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1 Introduction

Hidden Markov chain is an important branch of Markov chain theory. A classical hidden
Markov model was first introduced by Baum and Petrie [1]. It provides a flexible model
that is very useful in different areas of applied probability and statistics. Examples are
found in machine recognition, like speech and optical character recognition, and bioin-
formatics. The power of these models is that they can be very efficiently implemented and
simulated. In recent years, many new theories were introduced into hidden time inhomo-
geneous Markov chain (HTIMC) theory. G.Q. Yang et al. [2] gave a law of large numbers
for countable hidden time inhomogeneous Markov models. In addition, delayed sums of
random variables were first discussed by Zygmund [3]. Gut and Stradtmiiller [4] studied
the strong law of large numbers for delayed sums of random fields. Wang and Yang [5]
studied the generalized entropy ergodic theorem with a.e. and £; convergence for time
inhomogeneous Markov chains. Wang [6, 7] discussed the limit theorems of delayed sums
for row-wise conditionally independent stochastic arrays and a class of asymptotic prop-
erties of moving averages for Markov chains in Markovian environments.

In the classical studies there are two simplest models for predicting: the mean model and
the random walk model [8]. These two models use all the historical information. But we
often encounter time series that appear to be “locally stationary’; so we can take an average
of what has happened in some window of the recent past. Based on this idea and the above
researches, the main focus of this paper is to obtain a general strong limit theorem of
delayed sums of functions of random variables for an HTIMC, and as corollaries, some
strong laws of large numbers for HTIMC are established thereby.

The remainder of this paper is organized as follows: Sect. 2 gives a brief description of
the HTIMC and related lemmas. Section 3 presents the main results and the proofs.
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2 Preliminaries
In this section we list some fundamental definitions and related results that are needed in
the next section.

Let (2, F,P) be the underling probability space and ¢ = (§,7) a random vector, where
& = (&,&1,...) and 1 = (9o, n1,...) are two different stochastic processes, n is hidden
(n takes values in set ) = {wg,w1,...,wp}) and & is observable (¢ takes values in set
X ={00,61,...,04}).

We first recall the definition of a hidden time inhomogeneous Markov chain (HTIMC)
¢ =(&,1) = {&, nn}32 with hidden chain {7,}32, and observable process {£,}7°,.

Definition 1 The process ¢ = (£,7) is called an HTIMC if it follows the following form
and conditions:
1. Suppose that a given time inhomogeneous Markov chain takes values in state space
Y, its starting distribution is

(q(wo), q(@n);...;q(wp)),  qlw)>0,w;€, (2.1)
and transition matrices are

O = (@il ), qr(wj| i) > 0,007 € Y,k >1, (2.2)
where

qr(wj | wi) =Pl = wj | ko1 = y), k=1

2. For any positive integer #,
P(§ = %0 &n = %0 | 1) = [ [Pk =i | mi) s, (2.3)
k=0

Some necessary and sufficient conditions for (2.3) have been given by G.Q. Yang et al.

[2].
(a) (2.3) holds if, for any n,

P(§0 = 0,0 = %n | 10 = Y0s- s M = Yr) = | [ Pk = 2a | mic = ) (2.4)
k=0

holds.
(b) ¢ =(&,n) is a hidden time inhomogeneous Markov chain if and only if Vu > 0,

n n
P@0,50,- % ) = q00) [ [ a0k 1 ye-0) [ [ i 1 90), m= 1. (2.5)
k=1 k=0
(c) ¢ =(&,n) is a hidden time inhomogeneous Markov chain if and only if Yz > 0,
]P)(nn =Yn | SO =X05.-- ¢En—1 =Xn-11M0=Y0r++ s Np-1 = yn—l)

=P(n, =Y | M1 =J/n-1), (2.6)
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P(én =%Xn | %-O =xoy-..,§n =X N0 = Y055 Nn-1 :yn—l)
=P, =%, | nn :yn)' (2.7)

