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Abstract

In this work, we obtain appropriate sharp bounds for a certain class of maximal
operators along surfaces of revolution with kernels in L9(S""), g > 1. By using these
bounds and using an extrapolation argument, we establish the [P boundedness of
the maximal operators when their kernels are in L(log L)*(S™") or in the block space
BS"’H (S"1). Our main results represent significant improvements as well as natural
extensions of what was known previously.
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1 Introduction and main results
Throughout this article, let R”, n > 2, be the n-dimensional Euclidean space and S"~! be
the unit sphere in R” equipped with the normalized Lebesgue surface measure do = do (-).
Also, let x’ = x/|x| for x € R” \ {0} and p’ denote the exponent conjugate to p; that is,
1/p+1/p =1.

Let Ko u(y) = 2)h(|y))|y|™", where h : [0,00) — C is a measurable function and £2 is
a homogeneous function of degree zero on R” that is integrable on S”~! and satisfies the
cancelation property

/ 2(x')do (x) =0. (1.1)
gn-1

For 1 < y < 00, define £7 (R*) to be the set of all measurable functions /# : R* — R that
satisfy the condition ||h||LV(R+,% = (foOO |h(r)|Y %)W < 1, and define £*°(R*) = L*(R*, %).

For a suitable mapping ¢ : R* — R, we define the maximal operator M;,ygm for f €
S(Rn+1) bY

/\/lg/}m(f)(x,x +1)= sup
o heLY (RY)

/R O (=300 = 3 (1)) Kes ) ) (1.2)

where P: R" — R is a real-valued polynomial.
When P(y) = 0, we denote ME,’?M by ./\/lg)(i7 Also, when ¢(¢) = ¢, we denote M‘% by
Mg) which is the classical maximal operator that was introduced by Chen and Lim in [17].
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The authors of [17] proved that when £2 € C(S" ) and /2 € £¥ (R*) forsome 1 < y < 2, then
the L” boundedness of Mg) is satisfied for (ny)’ < p < 0o. This result was improved by Al-
Salman in [10]; he established the L”(R") boundedness of M(QZ) for all p > 2 provided that
2 e L(log L)V?(S""1). Moreover, he pointed out that the condition £2 € L(log L)>(8"!) is
optimal in the sense that 1/2 in L(log L)/?(S"~!) cannot be replaced by any smaller positive
number. In addition, the last result was generalized by Al-Qassem (see [4, Theorem 1.5]).
Indeed, he verified that ./\/lg) is bounded on L?(R") for all p > ' and 1 < y < 2 under the
condition £2 € L(logL)*?'(S"1). Later on, Al-Qassem in [4] improved the above results.
Precisely, he obtained that if # € £7 (R*) for some 1 <y <2, 2 € L(logL)"/”'(S"); and
¢ is C2([0, 00)), convex and increasing function with ¢(0) = 0, then Mg)ab is bounded on
LP(R™1) for any ¥’ < p < oo with 1 < y < 2; and it is bounded on L>®(R"*!) for y = 1. On
the other hand, when £2 belongs to the block spaces B;O’_l/z)(S”‘l) for some g > 1, then the
author of [3] showed that /\/l(gz) is bounded on L?(R”) for all p > 2. Furthermore, he found
£2 which lies in Bf,o'_l/z_g)(S”‘l) for all £ > 0 such that Mﬁ,? in not bounded on L?(R").
Subsequently, the study of the L” boundedness of ./\/l(;;) under various conditions on the
function has been performed by many authors. The readers can see [9, 12, 20, 21, 23-25],
and [28] for the significance of considering integral operators with oscillating kernels.

We point out that the study the maximal operator M},V}M was initiated by Al-Salman
in his work in [11]. In fact, he investigated the L” (p > 2) boundedness of Mg)z)gt under
the condition £2 € L(logL)Y?(S"1) U B;o’_l/z)(S”‘l) for some g > 1. For more information
about the importance and the recent advances on the study of such operators, the readers
are referred to [1, 2, 5, 27], and the references therein.

