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1 Introduction

Many applications of the split feasibility problem (SFP), which was first introduced by
Censor and Elfving [1], have appeared in various fields of science and technology, such
as in signal processing, medical image reconstruction and intensity-modulated radiation
therapy (for more information, see [2, 3] and the references therein). In fact, Censor and
Elfving [1] studied SFP in a finite-dimensional space, by considering the problem of finding

a point
x*eC suchthat Ax*eQ, (1.1)

where C and Q are nonempty closed convex subsets of R”, and A is an # x n matrix. They
introduced an iterative method for solving SFP.

On the other hand, variational inclusion problems are being used as mathematical pro-
gramming models to study a large number of optimization problems arising in finance,
economics, network, transportation and engineering science. The formal form of a varia-

tional inclusion problem is the problem of finding x* € H such that

0 € Bx*, (1.2)
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where B: H — 2 is a set-valued operator. If B is a maximal monotone operator, the ele-
ments in the solution set of problem (1.2) are called the zeros of this maximal monotone
operator. This problem was introduced by Martinet [4], and later it has been studied by
many authors. It is well known that the popular iteration method that was used for solving

problem (1.2) is the following proximal point algorithm: for a given x € H,
B
KXn+l :]Anxnr VneN,

where {X,,} C (0,00) and ])\Bn = (I+A,B)7! is the resolvent of the considered maximal mono-
tone operator B corresponding to 1, (see, also [5-9] for more details).
In view of SFP and the fixed point problem, very recently, Montira et al. [10] considered

the problem of finding a point x* € H such
0c€Ax* + Bx* and Lx* e F(T), (1.3)

where A : H) — H; is a monotone operator, and B: H; — 2M1 is a maximal monotone
operator, L : H; — H, is a bounded linear operator and T : H, — H, is a nonexpansive
mapping.

They considered the following iterative algorithm: for any x, € Hj,

%ni1 =Jp (= 2uA) = yul*(I = T)L)x,, Vn €N, (1.4)

where {1,} and {y,} satisfy some suitable control conditions, and ]fn is the resolvent of a
maximal monotone operator B associated to 1,, and proved that sequence (1.4) weakly
converges to a point x* € %%, where Q7% is the solution set of problem (1.3).

Motivated by the work of Montira et al. [10] and the research in this direction, the pur-
pose of this paper is to study the following split feasibility problem and fixed point prob-
lem: find x* € H such that

0 € Ax™ + Bx", Lx* € F(T) and «&" €F(S), (1.5)

where A, B, L are the same asin (1.3) and S : H; — H, is a nonexpansive mapping. By using
amodified forward—backward splitting method, we propose a viscosity iterative algorithm
(see (3.4) below). Under suitable conditions, some strong convergence theorems of the
sequence generated by the algorithm to a zero of the sum of two monotone operators and
fixed point of mappings are proved. At the end of the paper, some applications and the
constructed algorithm are also discussed. The results presented in the paper extend and
improve the main results of Montira et al. [10], Byrne et al. [11], Takahashi et al. [12] and
Passty [13].

2 Preliminaries

Throughout this paper, we denote by N the set of positive integers, and by R the set of
real numbers. Let H be a real Hilbert space with the inner product (-,-) and norm || - ||,
respectively. When {x,} is a sequence in H, we denote the weak convergence of {x,} to x
in H by x,, — x.
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Let T : H — H be a mapping. We say that 7 is a Lipschitz mapping if there exists an
L > 0 such that

The number L, associated with T, is called a Lipschitz constant. If L = 1,we say that T is a
nonexpansive mapping, that is,

ITx =Tyl < llx=yll, VxyeH.
We say that T is firmly nonexpansive if
(Tx — Ty, x—y) > | Tx — Ty||?, Vx,y€H.

A mapping T : H — H is said to be an averaged mapping if it can be written as the
average of the identity / and a nonexpansive mapping, that is,

T=01-a)+as, (2.1)

where « € (0,1) and S: H — H is a nonexpansive mapping [14]. More precisely, when

(2.1) holds, we say that T is «-averaged. It should be observed that a mapping is firmly
1
1

Let A : H — H be a single-valued mapping. For a positive real number 8, we say that A

nonexpansive if and only if it is a 5-averaged mapping.

is B-inverse strongly monotone (8-ism) if
(Ax — Ay,x —y) > BllAx — Ay||*>, Vx,yeH.

