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Abstract

In this paper, we introduce a new class k-US(q, v, m,p), vy € C\{0}, of multivalent
functions using a newly defined g-analogue of a Salagean type differential operator.
We investigate the coefficient problem, Fekete-Szego inequality, and some other
properties related to subordination. Relevant connections of the results presented
here with those obtained in the earlier work are also pointed out.
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1 Introduction
For a positive integer p, let A, denote the set of all functions f(z) which are analytic and
p-valent in the open unit disk E = {z € C: |z| < 1} and have series expansion of the form

fl2) =2+ Z a,z". (1.1)

n=p+1

Also, let f x g denote the convolution (or Hadamard product) of f, g € A, defined as fol-

lows:

(fxg)z) =2+ Z a,b,z",

n=p+1

where f(z) is given by (1.1) and g(z) = 2 + Z:ipn b,z".

Quite recently, g-analysis has influenced the researchers a lot due to rapid applications
in mathematics and related fields. In the last century many well-known researchers (for
details, see [1,4, 6-10, 13, 14, 21, 22, 32]) did great work on g-calculus and found numerous
applications. It is worth mentioning that convolution theory helps many researchers to
investigate a number of properties of analytic univalent and multivalent functions. Several
differential and integral operators were defined using ordinary derivative; for details, see
[29].

Due to growing applications of g-calculus, investigators are interested in studying prop-
erties of functions using g-operators instead of ordinary differential operators; for com-
prehensive study, we refer to Kanas and Reducanu [15], Mahmood and Darus [19], and
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Mahmood and Sokol [20]. In this paper we define a g-analogue of a Salagean type opera-
tor and study its effect on multivalent functions in conic domains.
For any non-negative integer #, the g-integer number # denoted by [#], is defined by

[V[]q = ’ [O]q =0.

For a non-negative integer #, the g-number shift factorial is defined as
[n],! = [11412],[3]4-.[n];  ([014'=1).

We note that when g — 1, [n],! reduces to the classical definition of factorial. In general,
[t], is defined as follows:

[t]q = 1 » [O]q =0, qe (0: 1)

For f € A, in [5], the g-derivative operator or g-difference operator is defined as follows:

04f (2) = LZ(Z; :J; ;Z) .

It can easily be seen that

o0 o0
0,2" = [n]qz”’l, g { Zanz”} = Z[n]qa,,z”’l.
n=1 n=1
Taking motivation from the above mentioned work, we define new convolution operators
as follows.
Let
o0
_ P _ m_n
D(p,q,mz)=2"+ Z[n+(p 1)]qz . (1.2)

n=p+1

Using the functions @ (p, g, m,z) and the definition of g-derivative along with the idea of
convolution, we now define the following differential operator S, f () : A, — A, for mul-
tivalent functions

Syf (@) = ®(p.q,m,2) xf(z), meNU{0},

=+ Z [n+ (- 1)];"anz”,

n=p+1

o0
=2+ Z Yaa,z", (1.3)

n=p+1

where

Yn=[n+@-D]. (1.4)



Hussain et al. Journal of Inequalities and Applications (2018) 2018:301

For p = 1, the operator 7 f (z) reduces to the Salagean g-differential operator defined by
Govindaraj and Sivasubramanian [11], and for p = 1, ¢ — 1, the operator S L;”pf (z) reduces
to the Salagean differential operator defined by Salagean [26].

Taking motivation from [12] and using (1.3), we define a new class k-US(q, vy, m, p) of
multivalent functions as follows.

Throughout paper we shall assume k >0, m € NU{0}, g € (0,1), y € C\{0},and p e N.