In view of the results in [4] as well as the results in [11], it is natural to ask whether the
parametric maximal operator M;VS)M is bounded on L?(R"*!) under weak conditions on
£2, ¢, and y. We shall obtain an answer to this question in the affirmative as described in
the next theorem. Precisely, we will establish the following result.

Theorem 1.1 Suppose that 2 € L1(S"Y), q > 1, and satisfy condition (1.1) with
1821l 2 (sn-1) < 1. Suppose also that ¢ : R* — Riis in C2([0, 00)), convex and increasing func-
tion with ¢(0) = 0. Let P : R" — R be a polynomial of degree m and M}V}M be given by
(1.2). Then there exists a constant Cp 4 > 0 such that

I ME 86O gty < Coa@ +BD” If lpgeny (1.3)

fory' <p<ocandl<y <2;and

| M5 o ) oy < CILf lzsoqeasny, (14)

ollqd
2l _1

depend on the degree of the polynomial P but it is independent of 2, ¢, q, and the coefficients

where Bgo =log(e + (12| 1asm-1)); Cpq = Cy, and C, is a positive constant that may
of the polynomial P.

By the conclusion from Theorem 1.1 and applying an extrapolation argument (see [8,
11] and [26]), we get the following.

Theorem 1.2 Suppose that §2 is given as in Theorem 1.1 and M}V}m is given by
(1.2), where ¢ is in C*([0,00)), convex and increasing function with ¢(0) = 0. If 2 €
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Llog L)Y"' (81U B;O'_W)(S”‘l), then Mg’}w is bounded on LP(R"™) for y' < p < 00 and
1 <y <2;and it is bounded on L®(R™) for y = 1.

Here and henceforth, the letter C denotes a bounded positive constant that may vary at
each occurrence but is independent of the essential variables.

2 Preliminary lemmas

This section is devoted to present and prove some auxiliary lemmas which will be used
in the proof of Theorem 1.1. We start with the following lemma which can be derived by
applying the arguments (with only minor modifications) used in [11].

Lemma 2.1 Let 2 € L1(S"Y), g > 1, and satisfy condition (1.1) with 121l 2 (gn-1) < 1. As-
sume that ¢(-) is an arbitrary function on R*, and assume also that P = Zlalsm ax” isa

polynomial of degree m > 1 such that |x|™ is not one of its terms and ) _,,_,, |a.| = 1. For
k € Z, define Jr,0,4: R"** — R by

2P 2 dr
TronEn) = / QW)Gkeplré 1 mdo)| ~, @.1)
1

gn-1
where

gk,9,¢ (r, u,€ - u, ’7) _ e—i[P(zf(ku)ﬁ_q ru)+2- 6+ DB Yy £ 1 p(2-Kk+ DB r)n]' (2'2)

Then a positive constant C exists such that

!
sup  Jiee(Em) < CRo2*+ VAT
(&,meR”xR

Proof On the one hand, it is clear that

2e > dr
k7/<,9,¢($7 77) =< C/ </ 1|Q(u)| dU(”)) 7 =< Cﬁﬂ ”Q”il(sn—l) =< Cﬂﬂ' (2'3)
1 "=
Also, it is easy to get that

p(z—(k+1)ﬁ9 ru) _ p(z—(kﬂ)ﬁg rv) + 2—(k+1)ﬁ9 ru- € — 2—(k+1)f59 rv- €

= g7kt DBg pm < Z agu® — Z ao,v"‘> + 27 VP2 p(y —v) . & + A(u,v,1,8),

loe|=m |la|=m

with ;—mmAk(u, v,1,&) = 0. Without loss of generality, we may assume that m > 1. Then, we

follow the same steps as in [11, (2.9)—(2.12)] to prove that the inequality
Ti20(E,1) < CB 7 (20k+Dbarid) (2.4)

holds for some constant C > 0. Therefore, combining (2.4) with the trivial estimate (2.3)
leads to

sup  Jio,9(E,m) < Cha2 V7. 0
(&,m)eR" xR

Page 3 of 12
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We shall need the following lemma which can be acquired by using the argument em-
ployed in the proof of [14, Lemma 4.7].

