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1 Introduction

Fractional calculus has been widely used in various applications in science and engineer-
ing. It can successfully describe many phenomena in physics, engineering, biology, chem-
istry, and even economics. Fractional differential equations are more appropriate for the
description of memorial and hereditary properties of various materials and processes than
the previously used integer order models, and, as a result, a number of numerical tech-
niques for fractional differential equations have been developed and their stability and
convergence have been investigated, see, e.g., [1-11]. Besides, many works have been done
theoretically or numerically on the stochastic differential equations [12—-24].

Fractional Navier—Stokes equations (FNSEs) are widely regarded as some of the most
fascinating problems in fluid mechanics, in particular, they could even lead to a better
understanding of the physical phenomena and mechanisms of turbulence in fluids [25].
Furthermore, the presence of noises could give rise to some statistical features and impor-
tant phenomena, for example, a unique invariant measure and ergodic behavior driven
by degenerate noise have been established. At the same time, the stochastic perturbations
cannot be avoided in a physical system, sometimes they even cannot be ignored. Hence
fractional stochastic Navier—Stokes equations have been proposed, which display the be-
havior of a viscous velocity field of an incompressible liquid and have wide application
value in the fields of physics, chemistry, population dynamics, and so on [26—28].
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This article is devoted to the study of the error estimates of the finite element method
for the incompressible fractional stochastic Navier—Stokes equations

U+ BLu+u-Vu+Vp=W, inQxI[0,T],

V-u=0, in Q2 x [0, 7],

(1.1)
u(x,0) = uo, in Q
u=0, on a2 x [0, T1],

where Q C R? is a bounded and connected polygonal domain, u represents the velocity
field, p is the associated pressure, i is the initial velocity and the right-hand side term
W denotes the white noise, Lu = —Au; 8% :=F D! is the Riemann-Liouville fractional
derivative in time defined for 0 <« < 1 by

9 /ta)a(t —8)p(s)ds with wy(t) := (1.2)
0

Bp(t) := —4%(t): T

ot ot
where 4¢ is the temporal Riemann—Liouville fractional integral operator of order «.

The above-mentioned problem has many physical applications in various areas. Partic-
ularly, when « = 1, problem (1.1) reduces to the classical stochastic Navier—Stokes equa-
tions, numerical approximations of which have been carried out by the authors [29, 30].
For the fractional stochastic Navier—Stokes equations, the well-posedness has been stud-
ied in [26, 27]. So far, for most fractional stochastic differential equations, it is very diffi-
cult to get exact solutions, so it is necessary to propose numerical methods. However, to
the best of our knowledge, numerical analysis of such a problem for fractional stochas-
tic Navier—Stokes equations is missing in the literature. Therefore, this article aims to fill
the gap, by studying and obtaining the strong convergence approximations of fractional
stochastic Navier—Stokes equations like (1.1).

In this article, our goal is to give some detailed numerical analysis of the finite ele-
ment method for problem (1.1). Because the mild solution of fractional stochastic Navier—
Stokes equations is provided by the solution operator E(f) defined through the Mittag-
Leffler function, it is different from the classic stochastic Navier—Stokes equations related
to the analytic semigroup e*?. The properties of the semigroup and the semigroup the-
ory have been studied in detail in [31, 32]. However, for the solution operator E(t), as far
as we are know, similar properties are less studied. The novelty of this paper is to derive
the properties of the solution operator E(¢) which is defined through the Mittag-Leffler
function and establish the Holder regularity of the weak solutions for fractional stochastic
Navier—Stokes equations. Firstly, we deduce some regularity results and stability proper-
ties of E(t) which play a key role in the error analysis. The discretization in space is derived
by the finite element method and the time discretization is obtained by the backward Eu-
ler scheme. Based on the error estimates for the corresponding deterministic problem and
It6 isometry, finally the strong convergence error estimates for the fully discrete schemes
of fractional stochastic Navier—Stokes equations are obtained.

The structure of this paper is as follows: In Sect. 2, we introduce some preliminaries
and notations, as well as give the definition of the Mittag-Leffler function. In Sect. 3, we
give the semidiscrete Galerkin approximations in space and then obtain the fully discrete
scheme. In Sect. 4, we present several lemmas about the operator E(¢) which play a crucial
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role in the proof of the error estimate. Finally, in Sect. 5, we will give the fully discrete error

estimates for the fractional stochastic Navier—Stokes equations.

