ & } Y2 — (Y (5 1'5")1))_(2255‘9?1)]

- C
(n) h| 2 —2 2
>E 11,1 —_—2|0 on—an|
i=0 n
n
Ch _
z-= ‘Qz U?—Uﬂ
Bn i=1
So we have

< Z|o o —a (3.4)

nzl

n-1
[z}
i=0

Since |Xi(ﬂ|2 X%, is independent of 8xxV(8 )) and Xl(fi — Xy, is independent of
3,V (s!",5"), we have

n

n-1 1
n 1 Vl
RUHIE =0{23 [ (67,5 LI IXELF - 321

i=0 i

[,V (51 50) [JELXE] - Xl ]

n

C n
= Y E[IX;P1(1X;| > B,)] + —ZIE IX11(1X] > B,)]

=
n i=1 ,,, 1
Cr w _
< 25 CE[XRI(] > By - (35)
n i=1
On the other hand,
o o2 (n) o
O'l+1 [a V(5(Vl) SH.l) a V((S S( ))]I < Ch . 0—_,_;1 ] <|)%+1|) ’
n Bn B
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2. ! 2 2.\ 2
_—21/ [atv(af”u,s. Tinl S,+1> V("8 }dﬂ‘ <q,- Zin (_—21) ,
B, Jo B B, \B

n n

1 1 X(Vl) |X(n) |2
[axxV(a,?"),sE") +vB E—l) - axxv(af”),sfm)} Ly dp dyl
0 B

n
(n)
=q,.BP (1"
B, B,

n

Then
n-1 n 2
Z ](”)‘ — =2+a ZEZE ’X ”)‘ BZ+a Z—?HX 2 +a ZE }X +°‘ . (36)
i=0 n i=1

For any 0 < ¢ < 1, we have

1 < ) (2+a
E2+a ZE[’XI()‘Z ]

n i=1

= —— ZE 1X:1*1(1X:| <B )+B2+“1(|X| >B,)]

n i=1

1 & - 1 <& - -
< 5= D E[IXiPI(1X:| < eBy)] + = Y E[1Xi**I(eB, < |Xi| < B,)]

n i=1 n i=1

¢ Y E[PEI(X > B)

n i=1
—— Zs“B E[1X:1%] ZIE [IX:1*1(1X:| > eB,)]
Bn i=1 Bn i=1

+ _iz XH:E[|X,-|21(|X,-| >B,)]

n i=1

<+ S SOR[XPI(X] > €B,)]. 37)

n i=1

By Holder’s inequality under sub-linear expectation, we have

E :—2+a
—2+a

Vl

n

- LSO (E[IXGPI(X] < 6By + XPI(X] > )]

n i=1

C " ) — 1+% C - 2 ) 143
< = 2 E[XPI(X < eB)]) ™ + 5 3 (B{IXPI(Xi1 > B,)])

n i=1 n i=1

C < — C <«

< = Y E[IXI(1X:] < €By)] + —a > (E[IXPI(1X:] > €B,)])

n i=1 n i=1

Page 12 of 21
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n

1+G
<Ce%+ c(_i2 > E[XPI(1X: > gz_an)]> )
B

n i=1

1 n
e 20 E[1X]]
Bn i=1

n

1 - —2 o 1
< e D TE[IXIT] =
n

n i=1

Ei2+at

i=1

oy

B 1+G
<Ce c(_iz Y E[IX (1] > sﬁn)]> :

n i=1
Combining (3.7), (3.8), and (3.9), we have

n-1 n
" C _
ZE[Vz( )|] < Cue® + _—f E[|Xi|21(|Xl’| > an)]

i=0 i=1

n 1+5
+Cy, (_% E[1X1*1(1X:| > sEJ]) .

i=1

By (3.4), (3.5), and (3.10), it holds that

n-1
E [Z Ii’?:|
i=0

n-1 n-1

ICHIED IS

i=0 i=0

E[V(15)]- V0,0 <

C — _
+ =5 Y E[IX;P1(1X; > ¢B,)]

n i=1

i=1

1 n l+3
+ c,,(_—2 E[1XG1*1(1X:| >81§n)]> )
n

Thus we obtain (3.1).

By a similar method, we can obtain a bound on the distance between the normalized
sum distribution E[¢( g—”)] and the corresponding G-normal distribution E[¢(n)]. And it
can also be used to derive the CLT for normalizing factor B,,. We only give the theorem

and omit the proof.