Lemma 2.2 Let 2 € L}(S"!) be a homogeneous function of degree zero and satisfy condi-
tion (1.1). Suppose that ¢ : R* — R is in C>([0,00)), convex and increasing function with
¢(0) = 0. Let the maximal function Mg 4 be given by

12(y)| J
[y

M .of (%, %,41) = sup

> / X V(x_y’xm-l —¢(|)’|)){
i€Z JYBo<lyl<2*1Bo

Then, for 1 < p < oo, there exists a positive number C, so that
[ Mas D) gy < CoL+ B2) 2 Uf @) 1211191
for every f € LP(R™1).
Using a similar argument as in the proof of [4, Theorem 1.6], we obtain the following.

Lemma 2.3 Let 2 € L1(S"Y), g > 1, and satisfy condition (1.1) with 121l 1 (gm-1) < 1. As-
sume that ¢(-) is given as in Theorem 1.1. Then there exists a constant Cy, ;> 0 such that

M 6O oty < Coag(L+ B)If ooty (2.5)
for2 <p<oo.

Proof Since L1(S"™1) C L2(S"!) for g > 2, it is enough to prove this lemma for 1 < g < 2.
It is clear that

Mg?¢(]’)(x,x+ 1) = M(()%}z,¢(f)(x,x+ 1)
[e e} 2 dV 1/2
<(/ 7)

Let {¢x }xez be a smooth partition of unity in (0, 00) adapted to Z; g, = [2-k*DB2, 2-k-Dfe],
More precisely, we require the following:

[ = s = 90) 200 do)

ok €C™, suppex CTkp, O0=<@r <1,

dr C
Z(pk(r) =1, and ‘ <pk](r) < —]k
keZ dr” r

Define the multiplier operators Sy in R”*! by
SE M = e(ENFE D) for (€,7) €R" xR

Hence, for f € S(R"*!), we have

M () %01) < 3 Tozpif (00, 26)

JjeZ

Page 4 of 12
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where

o] th 1/2
7}2,¢,jf(x»xn+l) = </ |NQ,¢,/(x,xn+1)| 7) ’
0

Nogjwa+1)=3 /S St 701 = 90 Kz, ) )

keZ

By using [4, ineq. (3.10)] together with Lemma 2.2, we get

” 7}2;05,](}() HZ}’(R””) = Cp,q:B}Z/zz_Spm |lf||Lp(Rn+1) (27)

for some constant 0 < g, < 1 and for all 2 < p < 0o. Therefore, by (2.6) and (2.7), we imme-
diately satisfy inequality (2.5) for all 2 < p < co. d

3 Proof of the main results
Proof of Theorem 1.1 The proof of Theorem 1.1 mainly depends on the approaches em-

ployed in the proof of [11, Theorem 1.1] and [4, Theorem 1.6]. By duality, for 1 <y <2,

we get
’ ’
Yede\ MY
7 )

Mggm(f)(x,x +1)= (/:O /s"fl eip(m)f(x — TU, X1 — ¢(r)).Q(u) do ()

which gives
||Mg;2,¢(f) ”LP(R””) = ”N(f) “LP(LV’(W,?),R"“)’ (3.1)

where N : LP(R"") — LP(L”'(R", %), R"*!) is a linear operator defined by

NI t17) = [ PO (s = i1 = 900) 2000 dr ),

gn-1

Now if we assume that

”Mg,)rz,qb(f) | ogoeny = INGO ||LP(L2(R+,%),RM) < Cpg(1+ B) *If llpwoer)
for 2 < p < oo; and

[ Mo s ] ety = INO oo oty < CIf ooy,

then by applying the interpolation theorem for the Lebesgue mixed normed spaces to the
last two inequalities, we directly obtain

( ’
IME 5 () |ty < Coa(l + B)YY If ooy (32)

fory’ <p<ocowithl<y <2;and ||M§)1’)S2‘d)(f)||Loo(Rn+l) < CIIf ll soo(rn+1)- Thus, to prove our
theorem, it is enough to prove it only for the cases y =1 and y = 2.
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Case 1 (if y = 1). Assume that & € L'(R", %) and f € L°(R"™"). Then, for all (x,x,,,) €
R” x R, we have

o . dr
/ o | PO (x — rut, xpa1 — (1)) 2(w) do (1) — | = W oy Il 1 e -
0 Sn- r
Hence, by taking the supremum on both sides over all 4 with | /|| [(redry =1, we reach

1
ME)")Q,J(?C,\X‘"Jrl) S C”f”Loo(RrH-l)

for almost every where (x, x,,,1) € R"!, which implies

”ngl,)(z,JHLOC(RH‘Fl) E C”f”LOC(RrHI).