2 Preliminaries
Throughout the paper, we denote by C a constant that may not be of the same form from
one occurrence to another, even in the same line. In this section, we introduce some no-
tations and some important preliminaries.

Let || - |z and || - || be the norms of separable Hilbert spaces U and H, respectively. Let
L(U, H) denote the space of bounded linear operators from U to H, and let £,(U, H) be
the space of Hilbert—Schmidt operators with norm

o0
2 2
TNy = Y I Texll7; < oo,
k=1

where {e;}22, is an orthonormal basis of U. If U = H, then L(U) = L(U,U) and HS =
Lo(U, U).

Let {74} be a regular family of triangulations of Q with / = diam(K), & = maxxeT;, /i,
and let V}, denote the space of piecewise linear continuous functions with respect to
T, which vanish on 9. Hence, Vj, C H}(Q) = H' = {v € Ly(R), Vv € Ly(), V|sao}. The
norms in the Sobolev spaces H*(R2), s > 0, are denoted by || - ||s. And we assume that a
family {V/,} of finite-dimensional subspaces of H} is such that, for some integer r > 2 and
small % (cf. [31]),

inf {||V— x|l + hHV(v— X)”} <Ch|vlls, forl<s<r, (2.1)
XEVh
v € H* N Hy, where H* denotes the Sobolev space of order s.

Let (2, F,P) be a probability space and let E be the expectation. For any Hilbert space,
we define

Ly(QH) = {V:Envn%, =/Q||v(w)”i,dp(w) < oo},

with norm [V, = E(IvI3)?.

Let Q be the covariance operator of W(t); Q € L(U) is a linear, self-adjoint, positive
definite, bounded operator with finite trace, i.e., Tr(Q) < 0o, where Tr(Q) denotes the trace
of Q. The stochastic process W(¢) is a U-valued Q-Wiener process with respect to the
filtration {F;}:>0 if

(i) wW(0)=0,
(i) W has independent increments,
(iii) W has continuous trajectories (almost surely),
(iv) W(t) - W(s), 0 <s <t,isa U-valued Gaussian random variable with zero mean
and covariance operator (£ — s)Q,
(v) {W(#)}s>0 is adapted to {F;},
(vi) the random variable W (£) — W (s) is independent of F; for all fixed s € [0, ¢].
It is known (see, e.g., Sect. 2.1 in [33]) that for a given Q-Wiener process satisfying (i)—

(iv) one can always find a normal filtration {F;};>0 so that (v)—(vi) hold. Suppose that
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{()/j,e,')}l‘?:o1 are the eigenpairs of Q with orthonormal eigenvectors and {8;(t) = are real-
valued mutually independent standard Brownian motions. Then W (£) has the orthogonal

expansion

W)=Yy Bi(t)e;.

j=1

It is then possible to define the stochastic integral fot ¥ (s) dW (s) together with It6’s isom-
etry,

t 2 t )
E /0 Y (s)dW (s) - /0 E[y()Q" |, 1y 95 (2.2)

The operator Py : Ly(2) — Vj, denotes the projection operator defined by
(Pyv, X) = (Vr X)r VELz(Q)»VX € V. (23)

For the reader’s convenience, the definition of Mittag-Leffler function will be provided.
We shall use the extended Mittag-Leffler function E, g(z) [25] defined by

o k
z
E® =2 ey 2

where I'(-) is the standard Gamma function defined as
o0
[(z) = / tletdt, R(z)>0.
0

3 Discretization of fractional stochastic problem

Let IT be the divergence-free projection operator of the Helmholtz decomposition (cf., [34,
35]). In order to consider a velocity u satisfying P-a.s. (almost surely) V - i = 0, we project
the fractional stochastic Navier—Stokes equation onto the space of divergence-free vector
fields, thereby removing the pressure p(x,t). Then, applying the Helmholtz projection I1
on both sides of Eq. (1.1), we obtain

uy + BAu+Bu,u) =W, inQx[0,7], (3.1)

where A = —-TTA, B(u, u) := I1((& - V)u). The bilinear operator B(:, -) satisfies the following
inequality (cf., [36, 37]):

||B(u(s),u(s)) H < C||u(s)” ||u(s) (3.2)