Theorem 3.2 Let n be G-normal distributed on a G-expectation space (2, LzG(ﬁ ), IE) with

n~N({0};[1,5%), > 1.

Then, for any fixed ¢ € Cy1ip(R) and any h > 0,0 < & < 1, there exist some 0 <o < 1, C > 0,

and Cy, > 0 (a constant depending on h) such that

SUGIREL

Cr — Cr —
< B_’; 3 [e* 0257 + B_; S E[XPI(1X > ¢B,)]

=n =1 =N =1

(3.10)

O
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1+5
1 < 2
o g et cn)
—n =1
+Cue® + C(Wh+V1+h-1).

If we further assume that

(1)

1 n
lim — > |52 o7 -57|=0.
n—o00 B —

=n =1

(2) Foranye >0,
. 2
Jim 25 D SE[XPI(1X1> e8,)] < 0.
=
Then, for any ¢ € Cp1ip(R),
im B[ o 22 ) | = E[o(n)].
n—0o0 E"

4 Central limit theorem for capacity
The following theorem is the CLT for capacity under the Lindeberg condition.

Theorem 4.1 Assume that
(1) & is G-normal distributed on a G-expectation space (§,L2G(5),IE) with
£~ N({0}[e*1]),0<a <1,and

n
lim 3 |o? 5% - 62| =0, (4.1)

n— 00
Bn =1

(2) Foranye >0,

lim _iz Z]E[|X,-|21(|X,-| >¢B,)] =0. (4.2)

n i=1
Then, for any a € R,
. Sn 7 . Sn ~
lim V| — <a | =V( <a), lim vl =— <a)=vE <a). (4.3)
n—00 B, n— 00 B,
Proof For any fixed ¢ > 0, define
1, X =a,

f@)=1-tx-a-¢), a<x=<a+se,

0, xX>a+ée,

Page 14 of 21
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and
1, x<a-g,
gw)={-tx-a), a-e<x=<a,
0, x> a.

It is easy to verify that f,g € Cpip(R) and g(x) < I(x < a) <f(x). It follows that

“[s(5,)] el

+|[E[f(&)] —E[g@)]!}

()]
()] 0
R

By Theorem 2.1 we have

()] oo ()] B

Then

+|B[e®)] - ﬁ[ﬂs)]y}

3] B

< \4

+E[|f¢) -g®)]]-

<E[|f&) -g@)|]-

V(g—” < a) -V <a)

n

lim sup
n—00

Note that
0<f(x)-glx)<Ila-e<x<a+e),
which implies
E[[f¢) -g®)|] <V@a-e<t <a+e)

By the arbitrariness of ¢ > 0 and Lemma 2.2, we have

nlgglo’V(i §a> -V <a)|=0,

B,

which implies
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Similarly, we can also obtain

mnVC¥za>=§@zm.

n—00 Bn

That is,

lim V(E—" < a) =& <a). O

Remark 4.1 By a similar method, we can also obtain the CLT for capacity for the normal-
ized sum S,/B,,. We omit the details here.

5 Central limit theorem for summability methods
Let ¢;(1) be continuous functions on (0, 00) or A only valued in N*. Assume that 0 < ¢;(1) <
1 and, for any A > 0,

> a)=1+6(),

i=1

where limy_, o, (1) = 0. Denote B)\ =3 )202 Bl = Y% ci(A)*a?, where B < 0o for
any A > 0. Assume that E is continuous from below and regular, then by Lemma 2.5, S, :=
> ci(A)X; is well defined q.s. under capacity V.

Theorem 5.1 Given a sub-linear expectation space (2, H,E), E is continuous from below
and regular. Assume that
(1) & is G-normal distributed on a G-expectation space (ﬁ,LzG(ﬁ),E) with
& ~N({0};[c%1]),0<0 <1,and

oo
Z 2()\)|a -0 —02} =0. (5.1)
i=1
(2) Foranye >0,
oo
Jim LS GOE[XPI ()X > B3)] = . (5:2)
B, 4
Then, for any a € R,
S V4 . Si ~
lim V| = <a V(S < ﬂ), lim v| = <al-= V(&' < 61). (53)
A—>00 i A—>00 B,
Proof Denote
N 0 X N
SA’N = ZCi(A)Xi’ S:,N = Z Ci()‘-)Xi) BA,N = ZC?()\.)E?
i=1 i=N+1 i=1

Note that limy_, o EiN = Ei. For any k > 1, we can choose N sufficiently large such that
=2 =219
B, = B /k*.
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Foranya>0,t>0,and X,Y € H, it holds that
{X+Y§a}C{X§a+t}U{|Y| zt}.
Then
V(X+Y§a)§V(X§a+t)+V(|Y| zt).

