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1 Introduction and preliminaries
The first well-known positive linear operator introduced by S.N. Bernstein [9] in 1912
plays an important role in approximation theory, and the first g-analogue of the well-
known Bernstein polynomials was introduced by Lupas [16] in 1987 who applied the idea
of g-integers. In 1997, Phillips considered another g-analogue of the classical Bernstein
polynomials [26]. Later on, many authors introduced g-generalization of various opera-
tors and investigated several approximation properties. In 1950, for x > 0 and f € C[0, o0),
a positive linear operator was introduced by Szasz [30].

A (p,q)-integer [n], is defined as [n],, := p;%‘;n,n =0,1,2,...,0 < g < p < 1. Recently,
Mursaleen et al. [19] applied the (p, g)-calculus in the field approximation theory and in-

troduced the first (p, g)-analogue of Bernstein operators as

n n-k-1

1 k(k-1) k

B = Y || P ] (ps-qsx)f<7k[n]1"q > xe[0,1]. (1.1)
p 2 k=0 k »q s=0 p [n]p'q

They have also investigated several approximation properties by defining different pos-
itive linear operators in an approximation process based on a (p, g)-analogue (see [1-8,
14, 18, 23-25]). Recently they have also studied the Szasz-type operators via Dunkl gener-
alizations (see [17, 20-22, 28]). After that many authors introduced g-generalizations of
various operators and published their work on Dunkl type generalization (see [10, 13, 29,
31]).
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There are two types of a (p, g)-analogue of the exponential function (see [15]),

oo
n(n-1)
epg@)=) P 2
n=0

xn
)
[n]p,q! pry [n]p,q!

which satisfy the equality e, 4(x)E,4(—x) = 1, and for p = 1, e, 4(x) and E, 4(x) reduce to
q-exponential functions. For x > 0,f € C[0,00), u > 0,n € N, Sucu [29] defined a Dunkl
analogue of Sz4sz operators via a generalization of the exponential function given by [27].
Ben Cheikh et al. [10] introduced the g-Dunkl classical g-Hermite type polynomials. They
gave definitions of g-Dunkl analogues of exponential functions, recursion relations and
notations for u > —% and0<¢g<1.Forpu > %,x >0,0<g<1landf € C[0,00), Gurhan I¢oz
gave a Dunkl generalization of Szész operators via g-calculus [12] as

1 o (g)t (1 —qwk*k)
D, (i) = _ 12
alfi%) euq([nlgx) kZo: Vu,q(k)f 1-¢q" (2

Here we define (p, g)-Dunkl analogues of exponential functions, recursion relations and
notations for u > % and 0 < g < p < 1, respectively, by

o n

n(n-1)

eupq(®) = E p 2 . ok x € [0,00),n € N (natural number). (1.3)
=0 Yipg\h

We define an explicit formula for y,, ,4(#) as follows:

Yupq (” )

HE:O%I]’1p2u(—1)i*1+1((p2)ip2u+1 — ()i l—[][fo]*lpzu(q)/ﬂ((pz)/pz — @)
= -2 , (1.4)

where ["T”] and [7] denote the greatest integer functions for n € N U {0}, and we have

[T Wx—q'y) ifnel,

=9, =
bl ifn=0.
Also
2 (-1 41 (206,41 +1+1 2041 +1+1
p (v -q )
Vipgn+1)= Yupqa®), neN,

-9
(1.5)
0 ifn=2mmeN,

O, =

1 ifn=2m+1,meN.
We can derive some of the special cases of y,, ,,(n) as follows:

Yupq(0) =1 (from (p,q)-binomial expansion),

Vﬂpq(l) :p—Z;ul (M)’
P s
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y (2) :p2 <p2/t+1 _ q2/l.+1 ) (P2 _ q2)
el p-4 p-q
2u+1

y (3) =p372# (P _q2p.+l)(p2 _q2> <p2;/.+3 _q2p,+3>
e P-4 P-4 p-q
y (4) :p4(p2/4+1 _q2u+l><p2 _q2><p2/4+3 _q2u+3)<p4_q4)
e -4 p-q -4 -4
y (5) :pS—Zp, (p2u+1 _q2#+1)(p2 _q2>(p2u+3 _q2u+3>
. P-4 P-4 P-4

y <p4 _q4) (p2;1.+5 _q2u+5)

pb—q pb—q

2 Auxiliary results
For any x € [0,00),f € C[0,00)n e N,0<g<p<1,and pu > %,we define

(2.1)

1 00 ([}’1] , x)k K(k-1) p2H9k+k_q2#9k+k
Dn,p,q(f;x) = Pq 2 e

eu,p,q([n]p,qx) o Ympa (k) P e -q)

If p =1 in (2.1), then the Dunkl generalization of Szdsz operators via (g)-calculus (1.2)
becomes a particular case of (p, q)-operators defined by us. Thus we can say that our op-
erators can be considered a generalization of operators (1.2).

Lemma 2.1 Let Dy, 4(,-) be the operators given by (2.1). Then we have the following re-
sults:
(1) Dn,p,q(eo$x) =1
(2) Dupgqles;x) =x.
eu:pvq(g [#]p.g%)

(3) #% + L [1-2u]
(nlpq - Mpa=e, pq(Gilpgm
where ej(t)=t,j=0,1,2,....

= Dn,p,q(e2; ) < x2 + [1 + 2,u]pqx,

1] p,g%) k(k—)
Proof (1) Dypg(13) = s 33, (220 p 1 (from (1.3)).
2)
D, pqle1;x) = 1 3 ([n]P’qx)k KD (p o — qzuek+k)
v ewpq(Mpg®) = Viupa(k) P e -q)
1 1 =\ ([m]pgx)k =)k
[1]p.q €upa(Mlpg®) 4= Vipq(k =1)
1 1 =\ ([n]pqx) K1)
[Vl]pq e;tpq([ ]pqx) =0 yupq(k)
_ x o ()" wicn
eupq([nlpqx) o Viupa (k)
=x.
3)
Punesst= L5l (Pt
21 eu,p,q([n]p,qx) =0 Vuyp:q(k) Pk_l (pn - 61”)
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) 1 1 00 ([n]p’qx)k % (p2u9k+k _ q2u0k+k)
[”];yq e;t,p,q([”]p,qx) 1 Vuyp'q(k -1) (P - IZ)
) 1 1 o0 ([n]p’qx)k w (p2u9k+k _ q2uﬁk+k)
(11}, €npa([n]pq) 1 Vupag(k=1) p-q) '
hence
Dn,p,q(e2;x)
_ 1 1 %) ([Vl]p,qx)k+l X k2 3) <p2:“9k+1+k+1 _ q2#9k+l+k+1) (2 2)
[n]lzg,q eu,,p,q([n]p,qx) =0 Vu.,p,q(k) (p - 61)
From a simple calculation we know that
&
2001 + Kk + L]0 = P 200 + K + g K [20(-1)F + 1]M, (2.3)
For k = 2k, Eq. (2.3) implies
[2 0 ki1 o p2ﬂ92k+2k _ q2M92k+2k g2k Lo -~
MO2%k+1 + 2K + ]p,q—P v—q +q (1+ H«]p,q; (2.4)
and for k = 2k + 1, we have
sl p2M92k+1+2k+1 _ q2M92k+1+2k+1
(21460112 + 2k + 2] q = p~H7 ( )
! P-4
+ q2,u_82k+1 +2k+1 [1 _ 2/-1/]p,q~ (2‘5)
Now by separating (2.2), into the even and odd terms and using (2.4)—(2.5), we have
Dn,p,q(e% x)
) 1 1 iPZH(—l)kH ([n ] qx) , k K(k=3) (p2u6k+k _q2u9k+/<>‘
(112, enpa([nlpqx) = Yirpg (k) -9 k=2k,2k+1
1 1 - ([”]p,qx)zkH k(2k=3) 206 +2k
+— q [1+2u]
[I/l]pyq e;/_,p,q([n]p,qx) k=0 Vu,p»q(Zk)
1 1 - ([”]pyqx)yﬁz (k=1)(2k+1) 2100y 1 +2k+1
+— q [1-2ulpq
[I’l]p’q eu,p,q([n]p,qx) =0 V/A,pvq(zk +1)
Z 1)k ([m pqx)kpk(k—
eupq([”]pqx) Yipa(k)
1 1 (qln]pqx )% 2k-3
+ [1-21]pq 4}9 k(2k=3)
qlnl3, eu,p,q([n]p,qx) kzo Vina(2K)
2 (qlnlp )™
q [1-2ul,, Z \qinlpgX) (k 1)(2k+1),