Case 2 (if y = 2). We use the induction on the degree of the polynomial P. If the degree
of P is 0, then by Lemma 2.3 we get that, for all p > 2,

2
”M},)Q«»(f) ”LP(Rm) < Cpg(L+ B) I I o). (3.3)

Now, assume that (1.3) is satisfied for any polynomial of degree less than or equal to m
with m > 1. We need to show that (1.3) is still true if deg(P) = m + 1. Let

P(x) = Z a,x’

|la|<m+1

be a polynomial of degree m + 1. Without loss of generality, we may assume that
Z\y\=m+1 lay| = 1, and also we may assume that P does not contain lx|”*! as one of its
terms. Let {¢x}kez be a collection of C*(0,00) functions satisfying the following condi-

tions:

supp @i C Ik,ﬂ_Q — [2—(k+1)/39,2—(k—1)l39]; 0< o < 1;

‘dksok(r) _G

_rk'

Z‘Pk(r) =1; and

r
keZ du

Define the multiplier operators S in R"*! by

SHE N = e (1E)fE, ) for (£,n) eR" xR,

and set

0 9]
o)=Y o), L) =Y o).
k=1

k=—00 =

Thanks to Minkowski’s inequality, we have

M ()@ %041) < Mgy 4 oo () Xni1) + Mipty 0 (F) (6 %01), (3.4)

Page 6 of 12
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where

2
M e 1) %11)

B (/oo Zdr>1/2
- 2-Bo r ’

To(r) /sn—l eip(’“)f(x — FUy Xyl — ¢(r)).Q(u) do (u)

and

2
MEp 500 %1

-(f

Let us first estimate L”-norm of Mg}z,(bm (f). Define

2 dr 1/2
. .

Io(r) /S . PO (% = rit, %1 — (1)) 2(w) do ()

2
MG 5r00i ) Xori1)

(k-1 2 g\ 112
- (/2<k+1>ﬂg r > '

Hence, by generalized Minkowski’s inequality, it is easy to show that

/ ePCOf (x = r, x1 — B(r)) 2 (w) do (1)
Sn—l

0
Mg_)(),¢,oo(f)(x:xn+l) = Z Mﬁi’?,(b,oo,k(f)(xrxwrl)' (35)

k=—00

If p = 2, then by a simple change of variables, Plancherel’s theorem, Fubini’s theorem, and
Lemma 2.1, we get that

1/2
|| Mg;z,)g'qj,oo'k(f) “Lz(R”“) = <An+l lf(é‘r 77)|2s7k,9,¢(§: 77) d( dﬂ)

(k+1)

< C2% (1+ B)2If 2y (3.6)

However, if p > 2, then by the duality, there exists ¥ € L¥/2 (R"*1) with || ¥ | L0 o) = 1
such that

[ME i D o,

2280
- _/Rn+1 /;

2
- (27 V2r)) do (u)

/ L gk,.Q,P(r; u, 0; 0)f‘(x - 27(k+1)ﬂ9 Ty, Xys1
Si=

r

X |lp(xvxn+l)| dxdxrﬁl'

So, by Holder’s inequality and Lemma 2.2, we conclude that
(2 2
||MP,Q,¢,oo,k(f) “LI’(R”“)

5 2280
= C lf(Z, Zn+1)| / / |Q(M)|
R+l 1 gn-1
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X |lI/ (z +2 0 DBy <]5(2_(k“)‘3Q r)) | do () ? dzdz,,.1

= Cp(l + /39) ” lf|2 ||L(p/2)(Rn+1) |Mﬂ,¢(l1~/) ||L(p/2)’(Rn+1)