Let {a,, b,} be two sequences of nonnegative integers with b, converging to infin-
b 00 @7)s Wa, b, (@1), Tap,(6), 0; € X, wj € Y be the number of
ordered couples (9, ®;) in (§4,+1May+1)s (Eape2s Nan+2)s -5 Eaybys Nay+by)s With @; among

Naw+1s Nay+2s+ - +» Nay+b, a0d 6; among &, 11,&4,12, .- .,€a, 45, r€Spectively.

ity as n — oo. Let S,

It is easy to verify that
an+by
Sy (0> 0f) = Z L0,y (1) Ly (i), (2.8)
k=ay+1
an+by
Wan,bn (wl) = Z l{wi}(nk)r (29)
k=an+1
and
an+by
Tanbn 0 = Y 1igy (&), (2.10)
k=ay+1

where 14(-) denotes the indicator function of set A.

Lemma 1 Let ¢ = (§,n) = {(§x, ni)}ze, be an HTIMC which takes values in X x Y, let
{fi(x, 9152, be a sequence of functions on X x Y, let Fryu = 6 {(Ems N>+ »Ens 1), 0 < <
n € Z,},and let {a,, b,} be a sequence of pairs of positive integers with Y . exp[—eb,] < oo,
where ¢ > 0 is arbitrary. Define

an+by
A(a) = { w: limsup o Z ]EU,(Z(E/(, nk)e""fk@k’”k)‘ | fan,k—l] = M(a,w) < 00
=00 n k=a,+1
(a>0). (2.11)
Then
1 an+by
Jim o= > im0~ Elfil 10 | Fapka]} =0 as. o € A@). (2.12)
n k=a,+1

Proof Let A be a real number. We first define

b
& SRt fieEromi)

b
l_[zi;n;h E[ekfk@kvﬂk) | fa,,,k—l]

tapby (A, ©) = . (2.13)

Note that

e}\‘fﬂn+bn (EansbnMansbn)

¢ Aw) =t A,
ﬂ"'bn( ) anbn-1 ( w) ]E[e)‘fuyﬁbn EansbnrNan+bn) | faﬂ an+br1*1]
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and

]E[ta,,,bn ()‘-7 (l))] = E{E[tan,bn ()‘-7 a))] | fan,a,ﬁbn—l }

Hence, we have

]E[ta,,,bn ()‘-7 a)) | fu,,,u,ﬁb,,—l] = ta,,,b,,,l ()\7 w) a.s.

It is easy to show that E[z,, 5,0.0)] = 1; Y1 > 1. This and the Markov inequality imply that,

for every ¢ > 0,

1
IF’|:b— logta, p, (A w) > 8] = P[tan,hn (A, @) > exp(ns)] <1-exp(-eby,).

n
Hence

oo 1 o0
Pl —logt, rLow)>el| < exp(-¢b,) < 00,
Zl [bn 8 Ly b, (1 @) ] Zl p(-£by)

which, by the first Borel-Cantelli Lemma, allows us to conclude that lim sup,, i logta, b, (s,

w) < € a.s., since ¢ is arbitrary, thus

1
limsup — logt,, 5, (A, w) <0 as. (2.14)

n—oo n

follows since - log % = 2% 5 0 (1 — 00). We have by Egs. (2.13) and (2.14) that
by 08 » Yy Eq

b,
1 an+by an+by
limsup — 4 A Z Sel&omi) — Z logE[ekfk(Sk'”k)|]-'umk_1] <0 as. (2.15)
=00 bn k=a,+1 k=a,+1

Taking 0 < A < «, and dividing both sides of Eq. (2.15) by A, we get

1 [ @t Wnthn o R [ M) | E
hmsupb—{ Y Aleono- Y. oERl | Fonk oo as (2.16)
=00 n k=ay+1 k=ay+1