(1134 uwpa((nlpq?) ~ Vupq(2k + n?
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Here we have used the inequality [1-2u],, < [1+2ul,4 and, forO<g<p <land pu > %,

a simple calculation led to p** < 1,p~%* > 1. Therefore,

2u [n] 2
q X pq k(k_]
Dyypqlessx) > % + [1-2u] 3
e (Mlpq €upa([n]pqx) - Z upq(k)
21 eupq(Llnlpqx)
q wpq g
I v e PN P
Mlpq Cupq\1MpqX
On the other hand, we have
Dn,p,q(ez;x)
1 x (q[n],qx)*
2 M) (2k-3)
<x’+ [1+2u]
[1lp.g €1p.a([1]pa%) i kz(; Vi (2K)
21
q x (g, g2)**! D2k
+ [1+2u]
(1]p.q enpa([]pq%) - kXO: Viura(2K + 1)
1 x [n]pq 2k
2 PeED
<x“+ [1+2u]
(Mpq eu,p,q([”]p,qx) - Z Vg (2k)
2k+1
g, S e,
[]p.q euvp,q([”]p,qx) - = Viupq(2k +1)
1 x ([n] . 0%)* (S
<x?+ [1+2 ]pqz pql
(Mpq €upa([n]pqx) Yipa(k)
<x2+—1 [1+2u],.%
— [n]p,q JZ2U M O

Lemma 2.2 Let the operators D, p4(-,-) be given by (2.1). Then we have the following re-
sults:
(1) D,,M(el —x;%x) =0.

(2) (S 1 =2l B < (o1 = 253) < (14 2
3 Main results
In this section we obtain a Korovkin’s type approximation theorem and compute conver-
gence of the considered operators by using the modulus of continuity and also rate of
convergence for functions belonging to the Lipschitz class presented here.

Let Cz(R*) be the set of all bounded and continuous functions on R* = [0, o0), which is

a linear normed space with
fllc, = suplf()]-
x>0

And also let

H ={f:xe[0,oo), lfix;z

is convergent as x — 00 }
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In order to obtain the convergence results for the operators D, , (-, -), we take g = g,,, p =
pn where g, € (0,1) and p,, € (¢4, 1] satisfy

limp, — 1, limg, -1 and limp) — a, limg), — b. (3.1)

Theorem 3.1 Let p = p,,q = q, satisfy (3.1), with 0 < g, < py < 1. Let D, ,, 4, (-,-) be the
operators given by (2.1). Then for any function f € X[0,00) N H,

i Dy, 0, f33) =/ @)
uniformly on each compact subset of [0, 00).