We now collect some important conclusions and properties, which will be needed in

proving our main results.

Lemma 2.1 ([15, 16]) The following conclusions hold.:
(i) The composition of finitely many averaged mappings is averaged. In particular, if T;

is a;-averaged, where «; € (0,1) for i = 1,2, then the composition T, T, is a-averaged,
where a = a1 + 09 — 103

(i) IfAis B-ismandy €(0,8), then T := I — y A is firmly nonexpansive.

(ili) A mapping T : H — H is nonexpansive if and only if I - T is %—ism.

(iv) IfA is B-ism, then, for y >0, yA is g—ism.

(v) T is averaged if and only if the complement I — T is B-ism for some 8 > % Indeed, for
a €(0,1), T is a-averaged if and only if - T is i—z’sm.

Lemma 2.2 ([17]) Let T = (1 — @)A + aN for some « € (0,1). If A is B-averaged and N is
nonexpansive then T is « + (1 — o) B-averaged.

Let B: H — 2/ be a set-valued mapping. The effective domain of B is denoted by D(B),
that is, D(B) = {x € H : Bx # #}. Recall that B is said to be monotone if

(x—y,u—v)>0, Vx,y€D(B),ucBx,veBy.
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A monotone mapping B is said to be maximal if its graph is not properly contained in
the graph of any other monotone operator. For a maximal monotone operator B: H — 2/
and r > 0, its resolvent J? is defined by

JB:= (I +rB)™":H— D(B).

It is well known that, if B is a maximal monotone operator and r is a positive number, then
the resolvent /2 is single-valued and firmly nonexpansive, and F(J?) =B '0={x € H:0 ¢
Bx},Vr>0 (see [12, 18, 19]).

Lemma 2.3 ([20]) Let H be a Hilbert space and let B be a maximal monotone operator
on H. Then for all s,t >0 and x € H,

s—t
T(]sx —Jex, Jox — x) = ”]sx _]tx”Z;

T2 = Jexll < (Is = £/s) lx = Joe]l.

Lemma 2.4 ([12]) Let H, and H, be Hilbert spaces. Let L : H — H, be a nonzero bounded
linear operator and T : Hy — Hy, be a nonexpansive mapping. If B: H; — 21 is a maximal
monotone operator, then

(i) L*T-T)L is ﬁ—ism,

(i) ForO<r< ﬁ,
(ila) I—rL*(I - T)L is r||L||>-averaged,
(iib) JB(I —rL*(I-T)L) is %—avemged,for A>0,

)

(iii) Ifr=|L||7%, then I —rL*(I - T)L is nonexpansive.

Lemma 2.5 ([21]) Let B: H — 2! be a maximal monotone operator with the resolvent
JB = (I + AB)™! for A > 0. Then we have the following resolvent identity:

],\Bx :]f(%x + (1 - %)]fx),

forallw>0andx e H.

Lemma 2.6 ([22]) Let C be a closed convex subset of a Hilbert space H and let T be a
nonexpansive mapping of C into itself. Then U := 1 — T is demiclosed, i.e., x, — xo and
Ux,, — yo imply Uxy = yp.

Lemma 2.7 ([10]) Let Hy and H, be Hilbert spaces. Let A : Hy — H be a B-ism, B: H —
2 g maximal monotone operator, T : Hy — H, a nonexpansive mappingand L : H, — H,
a bounded linear operator. If Qf,*TB # ), then the following are equivalent:
(i) ze QﬁfTB ,
(i) z=J5(I - A) - yL*(I - T)L)z,
(iii) 0 e L*(I - T)Lz + (A + B)z,
where A,y >0 and z € H;.

Lemma 2.8 ([23]) Let {a,} be a sequence of nonnegative real numbers such that

An+l S (1 - ﬂn)ﬂn + 5;17 Vn > O)
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where {B,} is a sequence in (0,1) and {8,} is a sequence in R such that
(1) Z:il ﬂn = 005
(i) limsup,_, o, % <0o0rY o) 18, < oc0.

Then lim,_, o a, = 0.

3 Mainresults

We are now in a position to give the main result of this paper.