Definition 1.1 A function f(z) € A, is in the class k-US(q, y, m, p) if it satisfies the con-
dition

Ao Coa) e Care )
Re{“y{mq( ser@ ) L s )

By taking specific values of parameters, we obtain many important subclasses studied by

, z€E.

various authors in earlier papers. Here we enlist some of them.
(i) For p =1, the class k-UUS(q, ¥, m, p) reduces to the class k-UUS(q, y, m) studied by
Saqib et al. [12].
(ii) Forp=1,m=0,k=0,and y € C\{0}, the class k-LUS(q, ¥, m, p) reduces to the
class S;(y) studied by Seoudy and Aouf [27].
(iii) Forp=1,m=0,k=0,and y = ﬁ, with 0 <« < 1, the class k-US(q, y, m, p)
reduces to the class S;‘ (@) studied by Agrawal and Sahoo [2].
(iv) Forp=1,m=0,q— 1l,and y = ﬁ, with 0 < « < 1, the class k-US(g, y,m, p)
reduces to the class SD(k, o) studied by Shams et al. [28].
(v) Forp=1,m=0,g— l,and y = ﬁ, with 0 < « < 1, the class k-US(q, y,m, p)
reduces to the class KD(k, o) studied by Owa et al. [24].
(vi) Forp=1,k=1,m=0,q— 1l,and y = ﬁ,with0§a<l,theclass
k-US(q,y,m,p) reduces to the class S(«) studied by Ali et al. [3].
(vii) Forp=1,k=1,m=0,g— 1l,and y = ﬁ,with0§a<l,theclass
k-US (g, y,m, p) reduces to the class K(«) studied by Ali et al. [3].
(vili) Forp=1,m =0, q— 1, the class k-UUS(q, y, m, p) reduces to the class K-ST
introduced by Kanas and Wisniowska [17].
(ix) Forp=1,k=0,m=0,g— 1,and y = ﬁ,with0§a<1,theclass
k-US(q,y,m, p) reduces to the class S*(«), a well-known class of starlike
functions of order «, respectively.

Geometric interpretation. A function f(z) € A, is in the class k-US(q, v, m, p) if and only

e 1 204 Sguf (2)
if o Comit

) takes all the values in the conic domain £2,, = /i, (E) such that
2y =Y+ (1-a),

where
Q2 = {u+iv:u>k\/m}.

Since /i, (z) is convex univalent, so the above definition can be written as

1 (zaqSZ‘pf (2)

Pl \ Sp/@

. ) < hyy (2), (1.5)
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where
14z
1-z’°
1+ 2—1’(10g )
hiy (2) = 1+ m sinh*{(2 ar(c)cos k) arctan h,/z},
v
1+ g sin(3z fo ﬂ\/_dx“ el

for k=0,
fork=1,

forO<k<1, (1.6)

for k > 1.

The boundary 92, of the above set becomes an imaginary axis when k = 0, and a hyper-

bola when 0 < k < 1. For k = 1, the boundary 0£2;,,, becomes a parabola and it is an ellipse

when k > 1 and in this case where

z-4/t
1- iz

u(z) = z€E,

and ¢ € (0,1) is chosen such that k = cosh(w K'(¢)/(4K(¢))). Here K(¢) is Legendre’s com-
plete elliptic integral of the first kind and K'(¢) = K(+/1 — £2), and K'(¢) is the complemen-
tary integral of K(¢) (for details, see [16, 17, 23]). Moreover, i, (E) is convex univalent

k+y

in E, see [16, 17]. All of these curves have the vertex at the point ;7.

2 Aset of lemmas
Each of the following lemmas will be needed in our present investigation.

Lemma 2.1 ([25]) Leth(z) =
in E, then

Y hyZ" < F(z) =Y o2, duz" in E.IfF(2) is convex univalent

|l1n| = |‘ilL

n>1.

Lemma 2.2 ([31]) Let k € [0,00) and let hy,, be defined (1.6). If

My (@) =1+Qiz+ Qo2 +-+, (2.1)
2yA2
1 0< k<1,

Q=1%, k=1, (2.2)

72y

viceey kL
A23+2 Ql» 0 =< k < 1;

Q=12Q, k=1, (2.3)
4K2(t) (E2+6t+1)—1
WO QK> 1,

where A = M, and t € (0,1) is chosen such that k = cosh(

plete elliptic integral of the first kind.