Proof The proof is based on the well-known Korovkin’s theorem regarding the conver-
gence of a sequence of linear and positive operators, so it is enough to prove the conditions

nlinolo D”'Pn'q;q (ej;x) =, j=0,1,2,

uniformly on [0, 1]. Clearly, from (3.1) and ﬁ — 0, when n — 00, we have
nlingo Dn,p,,,qn (e1;%) = x, nll)ngc Dn,pn,q,, (e2;%) = xzr
which completes the proof. d

We recall the weighted spaces of the functions on R*, which are defined as follows:

Py(R") = {f : [f ()] < Mrp(@)},
Q. (R) = [f :f € P,(R*) N C[0,00)],

Q5 (RY) = {f :f € Q,(R*) and lergO% =k (kisa constant)},

where p(x) = 1 + x? is a weight function and M; is a constant depending only on f. And

)
plx) *

Q,(R*) is a normed space with the norm ||f||, = sup,-

Theorem 3.2 Let p = p,,q = q,, satisfy (3.1) with0 < q, < p, <1 andlet D, 4. (-,-) be the
operators given by (2.1). Then for any function f € Q’/‘) (R*) we have

nlinc}o ”Dn,pn,qn (f; x) _f”p =0.

Proof From Lemma 2.1, the first condition of (1) is fulfilled for T = 0. Now for v = 1,2, it
is easy to see that from (2)-(3) of Lemma 2.1, by using (3.1),

HIEEOHD”’PM" (ef;%) — & ||p =0.
This completes the proof. d

Here we calculate the rate of convergence of operators (2.1) by means of modulus of
continuity and Lipschitz type maximal functions.
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Let f € C[0, 00]. The modulus of continuity of f, denoted by w(f, §), gives the maximum
oscillation of f in any interval of length not exceeding § > 0 and it is given by the relation

o(f,8) = sup [f() —f®)|, =xye€0,00). (3.2)

ly—x|<8

It is known that lims_, o, o(f,8) = 0 for f € C[0, 00), and for any § > 0 one has

[f) —f ()] < ('yg—x' + 1>w(f,8). (3.3)
Theorem 3.3 Let f € C[0, 00),x € [0, 00). Then for 0 < q < p < 1 the operators D, (-, )
defined by (2.1) satisfy

1

’Dn,p,q(f;x) _f(x)‘ = {\/ 1+ ZM]p,qx}w(f; m)

where C[0,00) is the space of uniformly continuous functions on R* and w(f,8) is the mod-
ulus of continuity of a function f € C[0,00) defined in (3.2).

Proof We prove the claim by using (3.2)—(3.3) and Cauchy—Schwarz inequality:

| Do (%) = f ()]

1 o0 ([I’l] ’ x)k K(k=1) 20 +k _ 2ubk+k
= = p 2 z k-1 nq n _f(x)
eu,,p,q([n]p,qx) =0 J/u,p,q(k) p ([7 —-q )

1 o) ([n]p,qx)kp@ {1 l ‘ (p2u9k+k _ q2/49k+k> .
~ eupq([nlpgx) =0 Viupa(K) P e -q)

+
)
]
Y (I (Unlpg)” s | P00 -
€upa([Mpa®) 1= Viupa(k)

210 +k

p q

P -q7
1
1 1 o ([n]p,qx)" k=) p2;49k+k _q2u_<9k+k 2\ 2
=ity Z I = X
8 \ eupa(Mlpa®) 45 Viupa(k) Pt -q")

]w(f;é)

8

ol

X (Dn,p,q (eo; x))

= {1 + %(Dn,p,q(el - x)z;x)% }w(f;cS)

1 1
< {1 + 3 01l [1+ Z/L]p,qx}w(f;é),

where, choosing 6 = 8,4 =,/ m, we get our result. g

Now we give the rate of convergence of the operators D,, , ,(f;x) defined in (2.1) in terms
of the elements of the usual Lipschitz class Lip,,(v).
Let f € C[0,00), M >0 and 0 < v < 1. We recall that the class Lip,,(v) is given by

Lipy () = {f : [f(¢1) =f(&2)| < M5 = £21", 61,82 € [0,00) ). (3.4)
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Theorem 3.4 Let D, ,(-,-) be the operator defined in (2.1). Then for each f € Lip,(v), M >
0,0 < v < 1, satisfying (3.4) we have