Lemma 3.1 Let H; and H, be two real Hilbert spaces. Let A : Hy — Hy be a B-ism, B :
H, — 2™ be a maximal monotone operator, T : Hy — H, be a nonexpansive mapping,

and L : Hy — Hj be a bounded linear operator. Let S : Hy — H; be a nonexpansive mapping
such that F(S) N Q4P + (), where

QP ={xe(@+B)(0)NL'F(T)} (3.1)

is the set of solutions of problem (1.3). Let f : Hi — H; be a contraction mapping with a
contractive constant a € (0,1). For any t € (0,1], let W, : H] — H, be the mapping defined

by
Wi = tf (x) + (1 - )S[J2 (I = 14A) = yuL*(I - T)L)x], Vx € Hi, (3.2)

where L* is the adjoint of L and the sequences A, and y, satisfy the following control con-
ditions:
() O<a<i,<bi<§,
(i) O<a<y,<by< m,
Then W, is a contraction mapping with a contractive constant [1 — t(1 — )]. Therefore W,

for some a, by, by € R.

has a unique fixed point for each t € (0, 1).

Proof Note that, for each n € N, we have
(I-r,A) =y, L*(I-L)L = 5(1 —2X,A) + 3 (I-2y,L*(I-T)L).

Also, by condition (i) and Lemma 2.1(ii), we know that 7 — 21,4 is a firmly nonexpansive

mapping, and this implies that I — 21,4 must be a nonexpansive mapping. On the other

hand, by Lemma 2.4(iia), we know that I — 2y, L*(I — T)L is 2y,||L||*-averaged. Thus, by

condition (ii) and Lemma 2.2, we see that (I — A,A) — y,L*(I — T)L is %—averaged.
Set

Ty :=Jp (I = 4sA) - yuLl*(I - T)L), Vn>1. (3.3)

3+2y, |12
4

Since ]fn is %—averaged, by Lemma 2.1(i) we see that T, is -averaged and hence it

is nonexpansive. Further, for any x,y € H;, we obtain

W = Wayll = ||t (%) + (1 = ST, — tf () — (1 = £)ST,y ||

<t|[fx) -fO)| + Q@ = OIST,x - STy
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<tallx-yl+ 1 -)lx-yl

= (1-t(1-a))lx-yll.

Since 0 < 1-£(1 —«) < 1, it follows that W, is a contraction mapping. Therefore, by Banach

contraction principle, W; has a unique fixed point x; in H. O

Theorem 3.2 Let Hy, Hy, A, B, T, L, S, f be the same as in Lemma 3.1. For any given
xo € Hy, let {u,} and {x,} be the sequences generated by

tn =J2 ((I = kpA) = yul*(I = T)L)xy,
Xnil = anf(xn) + (1 — o) Suty,

Vn >0, (3.4)

where {a,} is a sequence in (0,1) such that lim,_e o, =0, oo, =00 and y ooy |, —
ay-1| < 00 and L* is the adjoint of L.
IfF(S)N Q‘LA‘,*TB # ) and the sequences {\,} and {y,} satisfy the following conditions:
(i) 0O<a<ir,<bi< g and ;21 |1hy = Ayo1] < 00,

(ii) O<a<y,<by< Wlllz’ and ;21| Vn — Yu-1] < 00, for some a, by, by € R,
then the sequences {u,} and {x,} both converge strongly to z € F(S) N Qf}B, where z =
PF(S)mé}Bf(z), i.e., z is a solution of problem (1.5).

Proof Take

T:=J7 (I = 24A) = yul*(I = T)L),

for each n € N. By Lemma 2.7, we have 9‘2}3 = F(T,), for all n € N. Thus, for each 7 € N,

we can write x,,1 = o, f(x,) + (1 — «,)ST},x,,. By the proof of Lemma 3.1, we see that T}, is

3+2yuIL]1? .
%HH -averaged. Thus, for each n € N, we can write

Tn = (1 - Sn)l + Snvny

3+2yu L)% . . .
where &, = %”” and V), is a nonexpansive mapping. Consequently, we also have

Qz‘fTB = F(T,) = F(V,), for all n € N. Using this fact, for each p € F(S) N Qf}B, we see that

et =PI = | Tt - p1?
= (@ = &t + &0 Vitn - ||
= (1= &) 6w — ) + Eu(Vixs — p)
= (1= &) 1% =PI + &l Viktn = DI> = (1 = En)lln — Vit