Lemma 2.3 ([18]) Let h(z) =1+ Y., c,2" be analytic in E and satisfy Re{h(z)} > 0 for z
in E. Then the following sharp estimate holds:

’cz —Mcﬂ < 2max{1, 21 — 1|}, Yu eC.

Page 4 of 12
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3 Main results
In this section, we will prove our main results.

Theorem 3.1 Let f(z) e k—US(q,y,m,p). Then

I f(z) < zexp /0 ) ’M d, (3.1)

where w(z) is analytic in E with w(0) = 0 and |w(z)| < 1. Moreover, for |z| = p, we have

1 _ _ sm 1 —
exp( [ P8 CONL ) <[l O ([ PIONTL )
0 0

0
where hy, () is defined by (1.6).

Proof If f(z) € k —US(q, Y, m, p), then using identity (1.5), we obtain

1 (20,S7,f (2)
E( Sy f@) ) = @)
1(20,S0,/(2))
; (W) = hk,y (W(Z)), (3.3)
aqSZ,lpf(Z) _ 1 _ p{hk,y (W(Z))} -1
S,;f’nf () z z ’

For some function w(z) is analytic in E with w(0) = 0 and |w(z)| < 1. Integrating (3.3) and

after some simplification, we have

S;f‘pf(z) < zexp fz w dk. (3.4)

0

This proves (3.1). Noting that the univalent function /y , (z) maps the disk |z| < p (0 < p <
1) onto a region which is convex and symmetric with respect to the real axis, we see

iy (-plzl) < Refhr, W(p2)} < hiy(plzl) (0<p<1,z€E). (3.5)

Using (3.4) and (3.5) gives

/lp{hk,y(_p|z|)}_1dpSRG/IP{hk,y(W(P(Z))}—ldp
o 0 o

- /1p{hk,y(p|z|)} -1 dp
0 P

0

for z € E. Consequently, subordination (3.4) leads to

S" flz
dp <log q’i() dp,

/1 plhiy (=plzl)} -1
0

</1p{hk,y(pIZI)}—l
0 ~Jo

0

hk,y(_p) = hk,y (—pIZI), hk,y (/0|Z|) = hk,y (p)



Hussain et al. Journal of Inequalities and Applications (2018) 2018:301

implies that

/ ' pli, (—p)) -1
exp
0 P

_| 50/ @
- z

1
-1
< exp / Plhcy (p)} dp.
0 P

This completes the proof. d
When p = 1, we have the following known result proved by Saqib et al. in [12].
Corollary 3.2 Let f(z) € k—US(q, y,m). Then

“ hiy (W) -1

dg,
c §

SZ’f(z) < zexp/0

where w(z) is analytic in E with w(0) = 0 and |w(z)| < 1. Moreover, for |z| = p, we have

1
i,y (=p) = 1 )
exp( | = —dp) <
p(/o 1Y
1 -1
fexp</ hk,y(p) dp),
0 p

where hy, (z) is defined by (1.6).

SIf(2)
z

Theorem 3.3 Iff(z) e k—US(q, v, m,p), then

apal £ ———— 36)
{lp+ l]q _P}V/pﬂ
and
s n-2
@1l = {[n +P_1]q_}7}1/fn+p 1 < m) form=34... (37)

j=1

where § = p|Q1| with Q; given by (2.2).

Proof Let
1 zaqS;f’pf(z)>
(e ) ),
[p]q< Snf(2) & (3.8)

20,81 (2) = [P)y S f (2)h(2),

where /(z) is analytic in E and #(0) = 1. Let h(z) =1 + Y .-, ¢,2" and S:If’pf (z) be given by
(1.3). Then (3.8) becomes

2+ Z nlg¥nanz" = (ic,ﬂ”) <z”+ i wnanz”).

n=p+1 n=0 n=p+1

Page 6 of 12
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n+p-1

Now comparing the coefficients of z , we obtain

[I’l +p— l]ql//;ﬁp—larﬁp—l =pwn+p—lﬂn+p—l +]9{Cl 1ﬁrz+p—2an+p—2 L Cn—l}t
{[” +p - l]q _p}w;ﬂp—lanﬂa—l :P{Cl 1;[frler—Zaner—Z t--t Cn—1}~