1’

which has important applications when establishing strong convergence error estimates
for the fully discrete schemes of fractional stochastic Navier—Stokes equations.
We shall assume that

||u(s)|| <M, ||u(s)H1 <M, 0<s<T.
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Also we assume that the operator A is self-adjoint and there exist eigenvectors ¢; corre-
sponding to eigenvalues A; such that (cf., [28, 29])

A(ﬂl = }“190}’ ] S N+.

In a standard way, the fractional powers A%, s € R, of A are introduced by

o0 o0
2
Aly = ZA;(V, )0 D(A*?) = {V eH:|A|" = Zkls.(v, @)’ <o .
j=1 j=1
Let H* = D(A*?) with its norm denoted by
0o 172
Ivlls = |A*v| = (Z A, gpj)z) , veH. (3.3)
j=1
Now we introduce the operator E(¢) by
o0
E@)v =Y Ear(-1t") v, 0)p;, veH, (3.4)

j=1

where « € (0, 1) denotes the Caputo fractional derivative of order @ and E, ; is the Mittag-
Leffler function.

By making use of time fractional Duhamel’s priciple [38—40], the solution u(t) of (3.1) at
time ¢ = t, can be written as

tn tn
u(t,) = E(t,)uo — / E(t, —s)B(u(s),u(s)) ds + / E(t, —s)dW. (3.5)
0 0
Let Ay, : V;, — Vj, denote the discrete analogue of the operator 4, i.e.,

(Ahl[f! X) = (VI/I,VX), VI/I,X € V.

Then the semidiscrete problem corresponding to (3.1) is to find the process uy(t) € V),
such that

Uy + BApuy, + PyB(uy, uy) = Py, W, with 1, (0) = Pruy. (3.6)

The operator Ej(t) is introduced by

oo

E,(t)vy, = ZE‘“ (—)\f’t“)(v, (p}’)gof’, v € Xy, (3.7)
j=1

where {A}’ }]I.Z , and {(pjh }fi , are respectively the eigenvalues and eigenfunctions of the dis-
crete Laplace operator A;,. Then the semidiscrete problem (3.6) has the abstract integral

equation given by

n(t) = Enlt) Pyt — / "Byt — )PuB(u(5), ups)) s + / " Ey(t, — )Py dW.
0 0
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For a fixed time step size At > 0, we put £, = nAt and define a piecewise-constant ap-
proximation U} ~ u(t,) by applying the DG method [41-43], namely

tn tn tn
up-urt + /t DI AU (t) dt + / B(Uy, Uy) ds = /t dw forn>1,
” th-1 n-1

-1

(3.8)
UO = Phu(),

where U = U),(¢;) = lim,_, ;; U,(¢) denotes the one-sided limit from below at the #th time
level. Thus, Uj(t) = U}, for t,_1 <t < t,. A short calculation shows that

tn n )
/ DI AU (t) dt = At* Z B jALL,
tp-1 i
j=1

with

t, a-1
_ n (ty, - t) 1
=At* dt = ,
Po / r@) r1+w)

and, forj > 1,

— —o tn-j (tn - t)a71 - (tn—l - t)a71 _ (] + 1)11 — 2]'0‘ + (/ _ 1)0‘
B = At /t T) dt = T(1+a)

n—j-1

Then, the fully discrete mild formulation for (3.1) can be obtained as

n ty n tk
Uy = BuyPhito = ) f By konPB(U ™ Up) ds + ) / By o nPrdW,  (3.9)
k=1 * -1 k=1 * k-1

where the detailed definition of B,,;, can be found in [44].

4 Some important lemmas for operator E(t)
In order to give the error estimates for the stochastic fractional problem, we will derive
some lemmas for operator E(z).

The following lemma presents the stability and smoothing estimate for operator E(t),
which play a key role in the error analysis of FEM approximations.