<GC(1+ ﬂf))”f”ip(knﬂ) ||‘IN’||L(1o/2>/(Rn+1)||~Q llL1(sn-1),
where lﬁ(z, Zns1) = ¥ (=2, —2441). Thus,
M ek ety < Co + B) 2 oo,
which when combined with (3.6) gives that there is 0 < v < 1 so that
||M§>2,)g,¢,oo,k(f) HU:(RM) < G2 VB 4+ B f Nl ooy

for all p > 2. Therefore, by (3.5) and (3.7), we obtain

@)
||'MP,QY¢,OQ(}(')HLP(RYI+1) E Cp,q(l + ,39)1/2||_f”LP(RYI+1)o

Page 8 of 12

(3.7)

(3.8)

Now, let us estimate the L”-norm of M}f}mogf). Let Q(x) = Zly\sm a,x”. Define

MEy solf) and M5, o 5 o(f) by

1
ng)ﬂ,qb,o(f)(x, Xpe1) = < /
0

2
M3 0600 Xni1)

-(f

Thus, by Minkowski’s inequality, we deduce

/ I (x = rit, 2,1 — $(r)) 2 (w0) do (1)
SVI*I

/SH (ez'P(ru) _ eiQ(VM))f(x —TU, Xyl — ¢(r))9(u) do (u)

2 2 2
Mg)j(gy¢,o(f)(x; K1) < Mg,)g,d,’o(f)(x, Xps1) + Mﬁ,'g,gw(f)(x, Xnel)-
On the one hand, since deg(Q) < m, then by our assumption,
(2 1/2
| Mai.p0() ||U;(Rn+1) < Cpg(1+ B2) “If ety

for all p > 2. On the other hand, since we have

> aw)

ly|l=m+1

| giPlr) _ eiQ(ru)| < A1) < r(m+1),

then by the Cauchy-Schwarz inequality, we reach that

2
M3 0600 Xni1)

' d 1/2
< C(/O /sn_l P2 D Q w)||f (o - 1ot 01 — ¢(r))|2do(u) 7r>

2d7' 1/2
- )
r

2dr 1/2
. .

(3.9)

(3.10)
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IA

1/2
May(If1%)
Hence, by Lemma 2.2, we get that

I M .0.00 | ogerty < Coll st 112 gy

< Gllf ll ey < Cp(1 + ,39)1/2|lf||u7(11”+1)

for all p > 2. Therefore, by (3.9)—(3.11), we obtain

| MBe 500 o < Col1+ B IIf o,

Consequently, by (3.4), (3.8), and (3.12), we finish the proof of Theorem 1.1.

o 1/2
(Z z<m+1>/2/ /S“].Q(qu( =11t 241 = ()| do () )

(3.11)

(3.12)

O

Proofof Theorem 1.2 Assume that §2 satisfies condition (1.1). If £2 € L(log L)Y7' (8" 1) with

1<y <2, then as in [14], we can decompose §2 as a sum of functions in L2(§"!). In fact,

we have a sequence {£2; : k= 0,1,2,...} of functions in L!(S"~!) with

such that

/.Q(x’)da(x’)zo, 20€L*(S""), Il <G,
gn-1

[o¢]
k ’
|2y < C2%, and 2= Y K 2l sy < Cl2l gogryi gty

k=1

Thus, we get the following:

M s (Ox+1) < MY (lxx+1)

[e¢]
+ Z ||.Qk||L1(Sn_1)./\/lg}2kv¢(f)(x,x +1).

k=1

Since 2 € L*(S$"1), then we have

| M 805 )] ogery < Co(1 + 108" (e + 11201l 251 DI ooy

for y’ < p < 00, and since

(1+ logl/V/(e + 12l o (sn1y)) < (1 + log””/(e +C2%)) < ck\,

(3.13)

(3.14)

(3.15)

Page 9 of 12
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then by Minkowski’s inequality and (3.13)—(3.15), we deduce that

o0
”Mg’;z:p(f) ”LP(RM) = HMg/.s)?oqb(f) HLP(R’”I) + Z ”‘Qk”Ll(S"*l) ||Mg.32k,¢(f)||z}f(11"+1)
k=1