Hence

S, S S5
V(_—A Sd) :V<ﬂ+i—’N Sa)
B)\ BA A
S*
§V<—Si’N <a+ t> +V(| i‘N| > t)
By, B;,

< V(EK—N <k(a+ t)) + V(‘SIN| > (B;).
BN ’

For any >0, let

1, x <k(a+t),
flx) = —%(x—k(aﬂ.‘)—n), k(a+t)<x<k(a+t)+n,
0, x>k(a+t)+n,
and
1, x<k(a+t)-n,
gx) = —%(x—k(a+t)), kla+t)-n<x<k(a+t),
0, x> k(a +t).

It is easy to verify that f, g € Cp1;p(R) and g(x) < I(x < k(a +1)) < f(x). By the proof process
of Theorem 4.1, we have

SN

§V($§k(a+t))+ \

(52 2

+V(ka+)-n<g<kla+0+n).

S -
(52
By~
By (3.1), for any 0 < ¢ < 1, we have

sG]l (s -Fee

G & G
< 5= Y W 7 - o] + 5= > EME[IXPI(c()1Xi] > eBin)]
N im1 BN o1

Page 17 of 21
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ANLl

+Cpe® + CWh+~1+h-1).

1+5
+Ch( Zc E[1Xi1*1 (c:(0)1Xi] >8§m)]>

Note that Ei,N > B, /K%, we have

(5] vl (32)] e

B~
o5 -of|+ K (;h Z ?(A)E[IXAzI(Ci(X)lXA > %E\)]

EA i=1 A =1
. 144
K2 ) ) £—
+ G| = DG E|IXPI( e()IXil > £ By
BA i=1

+Cpe® + CWh+~1+h-1).

In addition, by Lemma 2.5 we have

[o¢] 2 oo
E[|s;y["] = [ > aX } <C Y GME[XP]NO asN— oo.
i=N+1 i=N+1

Lett = (E[lSj{,NF])%. We have limy_,o £ = 0 and

— 1 1 1
V(|S;,Ni > B;) < [|S | == (E[|SK,N|2])3 —0 asN — oo.
B, B

So we have

E[[s; v /']

)—-n<& §k(a+t)+n)+
x

YW)|e? 57 - 2|+k Chz %(A)E[|X,»|21(ci(x>|xi|>§EA)]

k*Cy,
+ =2 ZC' 0 2
B, I B, ‘o
1+§
£ —
+ Ch( = ZC |:|Xz|21<cz()¥)|Xz| > %Bk>j|> + Ché‘a
A i=1

+CWh+vV1+h-1).

By (5.1), (5.2), Lemma 2.1, and Lemma 2.2, letting ¢ = (E[|S} N| ])3 N — 00, A = 00,
& — 0,and n — 0 in turn, we have

limsupV| =— <

A—>00 A

(ﬂ<a>§§7(§ <ka)+ C(Wh+v1+h-1).
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By the arbitrariness of k > 1 and / > 0, we get

lim supV(% < zz) < %7(5 <a). (5.4)

A—00 "

On the other hand, foranya >0,0<t<a,and X,Y € H,
X+Y=<a)D{X=<a-t)\{|YI>t}

Then
VX+Y<a)>V(X <a-1t)-V(Y|=¢).

Hence

By the same method as before, we have

V(E—A 5(1)
B,

> e <a—t)-Va—t-n<t<a-t+n) - — E[|S;x]’]
2B,

Zcz(mo2 o -0} ——Z ;(WE [|X,»|21<ci(x)|x,-|>§§x>]

Atl Azl

50 1+%
- Ch<_iz Zc?(A)EDXiFI(ci(ANXA > %E)D

BA i=1
—Cue® —C(Wh+~1+h-1).

Letting ¢ = (E[lSI'NF])%, N — 00, L = 00, £ = 0, and n — 0 in turn, we have

S,
11m1an<—<a>>V§<a CWh+1+h

A—00 N

By the arbitrariness of / > 0, we have

hmme(— < a) > 'V(é <a). (5.5)

A—>00 )\

Combining (5.5) with (5.4), we obtain

lim V(— < a) = §(§ <a).

rA—00 A
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Similarly, we can also have

lim V(E—'\ > a) -V > a).

A—00 BA

This is equivalent to

lim v<§l < a> =& <a). 0

A—>00 B;
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