We have by Eq. (2.16) and inequalities logx <x—1 (x>0),0<e* -1 -x < %xze“" that

an+by

lim sup bi Z V& ) = E[fi (€ i) | Faha]}

n— 00 n
k=ay+1

an+b
1 2 (logE[eMcCono | F,
< limsup — Z { ogEle | Fayic1] —E[fiErm) | ]:an,kl]}

=00 " k=anu+1 A
1R B | F ] - 1

< limsup — . —E[fk(fk, ) | ]:an,k—l]
n—oo b A

n k=a,+1
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an+by

A 1 o
<3 lim sup — Z E[f (i) eCemdl | F iy ]

n—>00 bn k=an+1
=Un

= %M(a,a)) a.s.w € Aa). (2.17)

Letting A N\ 0* in Eq. (2.17), we get

an+by
thUP . Z Vi€ = ElfiEomi) | Fapa1]} <0 as. 0 € Aa). (2.18)
ES Ly S

Taking —a < A < 0, similarly, we have

an+by
hmnl_r}go— Z & mi) = E[fiEomic) | Fain |}
7 k= an+1

A
> EM(OMO) a.s.w € Alw).

Putting A /' 07, we have

an+by
tim inf = 3" {60 - E[fnd | Faua]} 20 as.ocd@.  (219)
k=au+1

From Egs. (2.18) and (2.19), we obtain

an+by

1
Jim o= il mo) ~ Elfilom0) | Fapia]} =0 as o € Ae).
" k= ap+1
Thus we complete the proof of Lemma 1. d

Lemma2 Assumethat ¢ = (§,1) = {6k, nk))32, is an HTIMC defined as in Lemma 1. Then,
foreveryj<k;k>1,

E[fe &) | Fiieor] = E[fiEome) | miea]  acs. (2.20)

Proof From definition of Hidden Markov chain, we have, for every x; € X, y; € J, m < u;

n>1,

PEn =% Mn =Y | Em = % = Yim> -+ +»€n-1 = %015 M1 = Yne1)
=DPEn =% | Em = %, M = Y-+ >+ 601 = X1, Mncl = Yy M = V)
X PWn = Yu | Em = %ms M = Yims -+ En1 = X015 M1 = Yot En = %)
=DPEn =% [ 10 =Yn) PO = Y | Nn1 = Y1560 = %)
=DPEn =% M0 = Yu | 01 = Y1)

Hence, we have

]E[fk(%-k: r]k) | J_'},k—l]
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= Z ka(xk,yk)rp(&k =Xk Mk = Vi | & = %505 = Yoo+, Ek1 = Xko1, k-1 = Yi-1)
xkEX ykey

= )Y Sl yi )Pk = KoMk = Vi | Mke1 = i)

x€X yrely

= E[fi (&0 i) | mi-1]- O
According to Theorem 1 of Wang [5], it is easy to verify the following lemma.

Lemma 3 Suppose that n = (09, n1,...) is a time inhomogeneous Markov chain which takes
value in state space ), its starting distribution is

(q(@0), q(@1); -5 (),  qlw;)>0,w; €Y, (2.21)
and transition matrices are

Qs = (@il ), qr(wj| ) > 0,007 € Y,k >1, (2.22)
where

qr(wj | ) =Pl = wj | mee1 = i), k=1

Assume that T1 = (q(w;, ), q(w;, @) > 0, w;,w; € Y is another transition matrix which
satisfies the following condition:

an+by
HILTISO b_ Z ‘qk(wbwj) - Q(wi:a)j)‘ =0 Vo,w; e V. (2.23)
n k=a,+1

Then, for each ws € Y,

an+by,
nli)rglo b_n kzl Liwg(Mk-1) =75 a.s., (2.24)
=an+

where (179, 01, T, . . ., 7Tp) IS the stationary distribution determined by T1.

3 Main results
Theorem 1 Let ¢ = (§,n) = {(5, ni)}5e, be an HTIMC which takes values in X x Y, f(x,y)
be a function on X x Y.