<% = plI* = £4(1 = £y — Vil (3.5)

I

for each n € N. Since I - T, = §,(I — V,,), in view of (3.5) we get

et = pII? < o6 = pII* = (1 = )12, = T, (3.6)

Page 6 of 15
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3+2y,IL]2
4

for each n € N. Since &, = € (%, 1), we obtain

2 2
lwen = pII” < ll%0 = pII” (3.7)
Next, we estimate

%1 = Il = |etnf Gen) + (1 = ) Sty = p |
<, |f @) = p| + (1 - @) lISu, - pl
<a,([f@) -f@)| + [f @) -p|) + (1 - @)l - pll
< ayallx, = pll + o |[f () - p|| + (1 - )%, - p
< (1= (1= @))llxn - pll + @[ f ) - p|

< max{ Iz, -, LE2L,
l-«
By induction, we can prove that
If ) - pll
Iuss 2l smax{nxo—pn,lf(fff . Vnzo0. (3.8)

Hence {x,} is bounded and so are {u,}, {f(x,)} and {Su,}.
Next, we show that

lim ”xnﬂ _xn” =0. (39)
n—00
In fact, it follows from (3.4) that

o1 =%l = Har(f(xn) + (1 — o) Sty — (an—]f(xn—l) +(1- an—l)Sun—l) H
= Harzf(xn) - anf(xn—l) + arlf(xn—l) - an—lf(xn—l) + (1 - Ol,,,)SI/tn
- (1 - an)Sun—l + (1 - an)Sun—l - (1 - O5;’1—1)51/‘;1—1 H
= a,,allx,, —Xn-1 ” + (1 - C(n)”SI/t,, - Sun—l ” + 2|an - an—1|1<
=< a,,ocllxn —Xn-1 ” + (1 - an)”un —Up ” + 2|an - Oln,1|1<, (310)
where K := sup{||f (x,)|l + |Su,l| : n € N}.
Put
¥n = (I = 2,A) = y,L*(I - T)L)x, and

U, = Tnxn =]f,,yn-
Since ]fn((l — AyA) =y, L*(I — T)L) is nonexpansive, it follows from Lemma 2.3 that

ll2tns1 — tnll = ”]fmlyrﬁl _]}iyn H

=< ”]fn+1yn+l _]fml ((1 - )\n+1A) - yn+1L*(I - T)L)xn ||
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# 72 (T = 2nrA) = Y LI = T)L) s = T2 3|
< %nar = xall + I, (I = A1) = Yurr (I = T)LY =I5 3 |
< |72, (U =22 8) =y L*(I = T)L),
=T (I = 2A) = v, L*(I = T)L)x, |
+ 7B n =8y + 1%t =
< (T = w1 4) = s LU = T)L) = (( = 2pA) = yuL"(I = T)L)%, |
+ 7B n=TE g + 1%t — %
< et = Anl 1A% || + V1 = vl [L5( = T) L,

Apel — A
e A

= ”xn+1 _xn” +M1|)‘-n+1 - )‘-n| +M2|yn+1 - yn|r (311)
where M; and M, are constants defined by
L5
My =sup( [|Ax, | + =2 yn=al ),
n a
M, = sup”L*([ - T)Lx, ”
n
Therefore it follows from (3.10) and (3.11) that
16011 —%u |l < (1 —ay(1 —Ol)) %6 = %1 || + M| Aipe1 = Al + MalVir1 = Vil + 2|0t — 1 | K.
Take

Bu:=a,(1—a) and

8y = Mi|hpi1 — Al + Mo Vi1 — Yl + 2|0ty — a1 |K.

It follows from Lemma 2.8 that
lim ||%,.1 — %, = 0. (3.12)
n—0o0

Now, we write

KXnel —Xpn = O[r(f(xn) + (1 —oty)Suy — %,

= an(f(xn) _xn) + (1 = a,) (S — ).
Since ||%,11 — %, || = 0 and «, — 0 as # — o0, we obtain
lim || Stty, — %, = 0. (3.13)
n— 00
Next, we prove that

lim ||x, —u,| = lim ||, — T,x,| =0.
n— 00 n—0o0
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In fact, it follows from (3.4) and (3.6) That

et =PI = [oraf Gon) + (1 = )St — ||
<, |f @) -p|” + (1 -a,)ISu, - pII®
< [f @) - p|” + (A - @)l — pII®
< o [f () = p[* + (1= @) (I = I = (1 = Ex) 12 — Toxall?)