Lemma 4.1 ([3]) For « € (0, 1), we have the following estimates:
|(D) E@w], = ce 5Dl £>0, (4.1)
where, for £ =0,0<g<p<2,and,for{=1,0<p<qg<2andqg<p+2.
Next, several important properties of the Mittag-Leffler function E, 4(-) will be given.

Lemma 4.2 ([45]) For A >0, @ > 0 and a positive integer m € N, it holds

dm

dt—mEa,l(—)\.ta) = —)Lta_m a,a_erl(—}\.ta).
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In particular, if m = 1, we obtain

d

EJE(X,l(—)\t"‘) = A" Eq o (-At%).

The following estimates are crucial for the error analysis in the sequel.

Lemma 4.3 Let

o]

E(tyv = Z t* 1 Eyq (—Ajt“) v, 9)e;.
j=1

Then, for all t > 0, we have

_ ct—l+a(1+%) il _2<g<p,
[Ew], <c Wle p-2=q=p (4.2)
ct™ vl g, p<q.
Besides, we get
d _
EE(t)V = —AE(t)v. (4.3)

Proof For the proof of (4.2), we refer to [3] and omit it here. Subsequently, we will give the
detailed proof of equality (4.3). By virtue of Lemma 4.2, we have

d d & 3
—E0v=— ;Ea,l(—k,»t ), )

00
= Z(_)"j)tailEa,a (_)\jta)(Vt (/’j)%'
j=1

= —AE(t)v,
which completes the proof. g

Next we will derive the properties of operator E(t) which will be used throughout this
paper.

Lemma 4.4 Let 0 < u <1,0 <« < 1. Then there exists a constant C such that
(i) IA*E@®)I < Cere.
(i) [A™(E@®) - D] =< Ce.
Proof Firstly, we prove (i). By Lemma 4.1, with £ = g = 0, p = 24, one has
|a*E@e| = [E@)],, < CE™lloll,
which gives

|A*E@)| < cere.

The proof of (i) is completed.
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For (ii), by making use of (4.3), we obtain

”E(t)v—v” = “/tAE(S)VdS
0

t
/ AYHE(s)A*vds
0

t
< c/ gTlHne HA"V” ds
0

’

< ctre | ary

the second to last inequality of which is derived from (4.2) with p =2 —2u, ¢ = 0 in
Lemma 4.3. This completes the proof of the lemma. d

In the following, the regularity of the mild solution in time will be given.

Theorem 4.1 (Temporal regularity) Let u be the solution of (3.1). Then for t1,t, € [0, T],
0<u=<1,0=<a<1,there exists a constant C such that

Ju(t)) = u(ts)] g = Clt2 = 2.

Proof Let 0 < t; <ty < T be arbitrary. By making use of the mild solution formulation
(3.5), it can be obtained that

u(ty) — u(ty) = (E(tr) — E(82)) o

_ /tl E(t1 - 8)B(u(s), u(s)) ds + /tz E(t; - 8)B(uls), u(s)) ds
0 0

t [2)
+/ E(tl—s)dW—/ E(ty —s)dW
0 0

=L +Ly+Ls,
where
Ly = (E(ty) — E(&2))uo»
Ly=- /0 " B — $)B(uls), u(s)) ds + /O " Bt — )B(uls), u(s)) ds,
Ly = fo E(t —s)dW—/O E(ty —s)dW.

In the sequel, each term will be estimated separately.
For the first term L,, by virtue of Lemmas 4.3 and 4.4, one has

L1l ym = || (E(1) — Et2))uo HLz(Q;H)

2
= H—/ E'(s)dsug
51

Ly(H)

1) _
/ AE(s)dsug

3]

Ly (S3H)

Page 8 of 15
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ty _
/ AYFE(s)dsA  uy

51

< Clt1 — to|** 1ol 1 (20

Ly(2:H)

< Clt; - to|**. (4.4)

The second term L, can be split into two terms:

Ly=- /(; ’ (E(t1 —8)—E(ty — s))B(u(s), u(s)) ds — / l E(t - s)B(u(s), u(s)) ds

17}

=Ly + Ly,

where Ly; and Ly, are estimated as follows.

