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1 Introduction

Definition 1.1 ([1]) A finite family of random variables X1, X5, ..., X,,,n > 2, is said to be
negatively associated (NA) if, for every pair of disjoint subsets A and B of {1,2,...,n}, we
have

Cov(fi(Xii € A),/(X;,j € B)) <0,

where f; and f; are coordinatewise increasing and the covariance exists. An infinite family
of random variables (r.v.) is NA if every finite subfamily is NA.

Obviously, if {X;,i > 1} is NA, and {f;,i > 1} is a sequence of nondecreasing (or nonin-
creasing) functions, then {f;(X;),i > 1} is also NA. We refer to Roussas [2] for NA’s funda-
mental properties and applications in several fields, Shao [3] for the moment inequalities,
Jing and Liang [4] and Cai [5] for the strong limit theorems, Chen et al. [6] and Sung [7]
for the complete convergence.

LetS, := Z?:l X; denote the partial sum of {X;,i > 1} and I—[;'zl S; is known as a product of
partial sum S;, the study on partial sum has received extensive attention. Such well-known
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classic laws as the central limit theorem (CLT), the almost sure central limit theorem (AS-
CLT), and law of the iterated logarithm (LIL) are known for characterizing the asymptotic
behavior of S,,. However, the study of asymptotic behavior for product of partial sum is
not so far, it was initiated by Arnold and Villasefior [8]. This paper intends to study the
limit behavior of product ]_[;11 S; under negative association.

Let {X,,n > 1} be a strictly stationary NA sequence of positive r.v. with EX; = u > 0,
Var(X;) = 02 < 00, and the coefficient of variance y = o/u. Assume that

|Cov(X1,X41)| = O(n ' (logn) ™),  for some & > 0, (1.1)

1 00
ol=1+ ;ZH Cov(X;,X;) > 0. (1.2)

1. Liand Wang [9] obtained the following version of the CLT:

n g\ Vvorvn)
(%) 4 exp(v2N), asn— o0, (1.3)
nlu

where N is a standard normal distribution random variable.
2. Liand Wang [10] proved the following ASCLT:

n

k¢ \ Uyorvk)
1 1 - S Y
lim E —I{(H’_1 1) §x}=F(x) a.s. forallx € R, (1.4)

n—oc logn £~k kluk

here and elsewhere, I{A} represents the indicative function of the event A and F(-) is the
distribution function of the log-normal random variable exp(~/2\).

The almost sure central limit theorem was proposed by Brosamler [11] and Schatte [12].
In recent years, the ASCLT has been extensively studied, and an attractive research direc-
tion is to prove it under associated or dependent situations. There are some literature
works for «, p, p-mixing and associated random variables, we refer to Matuta [13], Lin
[14], Zhang et al. [15], Matula and Stepien [16], Hwang [17], Li [18], Miao and Xu [19],
Wu and Jiang [20].

A more general version of ASCLT for products of partial sums was proved by Weng et
al. [21]. The following theorem is due to them.

Theorem A Let {X,,,n > 1} be a sequence of independent and identically distributed pos-
itive random variables with EX} < 00, EXy = u, Var(X,) = 02,y = o/ 1. ax, by satisfy

O0<ay<1<bi<oo, k=12,... (1.5)

Let

pe=P(a = (]_[;Sj/(k!uk))wm <bi) (1.6)

and assume for sufficiently large k, px > 1/(logk)®t for some 8; > 0. Then we have

n k ¢\ 1UyvE)
1 1 1S\ Y
lim > I{ak < (H’ ! ’) <bk} -1 as. (1.7)

n—c0 logn 4= kpk Kk
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This result may be called almost sure local central limit theorem (ASLCLT) for the prod-
uct ]_[;'=1 S; ofindependent and identically distributed positive r.v., while (1.4) may be called
almost sure global central limit theorem (ASGCLT).

The ASLCLT for partial sums of independent and identically distributed r.v. was stim-
ulated by Csaki et al. [22], and Khurelbaatar [23] extended it to the case of p-mixing se-
quences, Jiang and Wu [24] extended it to the case of NA sequences. Zang [25] obtained
the ASLCLT for a sample range.