Taking the absolute on both sides and then applying the coefficient estimates |c,| < |Q1],
see in [23], we have

< plQl
= {[”H'P l]q p}wm—p 1

{1 + wp+1|ap+l| teeet wn+p—2|an+p—2|}~

Let us take § = p|Q; /|, then we have

8
|@nip-1] =
et {[”+P—1]q—19}1ﬁn+p—1

{1 + wpﬂ |ap+1| toeeet wn+p—2|ﬂn+p—2|}' (3~9)

We apply mathematical induction on (3.9), so for n =2 in (3.9), we have

8

lapi| < ——————, (3.10)
P {[P+1]q—17}1//p+1
which shows that (3.7) holds for # = 2. Now consider the case # = 3 in (3.9), we have

8

a <— 31+ a .
| p+2| = {[P+ 2]q —P}l/fp+2{ ¢p+1| p+1|}
Using (3.10), we have

8 8
+21 = 1 4
|ap 2| {[[9+2 P}lﬁpn{ * [P+1]q—19}

which shows that (3.7) holds for # = 3. Let us assume that (3.7) is true for n < t, that is,

t—

2
forn=3,4,....
=1( [1+p]q )

ﬂt+p—1| =<
{[

t+p 1]q P}l/fnp ll

Consider

|aspl < {1 +Ypialapea| +- - ¢t+p—l|at+p—l|}

o {[t +P]q P}lﬁnp

8 {1+ [p+1] & T 2 —p(l [p+1q—p)+“'}

- -
= § t-2 )
{E+plg—pHe t -1 [l @+ [1+p]q—p)

5 o 5
=——  THi+—m),
(e + Pl =Py }_1[( ' [j+p1q—p>

which proves the assertion of theorem # =t + 1. Hence (3.7) holds for all n, n > 3.
This completes the proof. d
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When p = 1, we have the following known result proved by Saqib et al. in [12].

Corollary 3.4 ([12]) Iff(z) € k—US(q,y,m), then

= G, )

and

S n-2 s
an] < mﬂ(u ) frnee

where § = |Qq| with Q, given by (2.2).

Theorem 3.5 Let 0 < k < oo be fixed and let f(z) € k —US(q, v, m, p) with the form (1.1).
Then, for a complex number u,

|< pQi
7 202p + 14 (p + 2], - p}

’ﬂp+2 - ““127 max[l, [2v — ll], (3.11)

where

. 4p 4p(2p + 1]7{[p + 2], —p})}’ (3.12)

v=3{- oo ap
2 Q {lp+1l-p} (2p17)*p + 114 - p}
and § = p|Q1|, with Qy and Q, given by (2.2) and (2.3).

Proof Letf(z) € k—US(q, y,m, p), then there exists a Schwarz function w(z), with w(0) = 0
and |w(z)| < 1, such that

1 <w><hk},(z), z€E,

g\ Spf(2)
Pla azpf;( | (3.13)
1 M) -k
[p]q< 1) Ky (W(2)).
Let /(z) € P be a function defined as
1+ w(z)
"= T ey
which gives
2
w(z) = %lz+ %(cz—%>22+m
and
I (())_1 Qi % l ﬁ 2 (3.14)
Ly (w(2) =1+ 2z+ 2 +2 62—2 Qriz +---. .
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Using (3.14) in (3.13) and along with (1.3), we obtain

4 pQic
pel = [2p {lp+1],

and

~ J2 Qe ¢ 4pQ}
“"*2‘[2p+11;n{[p+21q—p}{ 2 +4(Q2‘Q”{[p+11q—p}>}'

Using any complex number p and the above coefficients, we have

le {
202p + 117{[p + 214 - p}

Apia — /m;+1 = ¢ —ver}. (3.15)

Using Lemma 2.3 on (3.15), we have

42 = 1ty = 5T p{%m —py mexlbiv= il
where
v:l{l—%—Q< 4p u 4p(2p + 117{[p + 2], - p})}O
2 Q {lp+1l;-p} (2p];”)2{[p+1 ¢~ P}
This is our required result (3.11). 0

When p = 1, we have the following known result proved by Saqib et al. in [12].