Let T1 = (q(w;, w))), q(wi, ;) > 0, wi,w; € Y be another transition matrix and p(6; |
w)), (6;, wj) € X x Y be conditional probabilities which satisfy

ant+by

nh;go b Z |qk(wiij) - q(wi,wj)| =0 VYo,wje)), (3.1)
n k=a;+1
1 ant+by

Jim o= 3 7 [pel6; | 0) - pl6; || =0 V(O) € X x Y. (3.2)

n k=a,+1
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If the transition matrix T1 has a stationary distribution w = (7o, 771, 703, . .., Tp), then

an+by
Jim b— Do fEem) =) 0 Y afGhe)alws )p®i | @) as. (33)
k=ay+1 0;eX w/ey ws€Y

Proof Since f(x,y) is bounded, we have by Lemmas 1 and 2 that
1 an+by
lim -~ Z &) —E[f Gomd) [ mea]} =0 as. (3.4)

n—oo b
m k= anp+1

Observe that

E[f € m) ] =D Y fOr o)qetmr, )pil6; | mica).

OieX wjey

We have that, by Eq. (3.4),

an+by
lim sup Z FEm) =Y YY" 2f (0 0)q(ws 0)p6; | ;)
Lt ey 'S an+1 O eX wje) wsey
ap+by
<lim sup |-— > E[fEom) ] = Y D Y wf (0h 0)q(ws 0)p(6; | o))
n—o0| En k=a,+1 0,eX wjeY wsey
an+by
=lim sup |~ > 37 Y (0 )il 0)pi6: | i)
e =an+l6;eX wjey

=333 wf On (o w)p: | )

0;eX wjeji ws€Y

ap+by

Z YT L k) 7ef i )i, ) pi(6: | e0y)

" k= an+l 0;eX w,ey ws€Y

— Z Z Z nj(@i,wj)q(ws, wj)p(ei | a)s)

0,’6)(‘ w,-e)i wsey

=lim sup

n—00

an+by

Z ZZZI(DS nkl el!a)})

n k=ap+10;eX wjeY wsey

=lim sup
n—0o00

x [(qr(@s, @) — gl ) pi6; | ws)

+ q(ws:wj)(pk(ei | a)s) _p(ei | ws)) +p(0i | ws)q(wsx wj)]

— Z Z Z nj(@i,wj)q(ws,wj)lﬂ(9i | ws)

0ieX wieY wsey

an+by
<timsup > > ), sup v<9,,w,)|H > ar(ws @) - qlos, )]

QGXw/eywseyG‘GX w/ s ap+1
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1 an+by
+ 5o D |pelil ) - pl6; | )] }
n k=ay
=0.
Therefore Eq. (3.3) holds. g

Corollary 1 Under the conditions of Theorem 1, we have for each 0y € X, wy,ws € ),

1
lim b_nsa”’b” 6y, 0p) = Z msq(ws, w0 )pOr | w5)  a.s. (3.5)

n—00
ws€Y

Proof Put f(x,y) = lwl_,}(x)l{w/_,,(y), (67, w7) € X x ) in Theorem 1. Then

an+by
i S fn - XX X wfnenatonpta )
k=an+1 6;€X wjeY wseY
ay+by
=nllr&b—n Z Lig,) (€ Ly (1)
k=ay+1

- Z Z Z Lio,) (6110, (@))75q(ws, 0)p(6; | @)

OieX wjey wsey

. 1
= lim — a,,, bn(ez’rw] ) - Z ﬂsq(wsrw/)p(@/ |ws) =0 as.

n—00 b oy O
Corollary 2 Under the assumptions of Theorem 1, we have, for each 0 € X, ws € Y,
. 1
Jim =T, (6r) = > wplr | o) as. (3.6)
wseY
Proof Put f(x,y) = 19,1 (%), (x,y) € X x ) in Theorem 1. Then
an+by
ngn;o = > fEen)- Y] Y D w0 pales 0)p(®; | )
" k= ap+1 0;€X wje) wsey
ap+by
)L“;o = Y L&) - D Y Y L @)mqlws 0)p6; | o)
oy an+1 0,eX wjeY wsey
1
= lim b_nn”’b" (6) - Z 7 pBr |w) =0  as. .

ws€Y
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