In this paper, our concern is to give a common generalization of (1.7) to the case of NA
sequences. The remainder of the paper is organized as follows. Section 2 provides our
main result. Section 3 gives some auxiliary lemmas. The proofs of the theorem and some

lemmas are in Sect. 4.

2 Main results

In the following, we assume that {X,,,n > 1} is a strictly stationary negatively associated
sequence of positive r.v’s with EX; = u > 0, Var(X;) = 02 < oo, EX% < 00, the coefficient of
variation y = o /u. ax, by satisfy

O<agr<1<b<o0, k=12,... (2.1)
and

oli=1+ %Z}Z Cov(X1, X)), (2.2)

Pri= P(ak < (H;Sj/(k!uk)y/(ymﬁ) < bk). (2.3)

Then we study the asymptotic behavior of the logarithmic average

k
1 n 1 - S: 1/(yo1vk)
Z—I{akf <ﬂ, ! ’) <bk}, (2.4)

k
logn +— kpi klu

where the expression in the sum above is defined to be one if the denominator is zero.
That is, let {a,,n > 1} and {b,, n > 1} be two sequences of real numbers and

TS ,
o = Plkl{ﬂk =( /j!/jkl)l/(yalﬁ) <bi}, ifpr#0,

1, if pr =0.

(2.5)

Therefore, we should study the asymptotic limit properties of @ Y ko1 & under suitable
conditions.

In the following discussion, we shall use the definition of the Cox—Grimmett coefficient

u(n) := sup Z |C0v(Xj,Xk) , neNU{0}, (2.6)
kR k2
and we can verify that the formula
u(my=-2 Y Cov(Xy,X), neN (2.7)

k=n+1



Jiang and Wu Journal of Inequalities and Applications (2018) 2018:275 Page 4 of 16

is correct for a stationary sequence of negatively associated random variables.
In the following, &, ~ n, denotes &,/n, — 1, n — o0. &, = O(1),,) denotes that there exists
aconstant ¢ > 0 such that &, < cn,, for sufficiently large #n. The symbols ¢, c;, ca, . .. represent

generic positive constants.

Theorem 2.1 Let {X,,n>1}bea strictly stationary negatively associated sequence of pos-
itive rv. with EX; = > 0, Var(X;) = 02 < 00, EX} < 00,y = o/ 1. ax, by satisfy (2.1), assume
that (1.1) and (1.2) hold, and

oo
Z u(n) < oo, (2.8)
n=1
and
> 1 (2.9)
= oghp ‘
for sufficiently large k and some 0 < §; < 1/4. Then we have
1 n
lim % as, (2.10)

n—oo log n = 7
where wy is defined by (2.5).

Remark 2.2 Let ay = 0 and by = x in (2.3). By CLT (1.3), we have

o1Vk
Pk = P((HLIS,»/(k!/Lk))U(y 9 < x) — P(exp(\/ij\/') < x) =F(x), ask— oc.

Obviously (2.9) holds, then (2.10) becomes (1.4), which is the ASGCLT. Thus the ASLCLT
is a general result which contains the ASGCLT.

3 Auxiliary lemmas

In order to prove the main theorem, we need to use the concept of a triangular array of

random variables. Let by, = Y ., 1/i and Y; = (X; — n)/o. We define a triangular array
Ziyy ZoyseeorZpn @S Zgy =bryYeandput Sy, =Z1y+ Zoy+ -+ + Zy for 1 <k <mn. Let

k
1 S
Uy = Io g —
—rdS

v Z(‘ 1)+

1
= —Sk,k + Tk, (31)

0'1\/2_/(

1 &K (Silip-1)?

" yorV/2k o (L4 0(Silin = 1))’

o] <1. (3.2)
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Note that, for [ > k, we have

I K
Sp=Skk =Y buY;— Y bixYj = b i (Y1 + -+ Yi) + (b Yies + -+ + by Y)
j=1 j=1

= biy1i Sk + (Bry1 Yiss + -+ + byyY)).