Corollary 3.6 ([12]) Let 0 < k < 0o be fixed and let f(z) € k —US(q,y, m) with the form
(1.1). Then, for a complex number u,

Q

< W maX[l, |2V — 1|],

| ) |

where

1{1_%_(2( 4 4[3]’”{[]q—1})}
72 e NP A R (P P TRES T

and Q and Q, are given by (2.2) and (2.3).

Theorem 3.7 Ifa function f(z) € A, has the form (1.1) and satisfies the condition
S {{1011g - I+ 1)+ ply iwlian < Iy, (316)

then f(z) e k—US(q,y, m,p).
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Proof Let

20,Syf (2) = pSyf (2)
PSIf(2)

_ Z;ﬁml 1pn{[n]q _p}ﬂnzn

P2 pY 0 Vnan?

< Zfipﬂ an{[n]q - pillax

bl = >0 PlYallanl

‘1<z8qS;f‘pf(z)) ~ 1‘ ~
p\ Snf2) B

(3.17)

From (3.16), it follows that

[o¢]
p= Y plyullad >0.

n=p+1

To show that f(z) € k —US(q, ¥, m,p), it is enough to prove that

oG )=l Cora) ]
‘y{p< sur@ )T e\ s ) ST

From (3.17), we have

G )l BRG]

v\ S7f(2) ylp\ Spf()
)| 22
lyllp\ Spf(2) lylip\ S7.f(2)

<(k+1)'1(zaq52‘?pf(z))_1‘

vl e\ spfe

(k + 1) | 204Sy,f (2) = pSyf (2)
Iyl pSIf(2)

_(k+1) { Y omepet Wndlnly = pYl1anl }
1 | Il = 320, Yl

<L g

When p = 1, we have the following known result proved by Hussain et al. in [12].

Corollary 3.8 ([12]) If a function f(z) € A has the form (1.1) and satisfies the condition

> iy = 1|tk + 1) + [y [} 1] lanl < Iy,
n=2

then f(z) e k—US(q,y, m).

Wheng — 1,p=1,m=0,y =1-«, with 0 <« < 1, we have the following known result,
proved by Shams et al. in [28].

Page 10 of 12
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Corollary 3.9 A function f € A of the form (1.1) is in the class SD(k,«) if it satisfies the
condition

oo

Z{n(k+ 1) - (k+a)}la, <1-a,

n=2

where 0 <o <1 and k > 0.

Wheng— 1,p=1,m=0,y =1-«, with 0 <o <1 and k = 0, we have the following
known result proved by Silverman in [30].

Corollary 3.10 A function f € A of the form (1.1) is in the class SD(«) if it satisfies the
condition

D (n—alla,| <1-c.

n=2

Theorem 3.11 Letf(z) € k—US(q,y,m,p). Then f(E) contains an open disk of radius

e {lp+ 1]q —P}I/fp+1
(]9 + 1){[P+ l]q _p}llfpﬂ +8’

where § = p|Q1| with Q; given by (2.2).

Proof Let wy # 0 be a complex number such that f(z) # wy for z € E. Then

fl(z)zmzz_'_(up+l+i>zp+l+___

wo — f(2) Wo

Since f1(z) is univalent, so

1
ap+1+—'§p+1.
Wo

Now, by using (3.6), we have

1
Wo

< @+Dilp+ l]q _p}lppﬂ +6
- {lp+ 1l - P}pn ‘

Hence we have

{[P + l]q _p}llfpﬂ
P+ Dilp+1]y—pYpa +68 O

[wol >

When p = 1, we have the following known result proved by Saqib et al. in [12].
Corollary 3.12 ([12]) Letf(z) € k—US(q,y,m). Then f(E) contains an open disk of radius

2, -y
222l -1+ Q)

where Q1 is given by (2.2).
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