1 3
’D,,,p,q(f;x) —f(x)| < M(— 1+ Z,u]p,qx) .
[1]pq
Proof We prove the claim by using (3.4) and Holder inequality:

|Dn,p,q(f;x) _f(x)| =< |Dn,p,q(f(el) _f(x);x)|
= Dn,p,q(lf(el) _f(x) ;x)
= |MDn,p,q(|el _xlv;x)-

Therefore,

|Dn,p,q (f; x) _f(x) |

M 1 & ([n]p,qx)k @ p2M€k+k _q2M9k+k v
< —x
eupq(Mpg®) =5 Vipa(k) P e -q")
o0 _ H
(n]p,4%)"p o ) 2
o (
eupq([ pa%) % Vipg(K)
(([n]p P ) e
X
Vipa(k) P -am)
=)
o Y (P A
N (enpq([M]pgx) =0 Viupa (k)
1 ([ ] ) 5 ) 2ub+k _ 2ubk+k 2 %
% pa¥) P P q Cx
(epq([M]pgx) =0 Viupg (k) P —q")
< M(D,,,M(el - x)z;x) z,
This completes the proof. d

We denote by Cp[0,00) the space of all bounded and continuous functions on R* =
[0, 00) and

C3(R*) = {ge Cs(R") : ¢,¢" € Ca(R*)}, (3.5)
with the norm

”g”Cé(]R*) = ||g||CB(R+) + ||g,“CB(]R+) + “g”||CB(R+)’ (3'6)
also

lgllcpms) = sup |gx)|. (3.7)
xeR*
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Theorem 3.5 Let D, ,(-,-) be the operator defined in (2.1). Then for any g € C5(R*) we
have

+ 20 pgx

[1
D, X)) — = +)e
IDapalf ) ~f )] = =5E gl cgimy

Proof Let g € CA(R*). Then by using the generalized mean value theorem in the Taylor

series expansion we have

(e1 —x)?
2 )

gler) =gx) + g (x)(e1 —x) +g" (V) ¥ € (x,e1).

By applying the linearity property of D, ,, 4, we have

//( )
Dn,p,q(g,x) _g(x) :g/(x)Dn,p,q((el —x)ix) + £ zlp Dn,p,q((el —x)25x);
which implies
) 1 lg"llcpm+)
|D,,,p,q(g,x) —g(x)| < [1+2ulpgx | —F——.
(1lpq 2

From (3.6) we have ||g’ || czj0,00) < ||g||c§[0,oo) and so

) ”ché(]Rﬂ

1
’Dn,p,q(g;x) _g(x)| = (—[1 + zﬂ]p,qx )

(]pq

This completes the proof due to (1) of Lemma 2.2. O

The Peetre’s K-functional is defined by

I<2(f’8) = C%?]Ri){(”f _g||CB(R+) + 8||g//||C§(R+)) ‘g€ Wz}, (38)
where
W? = {ge Cs(R") :¢,¢" € Cp(R")}. (3.9)

Then there exits a positive constant C > 0 such that K, (f, ) < Cws(f, 8%), 8 > 0, where the
second order modulus of continuity is given by

a)g(f,éé) = sup sup |f(x+2h) = 2f(x + h) + f(x)|. (3.10)
O<h<5% xeR

Theorem 3.6 Let D, ,(-,-) be the operator defined in (2.1) and Cg[0, 00) the space of all
bounded and continuous functions on R*. Then for x € R, f € Cg(R*) we have

[1+2u]), . [1+2u],
|Dn,p,q(f;x) —f(x)| =< 2M{w2 (f; W) +m1n(1, W)W”CB(W)}’

where M is a positive constant and w;(f;8) is the second order modulus of continuity of the
function f defined in (3.10).
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Proof We prove this claim by using Theorem (3.5):

’Dn,p,q (f;%) _f(x)|

< |Dupg(f = &%) + |Dupg(gix) — )| + [f(x) - g()|

[1+2ulpqx

<2|If - gllczm+) + gl 2+
B( ) z[n]p,q CB(R )