For Ly;, by making use of Lemma 4.4, as well as property (3.2) of B(-, -),

2
1 Loallzy@im) = / (E(t1 —s) — E(ty — 5))B(u(s), u(s)) ds
0 Ly(%H)
ty ty
= / / —E'(t - $)B(uls), u(s)) dt ds
0 5] Ly (SGH)
ty ty _
= / / AE(t - S)B(u(s), u(s)) dtds
0o Ju Ly (H)
fy pta _
= / / AYFE(r - S)A“B(u(s), u(s)) drds
0 Jn Ly(%H)
< C(ty - )", (4.5)
By Lemma 4.4,
t
L2l Ly@my = ‘ / E(ty — 5)B(u(s), u(s)) ds
[5) Lo (H)
< C(ty — ). (4.6)

Similarly, the third term L3 can be written as

Ls :ftz(E(tl_s)_E(tz—s))dW+/tlE(t1—s)dW
0

5]

= L31 + L32.

By making use of Itd’s isometry and Lemma 4.4, it can be deduced that

ty 2
L3117, curr) = H/ (E(t1 —5) — E(ty — 5)) AW
0

Ly(H)
t 9

< f |E(t: - ) = E(ty - 9)||” ds
0

< C(t; - ). (4.7)
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The term L3, is estimated analogously by using Lemma 4.4, namely

I L32llzy@um) < Cltr — 22)"°. (4.8)

Combining (4.4)—(4.8) yields the result.

5 Error estimates for the stochastic fractional N-S equations
In this section, we will give the fully discrete error estimates for the stochastic fractional

Navier—Stokes equations.
Let ¢” = U} — u(t,). Then, by (3.9) and (3.5), it can be obtained that

€" = [BuuPh— E(tn) |uo
tn " 73
+ / E(ty—s)B(u,u)ds -y / B e PhB(USY, UF) ds
0 k=1 Y k-1

n 173 tn
+> f Bis1hPpdW - / E(t, —s)dW
[7 0

k=1 * -1
= 1+1I+1II,

where
I =By uPy — E(t) |uo,

ty n t
I = / E(t, — s)B(u,u)ds — Z/ B,,,kﬂ,hPhB(L[;ffl’ L[hk) ds,
0 k=1 tg-1

n tr tn
mr=>" / By_is1,hPrndW - / E(t, —s)dW.
k=1 7t 0

Next, each term will be estimated in turn.
In order to prove the main error estimates, we need the following useful conclusions for
the corresponding deterministic problem, see [44] for more details.
Lemma 5.1 ([44]) Let 0 < B <2, F,), = BysPy — E(t,). Then
|Euill < C(H + K).
The following lemma is the time discrete version with smooth initial data.

Lemma 5.2 ([43]) Let U" = B,,;,Pyuq, u(t,) = Ex(t)Pyug. Then

0 <r <min{2,1/a}.

)

U™ = u(t,)|| < Cep* " At||Aug
Remark 5.1 From the above lemma, it is not difficult to find that

IBuull <C, forallm>1,h>0.

Page 10 of 15
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Firstly, we derive the error estimate of the second term II of the main error e”.

Lemma 5.3 Let Il be defined as above. For 0 < u<1,0<a <1,0< B <2, there exists a
constant C such that

n
| zyety < CK* + C(HP + k) + Ck Y [l I%.
k=1

Proof The second term II can be split into the following five terms, and each term will be

estimated separately.

- / " Ety - 9)B(uls),uts)) ds— 3 / Y BusPiB(U L) s
0 k=1 V-1
- ; /t:' E(t, - 9)B(u(s), u(s)) ds - kle /t tk E(ty — 9)B(u(tr), u(ti) ds
v / " (6, - 9)B(u(te), u(t) ds - > f " Elt, — o) B(ult0) u(e) ds
k=1 Y tk-1 k=1 Y k-1
+ Z/ . E(t, - tkfl)B(M(tk); u(tk)) ds — Z/ ‘ Bn,k+1,hPhB(u(tk)1 I/l(tk)) ds
k=1 Y tk=1 k=1 7 tk-1
n 178 " 73
+ Z/ Bk nPuB (u(ti), u(ty)) ds — Z/ Bis1nPuB (1), ulty)) ds
o Yt k=1 -1

n tk n tk
+ Z/ Biies1hPrB(u(ti-1), u(ty)) ds — Z/ By 1 nPrB(UN, U ds
k=1 Y tk-1 k=1 V-1

=0 + 1, + II3 + I, + II5.