2
<au|fn) —p|" + ll%n = plI> = (1= EDll%n — Tl
Hence, we obtain

2
(1= &nllan = Tuxull® < ot [ f () = 2| + (0 = PI* = 11 = PII*)
2
=ay ”f(xn) —P” + (”xn =PIl + %041 —P||) %7 = %1l
Since a,, > 0 as n — oo, and &, = % € (%, 1), from (3.12) we obtain
lim |2, — %, = ln — Tl = O. (3.14)
n—0oQ
Therefore we have
182t — wull < ISty — x|l + |l — uyll = 0, asn— oo. (3.15)
On the other hand, since {x, } is bounded, let {x;} be any subsequence of {x,,} with Ky — X.
Also, we assume that ,,, — x € (0, g) and y,; — v € (0, ﬁ).
Letting

T=J5(-2A)-pL* (I - T)L),

~ ~ 2 R
we know that T is %—averaged and F(T) = Qé*TB,

Hence, for each j € N we have

”xnj - Txn/ ” = ”xnl - unj ” + ”Tn/xn/ - Txn/ ”

) (3.16)

< sy =+ V2, 5125 + 125 - T,

where z; = ((/ - k,,l,A) = ¥u L*(I = T)L)x,,. Now, we estimate the last term in (3.16). We have

22— Ty | = |[JE(U = dnA) = v L*(I = T)L), — JE (I = RA) = PL*(I = T)L)y, |
< (U = 2y A) =y L*(I = T)L), — (I = AA) = PL*(I = T)L)s%y, |
< [y = MAx, || + |Gy = PIL* U = T)Lacy |

< [y = AlAZ | + 21y, = P L [IL I I, - pll

for each j € N. This implies that

lim 1722 - T | = 0. (3.17)

Page 9 of 15
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Next, we estimate the second term in (3.16). By Lemma 2.5, we have

py N
e el = e (a1 it ) -2

nj
A (1 A ),B
2 il VB 2 s
)mj ] )"nj Anj ] /A

(-2 ) (1-)
12V (1= 2 )z
A )2 oy )7

A

- (1-/\%)(

B
]Anjzi _ZJ')

IA

py

.

=11-

, V>l (3.18)

77,7 ==l
Also for each j € N we have

177,21 = 2l = 1 T, = 1
= |ty = %y + R A, + Y L = T) Ly, |
= ”un/ _xt’l,'” + )Ln/ ”Axn,' ” + Vn/ ||L*(I - T)an/' ”

< Moty = %o | + A A% || + 20 | L [ IL N 12, = P

This shows that {|| fn_zj —zj) ||} is a bounded sequence. This, together with (3.18), implies
7]
Jim 17,7 - 774 = 0. (3.19)
Substituting (3.14), (3.17) and (3.19) into (3.16), we get

lim ||, — T2, || = 0. (3.20)
Jj—>00

Thus, by Lemma 2.6, it follows that & € F(T) = QiE.

Furthermore, it follows from (3.13) and (3.14) that {u,}, {x,} and {S(«,)} have the same
asymptotical behavior, so {u,} also converges weakly to x. Since S is nonexpansive, by
(3.13) and Lemma 2.6, we obtain that x € F(S). Thus x € Qf}B NF(S).

Next, we claim that

lim sup (f(z) —Z, %, — z) <0, (3.21)
n— o0
where z = PF(S)mgf}Bf(Z).
Indeed, we have

limsup(f (2) — z,, — z) = limsup(f(z) - z, Su,, — z)
n—0oQ0 n—0oQ

< limsup(f (2) - z, u, — 2)

n—00

Page 10 of 15
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={f(e)-z%-2)
<0, (3.22)
since z = PF(S)HQ,LA}B f (2).
Finally, we show that x, — z. Indeed, we have
%1 = 201 = {f () + (1 = @) Sthyy = 2, %111 — 2)

= alf (%) = 20 %1 — 2) + (1 = @) (Sthy — 2, %001 — 2)

< aulf (%) = 2, %001 — 2) + (1 = 0) (U — 2, %41 — 2)

< aulf (%) = (@), %41 — 2) + Aulf (2) — 2, %001 — 2)