So, by the property of NA sequences, S;; — Six — bk+1,[’§k and U are negatively associated.
The following Lemma 3.1 is due to Liang et al. [26].

Lemma 3.1 Let {X,,n > 1} be a sequence of NA random variables with EX,, = 0 and
{ani,1 < i < myn > 1} be an array of real numbers such that sup,y ., a’ < oo and
maxi<j<y |du| — 0 as n — oo. Assume that Zj:\k—nzn | Cov(Xy, X;)| — 0 as n — oo uni-
Sormly for k > 1. If Var(3_1L, i X;) = 1 and {X2,n > 1} is a uniformly integrable family,

d , o .
then Z:‘zl a,iX;i —> N, where N is a standard normal distribution random variable.
Now we obtain the CLT for triangular arrays.
Lemma 3.2 Let {Y,,n > 1} be a strictly stationary sequence of negatively associated ran-

dom variables with EY; = 0, Var(Y1) = L and o} = 1 + Z,sz Cov(Y1,Y)) > 0. Suppose that
there exist constants 8y and 83 such that 0 < 85,83 < 1. Assume also that (1.1) and (1.2)

hold. If
logl> (logn)®?, k< —_ (3.3)
ogl> (logn)*, <(10g1)2*‘33 .
for sufficiently large n, then
1 ’ d
Z b)Yy >N asn— oc. (3.4)

o1V 21 — 2/( i—k+1

J

The proof is quite long and will be left to Sect. 4.
The following Lemma 3.3 is a corollary to Corollary 2.2 in Matuta [27] under a strictly
stationary condition.

Lemma 3.3 If the conditions of Lemma 3.2 and (2.8) hold, assume also E|Y1|> < co. Let

" b,Y; Lo bY;
E0) ::P(—Z” - ’<y), Fra) :=P(4Z’L = <y>.
01@ o1 20 -2k

Then we have

sup|F,(y) - @ ()| = O(n™) (3.5)
yeR

and

su£|Fk,,(y) - ®(y)|=0(U-k)). (3.6)
ye
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Lemma 3.4 If the conditions of Theorem 2.1 hold, and assume that there exists 84 such
that 0 < 8; < 84 < 1/4. Let &1 = 1/(log )%, where [ = 3,4,..., n, then the following asymptotic
relations hold:

ZW O((logn)*™), (3.7)
Z 7 Jl—kp, O((logn)*), (3.8)
Z Tidi «/_p = O((log n)*™), (3.9)
; @P{ ﬁ&(,k > 81} = O((logn)*™), (3.10)
; kl;kplP{ - fbk+115k >81} O((logm)*), (3.11)

P{|T)| > &1} = O((logn)*™), (3.12)

%

kipipi

where H := {(k,1) : 1 <k <l < n,logl> (logn)®2 and k < 1/(log1)**%} and 0 < € <1 —2(8; +
84).

The proof will be left to Sect. 4.
The following result is due to Khurelbaatar [23].

Lemma 3.5 Assume that {§,,n > 1} is a non-negative random sequence such that E&; =
1,k=1,2,...,and

Var(z %) < c(logn)”™, (313)

k=1

for some € > 0 and positive constant c, then

n
1
lim & =1 a.s. 3.14
Hoologn;k& (3.14)

The following Lemma 3.6 is obvious.

Lemma 3.6 Assume that the non-negative random sequence {&,,n > 1} satisfies (3.14) and
the sequence {n,,n > 1} is such that, for any & > 0, there exists ko = ko(&, ®) for which

(1-8)é<m=<0+e), k>ko.