[o¢]
- C”(“ Z”Qk”Ll(sn-ka)'lﬂlmwl)

k=1

< Cp”*Q”L(]OgL)l/y’(Sn—l)”f”U’(R”*l) = Cp”f”Lp(R”“)-

However, if 2 € B(qo’_l/y)(S”‘l) withg>1and 1<y <2,then

oo
2= Zcubw
n=1

where each ¢, is a complex number, each b, is a g-block supported in an interval /, on
(8"1) and

(o]
MP 7 (eud) = D lewl (1 +10g" (1)) < oo (3.16)
n=1

For each u, define the blocklike function b:; by

bu(x) =b,(x) - / ) b,(y)do(y). (3.17)
sn-
Then it is easy to show that bNM(x) has the following properties:

fs  budo»)=0, byl <C and byl < CILI

Without loss of generality, we may assume that |/, | < 1. So,

Mg+ 1) <Y leul My (e x +1). (3.18)

n=1

Therefore, by Minkowski’s inequality and the above procedure, we get that

o0
[ M3 20 ety < Coa D leul (L4108 (e 117)) If lzp et

n=1

< Coyllf llp ey
forallp >y’ O

4 Further results

In this section, we present some additional results that follow by applying Theorems 1.1
and 1.2. The first result concerns the boundedness of oscillatory singular integrals. More
precisely, we deduce the following.
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Theorem 4.1 Assume that 2 € L(logL)""'(8"1) UBEZO'_W)(S”‘I), q > 1 and satisfying con-
dition (1.1). Let h € £¥(R") for some 1 < y <2 and ¢ be given as in Theorem 1.1. Then the

singular integral operator TI(,],/S)M@ given by

Ty s ) Xs1) = p - V/ ePOf (x = 3,001 — d(191)) K u(y) dy (4.1)

Rﬂ
is bounded on LP(R"™) for 1 < p < co.

Proof The proof of this case is reached by using the observation that
T2 1 )05 + D] < 1l e e M ()6 + 1). (4.2)

In fact, by the last inequality and Theorem 1.2, we obtain that Tgfé'h,qb is bounded on
LP(R™) for y' < p < oo with 1 < y < 2. Furthermore, by a standard duality argument,
we satisfy the L” boundedness of T},}V}M,q& forl<p <y withl<y <2.So0,ify =2, then we
are done. However, if 1 < y < 2, then we apply the real interpolation theorem to attain the
L? boundedness of TIS,{)ZM for (y <p < y’). This completes the proof. d

The generalized parametric Marcinkiewicz operator related to the operator /\/t% s 18
defined by

1 b (Nx+1)

(.

As a direct consequence of the notice that

’

1 14 dt 11y’
7) . (4.3)

P /| ‘ ePOf (x — 3,501 — 9 (191)) ) Iy dy
yl<t

1 b o (N@x+1) < CMTD S (F)xx + 1)
for 1 <y <2,itis easy to derive the following result.

Theorem 4.2 Let §2 satisfy condition (1.1) and belong to the space L(logL)”y/(S”‘l) U
B((Io’fl/y)(S”’l)for some q >1 and 1 <y < 2. Suppose that ¢ and P are given as in Theo-
rem 1.2. Then the parametric Marcinkiewicz operator ug,yzw is bounded on LP(R™") for

y' <p<oowith 1<y <2;and it is bounded on L°(R™?) for y = 1.

We point out that by specializing to the case P =0, y = 2 and ¢(¢) = ¢, then the oper-
ator ug}m (denoted by ) is just the classical Marcinkiewicz integral operator intro-
duced by Stain in [29] in which he showed that u; is of type (p,p) for 1 < p < 2 provided
that 2 € Lip,(S"!) for some 0 < & < 2. Subsequently, the operator p has been stud-
ied by many authors (for instance, see [11, 13, 15, 18], as well as [19] and the references
therein). For the significance and recent advances on the study of the generalized para-
metric Marcinkiewicz operators, we refer the readers to consult [7] and [6] among others.

It is worth mentioning that Theorem 4.1 generalizes the corresponding results in [4, 14,
16], and [22]. However, Theorem 4.2 extends and improves the results found in [11, 13,
19], and [29].
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