+ (1 = 0t) (%0 = 2, %41 = 2)
< % HF@ =@ + 121 = 212} + enlf (2) = 2,201 — 2)

(1-ay,)
2

+

2 2
{1, = 2II” + 1%1 — 2117}

1-
= (1 _Oln(l _az))”xn _Z”2 + %”xnﬂ —2”2

N | =

o
+ En llo¢ys1 — ZH2 + an(f(z) —Z,Xn+1 — Z>;

which implies that
16011 — Z||2 = (1 - an(l - 052)) ll%, — Z||2 + 2Ofn<f(z) —Z,Xpn41 — Z>'

Now, by using (3.22) and Lemma 2.8, we deduce that x,, — z. Further it follows from ||u,, —
Xull = O,u, — x € F(S) N Qz‘,}g and x, — z as n — o0, that z = x. This completes the
proof. g

If A := 0, the zero operator, then the following result can be obtained from Theorem 3.2
immediately.

Corollary 3.3 Let Hy and H, be Hilbert spaces. Let B : H; — 21 be a maximal monotone
operator, T : Hy — Hy a nonexpansive mapping and L : Hy — H, a bounded linear opera-
tor. Let S : Hy — H, be a nonexpansive mapping such that T' = F(S) N B~1(0) N L™Y(F(T)) #
@. Letf : Hy — H, be a contraction mapping with a contractive constant o € (0,1). For any
given xo € Hy, let {u,} and {x,} be the sequences generated by

n =T (I = yul*(I = T)L)xy,
Xn+l = anf(xn) + (1 - a,)Suy,,

0. (3.23)

If the sequences {a,}, {A,} and {y,} satisfy all the conditions in Theorem 3.2, then the se-
quences {u,} and {x,} both converge strongly to z = Prf(z) which is a solution of problem
(1.5) with A = 0.

If Hy = Hy, L = I, then by applying Theorem 3.2, we can obtain the following result.
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Corollary 3.4 Let H; be Hilbert spaces. Let A : Hy — H; be a B-ism and B : Hy — 2
be a maximal monotone operator. Let S : H — H, be a nonexpansive mapping such that
'y =F(S)N(A+B)'0ONFE(T) #9. Let f : Hy — H, be a contraction mapping with constant
a € (0,1). For any xy € Hy arbitrarily, let the iterative sequences {u,} and {x,} be generated
by

K1 = of () + (1= n)STY (I = 2A) = yulI = T)) . (3.24)

If the sequences {a,}, {A,} and {y,} satisfy all the conditions in Theorem 3.2, then the se-
quences {u,} and {x,} both converge strongly to z € I'y, where z = P, f(2).

4 Applications
In this section, we will utilize the results presented in the paper to study variational in-
equality problems, convex minimization problem and split common fixed point problem
in Hilbert spaces.

4.1 Application to variational inequality problem
Let C be a nonempty closed and convex subset of a Hilbert space H. Recall that the normal
cone to C at u € C is defined by

Nc(u) = {zeH: (z,y —u) §O,VyeC}.

It is well known that N¢ is a maximal monotone operator. In the case B := N¢ : H — 2/
we can verify that the problem of finding x* € H such that 0 € Ax* + Bx* is reduced to the
problem of finding x* € C such that

(Ax*,x—x*)>0, VxeC. (4.1)

In the sequel, we denote by VIP(C, A) the solution set of problem (4.1). In this case, we also
have /2 = P¢ (the metric projection of H onto C). By the above consideration, problem
(1.5) is reduced to finding

x* € VIP(C,A) such that Lx* € F(T) and x* € F(S). (4.2)

Therefore, the following convergence theorem can be immediately obtained from Theo-
rem 3.2.

Theorem 4.1 Let Hy and H, be Hilbert spaces. Let A : Hi — H, be a B-ism operator,
T : Hy — Hy a nonexpansive mapping and L : Hy — Hj a bounded linear operator. Let
S: Hy — H; be a nonexpansive mapping such that F(S) N Q?g # 0, where

Qs = VIP(C,A) N L™ (F(T)).