From (3.6) we clearly have ||gl|cz0,00) < ”g”Cg[o,oo)'
Therefore,

[1+2u],.x
’Dn,p,q(f;x) _f(x)| =< 2(”f_g”CB(]R+) +—— 2 ||g||c2(R+) .
4(nlpq B

By taking the infimum over all g € Cﬁ(R*) and using (3.8), we get

Dy %) = f(@)] < 2K, (f M)

4[nlpq

Now for an absolute constant C > 0 given in [11] we have the relation
K (f;8) < Clan(f;v/8) + min(1,8)|f1l}.
This completes the proof. d

4 Bivariate operators and rate of convergence
In this section, we construct a bivariate extension of the operators (2.1).
Let R? = [0,00) x [0,00),f : C(R?) — R and 0 < qy;,qu, < Puy»Pny < 1. We define the
bivariate extension of the Dunkl (p, q)-Szdsz operators (2.1) as follows:
D(,ﬁtl},,zpnz );(qnl qny ) (f} % y)

1 1

em,pnlvqnl (1) py s, %) €0s,0my aamy (121 py 4, )

% Z nl Pnydny x) ([nz]p,,z,q,,zj/)

k1=0ky=0 YH1Pnydn (K1) Vs pny sy (K2)

ki) kylhoo1) 24016, +k1 2u16k +ki  2u26k, +ho 2026, +ho
> 13 S f Pny —qn Pny —qny (4.1)
P Py k1-1, m ny ’ ko1, ny ny ’ :
Pn1 ny — qnl) pnz ny — 51n2)

ky(kp-1)
2

[Vllp g )k
where e, ,p,,.gu, ([M1]p,) 0, %) = Zkl L Py

=0 Yuy pny any k1)

ko (ko

Z ((72]ppy qnzy) kalke=1) 3 D
k250 ity pmy amy () P12

and. ey, p,,.qu, ([12]p1y.00,7) =

Lemma 4.1 Let e;;: R2 — [0,00), e;; = (uv),i,j = 0,1,2,..., be the two-dimensional test
functions. Then the q-bivariate operators defined in (4.1) satisfy the following:
(1) D(Pnl Pn2 in qnz)(e ,x,y) _ 1’

ni,ny
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Py P (dny dny)
(2) Dnly,lt%lz " e (el,O;x)y) =X,
) D™ ey 9) <
n1Pny ) \qny49n
(4) Dnl}’Z 2 1 (6 o,x»J’) <x + [ﬂl]p n [1 +2M1]pﬂl,qnlx,
(Pry Pny)\dny Gny)
(5) Dy > €02%,9) 57+ Gy ——[1+ 2442l .,

Lemma 4.2 The g-bivariate operators defined in (4.1) satisfy the following:

(Pn n ( n n )
( ) 7(2}%12172 qlqz)( lo—x;x;y):O:
ny P ) (Gny An
(2) D,(,’} }%12 2" Y v 2)(6 _y;x,y) = 0,
ny-Pny )\ qny-9n
(3) D, }12 2T ((er0 - )Z'x,y) m[1+2l«u]pnl ny %
Py Png)\Gny Gny)
(4) D)5y ™7 (e, — )5 %,y) < W[ + 2121 py gy V-

(Pnl Pnz) qny qnz)(f X,y deﬁned in (4 1) by means

The rate of convergence of operators Dy, i,
of modulus of continuity of some bivariate modulus of smoothness functions is now in-
troduced.