The term II, is estimated by applying Lemma 4.4 and Theorem 4.1, which yield

I || £y sm) =

> / ' E(t, — 5)[B(u(s), u(s)) - B(u(tx), ulty))] ds
k=1 7 tk-1

Ly (S3H)

= CZ/ ' 1B(2(s), u(s) —B(M(L‘k), u(tk)) I ds
k=1 ¥ tk-1

= CZ/ k (1B (24(s), u(s) — B(u(te), u(s)) |
k=1 ¥ tk-1
+ || B(u(te), us)) - B(u(t), uti)) |) ds

n ti
< CZ/ (s — te)" ds
k=1 ¥ tk-1

< Ck/-“)f . (5.1)
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For the term II,, by making use of Lemma 4.4 and property (3.2) of B(-,-), one can arrive
at

Wl = 13 [ (Bt =)~ B~ ) Bt ) ds
k=1 Y k-1

= CZ/ k [ (E(ts —s) = E(ty — tx1)) | ds
k=1 Ytk-1
< Ck*«. (5.2)

The estimate for II5 is a straightforward application of Lemma 5.1 and property (3.2) of
B(:,-) yielding

n t
131 Ly im) = Z/ (E(8n = tre1) = Bugr1,5Pn) B(u(ti), uty)) ds
k=1 V-1

n ti
< CZ/ (h° + k) ds
k=1 Y t-1
<C(h +k). (5.3)

For the term I1,, by virtue of the property of B,_¢,1,, in Lemma 5.2 and Theorem 4.1, there
holds

Wl = / " Buoun P (B(u(t), () - B(ulter), ult))) ds

k-1

n
k=1

< Ck. (5.4)

The term II5 is similarly bounded by the property of B, _i.1,, in Lemma 5.2, namely

n ty
s\l pimy = || / By ket nPu(B((ti), (@) - B(UY ™, Uy)) ds
k=1 *'tk=1 Lo(QH)
< CkY et (5.5)
k=1
Due to (5.1)—(5.5), we complete the proof. O

Similarly, we consider the error estimate of the third term /II.

Lemma 5.4 Let III be defined as above. For 0 < u <1,0<a <1,0 < 8 <2, there exists a
constant C such that

||y < C(HP + k).

Proof The term III can be split into the following terms:

n tr tn
1l = Z/ Boukr1:Ph dW—/ E(ty —s5)dW
k=1 k-1 0

Page 12 of 15
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n

Lk
= / (Buks1,nPn — E(ty — tr_1)) AW

k=1 ¥ k-1

n tk

£y / (E(ty — tecr) = E(ty — ) dW
k=1 " b1
= I, + I1I.

For the term III;, by virtue of It6’s isometry and Lemma 5.1, it holds
n tx 9
I 17y <C / | (Bueks1,:Ph = E(t - tar)) | ds
k=1 ¥ tk-1

<C(h”? +i%). (5.6)

By Ito’s isometry and Lemma 4.4, the estimate for II], is obtained as follows:

n ti 2
ML 0 = | D / (Elts = ti1) = E(ty — ) AW
k=1 V-1
n tk 2
=y / I(E(ts — teer) = E(ts —5)) | ds
k=1 Y tk-1
< crme, (5.7)
Hence, by (5.6) and (5.7), the proof is completed. O

Based on the above conclusions, the main theorem of the paper can now be obtained.
Theorem 5.1 Let0<8<2,0<u<1,0<a <1.Then
” uy - u(t”’)”LZ(Q;H) = C(hﬁ + k).
Proof First of all, for the term /, by applying Lemma 5.1, it can be obtained that
1|y < C(HP + k). (5.8)
Combining with (5.8), Lemma 5.3, Lemma 5.4, we conclude that

2
1’

| S K+ C(HP + k) + Ck Y ||
k=1

"0
by using the discrete Gronwall’s lemma, this yields
“ Uy - u(t”)“Lz(Q;H) = C(hﬂ + k1),

which completes the proof. d
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