Let f : Hi — H; be a contraction mapping with a contractive constant a € (0,1). For any
given xo € H, let the sequences {u,} and {x,} be generated by

Uy = PC((] - )‘«nA) - ynL*(I - T)L)xm
Xn+l = anf(xn) + (1 —a,)Suy,

(4.3)
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where {o,} is a sequence in (0, 1) such that lim, oo 0ty = 0, > oo 0ty = 00, > oo oty — 1| <
00, L* is the adjoint of L, and the sequences {\,} and {y,} satisfy conditions (i)-(ii) in Theo-
rem 3.2. Then the sequences {u,} and {x,} both converge strongly to z = PF(S) NS f(z), which
is a solution of problem (4.2).

4.2 Application to convex minimization problem

Let g: H — R be a convex function, which is also Fréchet differentiable. Let C be a given
closed convex subset of H. In this case, by setting A := Vg, the gradient of g, and B = N,
the problem of finding x* € (4 + B)~10 is equivalent to finding a point x* € C such that

(Vg(x*),x—x*)>0, VxeC. (4.4)
Note that (4.4) is equivalent to the following minimization problem: find x* € C such that
x* € argming(x).
xeC
Thus, in this situation, problem (1.5) is reduced to the problem of finding
x* € arg migg(x) such that Lx* € F(T) and x* € F(S). (4.5)
X€
Denote by
Q‘ig := argming(x) N L™ (F(T)).
’ xeC
Then, by using Theorem 3.2, we can obtain the following result.
Theorem 4.2 Let Hy and H, be Hilbert spaces and let C be a nonempty closed convex
subset of Hy. Let g : Hi — R be a convex and Fréchet differentiable function, Vg be (-
Lipschitz, T : Hy — Hj be a nonexpansive mapping, and let L : Hy — H, be a bounded
linear operator. Let S : H — H, be a nonexpansive mapping such that F(S) N Q‘gg # 0. Let

f+Hy — H; be a contraction mapping with a contractive constant a € (0, 1). For any given

xo € Hy, let {u,} and {x,} be the sequences generated by

Uy = PC((I_ )»an) - VnL*(I_ T)L)xm
Xne1 = otyf () + (1 — 0t)Suay,

>0. (4.6)

If the sequences {a,.}, {A,} and {y,} satisfy all the conditions in Theorem 3.2, then the se-
quences {u,} and {x,} both converge strongly to z € F(S) N Qﬁ?, where z = FSNES f(2),

! LT
which is a solution of problem (4.5).

Proof Note that if g: H — R is convex and Vg : H — H is B-Lipschitz continuous for
B >0 then Vg is %—ism (see [24]). Thus, the required result can be obtained immediately
from Theorem 3.2. O
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4.3 Application to split common fixed point problem

Let V : Hi — H; be a nonexpansive mapping. Then, by Lemma 2.1(iii), we know that
A=1I-Vis %-ism. Furthermore, Ax* = 0 if and only if x* € F(V). Hence problem (1.5)
can be reduced to the problem of finding

x* € F(V) such that Lx* € F(T) and x* € F(S), (4.7)

where T': Hy — H,, L : Hy — H; and S : H; — H; are mappings as in Theorem 3.2.

This problem is called the split common fixed point problem (SCFP), and was studied
by many authors (see [25-28], for example). By using Theorem 3.2, we can obtain the
following result.

Theorem 4.3 Let Hy and H, be Hilbert spaces. Let V : Hi — Hy and T : Hy — H, be
nonexpansive mappings and L : Hy — Hj a bounded linear operator. Let S : H — Hy be a
nonexpansive mapping such that F(S) N QXT # 0, where

Q)= F(V)NL(F(S)).

Let f : Hi — H; be a contraction mapping with a contractive constant a € (0,1). For any
given xo € Hy, let be {u,} and {x,} be the iterative sequences generated by

Uy = = Ap)xy + Ay Ve, — v L*(I — T)Lx,,
Xntl = anf(xn) + (1 — o) Suy,

>0, (4.8)

where the sequences {a,}, {,,} and {y,} satisfy all the conditions in Theorem 3.2. Then
the sequences {u,} and {x,} both converge strongly to a point z = PF(S)QQXTf(Z)’ which is a
solution of problem (4.7). ,

Proof We consider B := 0, the zero operator. The required result follows from the fact that
the zero operator is monotone and continuous, hence it is maximal monotone. Moreover,
in this case, we see that ]f is the identity operator on Hj, for each A > 0. Thus algorithm
(3.4) reduces to (4.8), by setting A :=1—V and B:=0. |
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