To obtain the convergence results for the operators D,(f]ln}qf o) ) (f;x,7), we take g =

Gny»qn, and p = py,,, pu, where 0 < g, <p,, <1and 0< gy, <p,, <1 are such that

hm p”l’pﬂz -1 and hm qnqunz — 1L (42)
ny,ny

ni,np

The modulus of continuity for the bivariate case is defined as follows:
For f € H,(R?),

a(f’ 817 82)

= sup{[f(u,v) —f(x,y)

ux>

slu—x| <81, |v—-yl <62, (,v), (x,) € R}, (4.3)

where H,(R") is the space of all real-valued continuous functions. Then for all f € H,(R,),
@(f;81,8,) satisfies the following:

(i) lims, 5,0 ®(f;81,82) = O,

(i) [ (av) = £ Ge )| < @(f381,82) (52 + 1)(B52 + 1),

Theorem4.3 Letp, = pu,,Pn, and q, = G, qn, satisfy (4.2) and consider (x,y) € [0,00),0 <

Gny>Gny < Pry»Pny < 1. Suppose D,(ﬁ','},;p "2)'(q"1'q"2)(f ;x,y) are the operators defined by (4.1).

Then for any function f € C([0,00) x [0,00)), we have

|D£Ip1ﬂl}l2pn2 Gy ny) (f;%,) f(x,y)|

SN e R T e

1 1

X a)(f; \/[Vll]}?nl:qnl ’ \,/[},12]17"2’%2

)

where C[0,00) is the space of uniformly continuous functions on R* and &(f,8,,,8,,) is the
modulus of continuity of the function f € C([0,00) x [0,00)) defined in (4.3).
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Proof We prove the claim by using the results for the modulus of continuity and Cauchy—
Schwarz inequality:

Oy by )
| Dy 2 (f 0, ) — f (3,9)|

- 1 1
gy ([”l]pnl,qnlx) €142,0ny dny ([”’2]pn2,qn2}’)
& A [y gy ¥V (2] 0y ) 1D halhp)
x Z Pny

n
k1=0 kp=0 ylf«l,pﬂl qny (kl) VMZrPnz qny (k2)

2416, +k1 2016k thi  2u96k, +ho 24426y +ka

x lel - qul n - quz —f(x )

k1—1, m ny ? ko1, no ny Y
Pn1 ny — qm) pnz ny — qnz)
1 1
<
€ur.omyan (111 pay g, %) €ws.pny any (12) piy 31, 9)
X X ([nl]Pny%tlx)kl ([HZ]Pnz"Inzy)kz kl(kzrl) kZ(k2271)
X Z Pm Pny

24010k, +k1 2410k, +k1

Pnm —4qn
k1-1, m ni -x
P m — qm)
p

k1=0 ko =0 yl’vl:ﬁnl:ﬂhtl (kl) V,uz,pnz ny (k2)
2426k, +ho 2u20k, tky

- 2 )—yDG(f;(Snl,Snz)

ko1, no ny
2 ( Pny ny _qnz)

( 1
x|{1+—
Oy

1
x|{1+—
(F

IA

1 1 (m1]pny gy %)™ F13-D)
1+ — X Py
8 eMl;Pnlvq;fll([nl]Pnl,inx) k120 yll«l,Pnlvq;q( 1)

1
2/419/<1+k1 2#19/(1 +k1 2\ 2
(Pm —qm )
X —-X
ki-1, n n
P B —qn)

1 1 O\ (121 g 92 Fally=)
X 1+8_ Z X Py
s \ €u2.pny any (12 py 1, Y) k=0 Vit by, (K2)

1
2420k, +k2 2420k, +k2 2\ 2
% Pny —qn _
ko—1, np ny y
Pnz ny quz)

X a(f; 8?[1 ’ 6}12)

[T

1 Py ) Gny Gny)
(1 + 8—(Dn1,3,2 22 0 — %)% %, Y)
ni

)

1 Ny Fn \Ynq-Yn
X (1 + S—(D,(,pl},f 2 Ml 2)(e0,1 -9)%%)
)

X CNU(f, 8;«11 ’ 6;12)

(1 ! ! (1+2p] )
+— [ + U ny9n x
8n1 [V[l]pnl,qnl Lipnysany
1 1 ~
« (14 g m[l + 2]y gny ¥ | O(F 561, 82).
nzv Vlz

Choosing 8; = §,, = /m and 8; =8, = /m yields our result. O

[T

)

IA
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Now we give the rate of convergence of the operators D,(ﬁ"}qf o) ) (f;x,7) defined in
(4.1) in terms of the elements of the usual Lipschitz class Lip,(v1, v2).

Let f € C([0,00) x [0,00)), M >0 and 0 < vy, v, < 1. We recall that the class Lip,,(v1, vo)
is defined by

Lip,(v1,v2) = {f: [f(u,v) —f(x,y)| <Mlu—x|""|v-y|"%,(u,v), (xy) € [0, 00)2}. (4.4)

Theorem 4.4 Let D,(ﬁr,'},;p@)'(qnl'qnz)(f ;%,9) be the operator defined in (4.1). Then for each
f eLipy(v1,v2),M >0,0 < vy1,vy < 1, satisfying (4.4), we have

(pn n n 1
(D O 5,3) - )| < My 9) (R, 0) T
_ (Bny Py Gy ny) (Bny Pny)\dny Gny)
where )y, (%) = Dy ny ((er,0=%)%%,9), and A, (¥) = D)1y ((e01=9)%%,9).
Proof We prove the claim by using (4.4) and Holder inequality:
(Pnl Pn2 LInl LIng
|Dﬂ1 ) (f5%,9) f(x,y)|

< |Dr(;vlnr112pn2 Gy qny) (f(u; V) f(x,y) x, )|

23))

(ny P (any 4 (nybn)(Gny qny)
|Dn1il}lz 'ny h\qny nz (lel,o—xlvl;x; )|Dnlrf}lz ny )\qny qny (leO,l_y|U2;x7y)'

<Dy(ﬁny112pn2 qnl ng) (V(u V) f(x,

Therefore,

DY ) (63— )|

24416, +k 2410, +k
<M 1 > ([nl]Pnlqux)kl w Pﬂllu o —4qn llL1 o "
B €11.0ny ny ([nl]l’npqvq x) k1=0 Yirony am (k1) p”’l ”1 i)
o P ~ 2126k, +k2 2426k, +k
1 U)oy B0 pry 2 " =gy )"
ko—1
e;@,p,,z,qnz([n2]pn2,qn2y) ko=0 yﬂZanz»an (k2) p”22 qzé)

kl(kl D 2y
1 ([nl]pnl,qnlx) Pm

<M
(eﬂl’Pnl qny ([nl]Pnl squlx)) k1=0 yl’«lvﬂrll qny (kl)

1
X
(eMl,Pnl qny ([nl]PnP‘Inl x))
ky (ky-1) V1
00 k ) 24416k, +k1 24410k, +k1 2\ 7
([nl]pnl qnlx) 1P n1 ! _qnl !
(k1) k-1 n —x
k1=0 Yirpny g K1 Pm qnl)

i 1’12 Pngqngy) pnz ) :

(e, Py [”2]pn2 any Y k2=0 Yie2.,pny g (k)

( (eﬂz Py qny ([n2]p,,2 q”’zy))
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( W)
2/429]<2 +ko 2/129/(2 +ko 2\ 7
- Z [ ny pn2,qn2y) pnz pl’l2 - qn2 y
k-1 my
Yoy dn, (k2) Py — qu3)

Oy Py i) S @y Py dny dng) 2
S (Dnln}lz " i (6 —x)zix,y) 2 (Dnlr,l}]'lz 2 e (eO,l —)’)z;x,y) 2
This completes the proof. d

5 Conclusion

In this paper we have constructed a (p,g)-analogue of Dunkl type Szész operators. We
obtained some approximation results for these operators and showed the convergence of
the operators by using the modulus of continuity. Furthermore, we obtained the rate of
convergence of these operators for functions belonging to the Lipschitz class. We have

also studied the bivariate version of these operators.
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