Then we also have

=1
n»oo logn Z Pl s
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4 Proofs of the main result and lemmas
The main aspect of our proof of Theorem 2.1 is verification condition (3.13) for o, where
ay is defined by (2.5). We use ASCLT (1.4) with remainders and the following elementary
inequalities:

|CD(x) —<1§(y)| <clx—y| foreveryx,yeR, (4.1)
with some constant ¢. Moreover, for each k > 0, there exists ¢; = ¢; (k) such that

|®(x) - @(y)| >cilx—y| foreveryx,yeRand |x|+|y| <k. (4.2)

Proof of Theorem 2.1 Let

A 1 A 1

a=——, by=——, k=1,2,... (4.3)
, ﬁlogak , «/ilogbk

Thus, —00 < d; < 0 < by < 00 by (2.1). By the definition of Uy in (3.1), we have py = P(a; <
U < i)k) and

I{szguk<2k} .
LS 0,

Q= P pe? (4.4)
1, if py = 0.

First assume that
bi—ar<c, k=12,..., (4.5)

with some constant c. Note that

" g " Var(ay) Cov(ay, o)
wn(32%) - ey 3 Sl

k=1 k=1 1<k<l=n
" Var(ay) ) Cov(og, o)
: o ¥oe ey |
k2 ki
k=1 1<k<l<n 1<k<l<n 1<k<l<n

loglg(logn)52 logl>(logn)‘32 logl>(10gn)52
k>l/(logl)?*93  k<I/(log)?*%3

= 21 + Zz + Zs + 24, (4.6)
where §8,, 83 are defined by Lemma 3.2. Note also that Var(oy) = 0 if py = 0 and

1-pr

1
Var(ay) = <— ifp #0.
Pk

And by the condition of (2.9), we have

1
DY e < c(logn)™™*. (4.7)

1<k<n
Pik#0
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If either pi = 0 or p; = 0, then obviously Cov(ay, ;) = 0, so we may assume that pip; #0,
by (2.1), we have

Z 5 Z 1 Plax < Ui <bi,ar < Ui <b) - ppr
2 Pirpi

1<k<l<n
logl<(log n)%2

11-pc 11
<2 ¥ pEPe ¥
1<k<i<n ki Pk 1<k<i<n klpk
10gl§(10gn)52 10gl§(logn)52
2(log n)*1*?2 < c(log n)>~¢ (4.8)

for §; < 1/4 and 8, < 7/8. Now we estimate the bound of ) ;. Let A, be an integer such
that log A,, ~ (log n)*? for sufficiently large n. Then

11

YIRS DD S

ki
I=An k=1/(1og )2*+%3 Pr

"1 (logl)2 a1 d 1
< 2(logn)™ [Z SO D D DI
1=A I=A " k=1+l/(log])>+%3

n

1
< c(logn)™ Z 7 log(log 1)>*%3
I=A

< c(logn)*<. (4.9)

So, it remains to estimate the bound of ) ,. Let 1 <k </and ¢ = 1/(log )%, where 0 < §; <

84 < 1/4, we have

Cov(ax, a;)

1 o ~
= —— Cov(I{ar < U < b}, {a; < U; < by})
Prpi

1 R AL
= —[P{ak <Ux<bpa <

Sl,l + T[ < ];1}
bikpi

1
0'1@

Sl,l + T[ < 21}1|

A 1
- Play < U, <b}P{?z <
k k k 1 m«/ﬂ

1
< —[P{ﬂk <Ui< bk,al 3g <
Prpi
}+2P{

-Plax < U< Ek}[P{&l —g <

1 - N
o @(51,1 — Sk — bri1,1Sk) < by + 381}

bri1,1Sk

+2PH—S/(1( ZS[}+2P{|T1|Z&‘1}

1
O'lx/ﬂ

1 .
2151,1 <b +81} -2P{|Ty| = 81}]}

o1

1
=< _Bl + B2’
b
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where
N [ kSy—Skx—briSk 2
B =P -3 <,4/1-- b +3
1 {ﬂl &1 = I o — ok <o;+ 5¢&;
—P{&l—szi 511<b1+81}
01
and
1 Sk } { bri1,Sk } }
By = 2P ’ >grt +2P ’ > ¢t +4PY T = & |-
2 Pkpl[ {O‘]\/ﬂ ! 0'1\/21 ! { ! l}

So by (3.3), Lemma 3.3, and (4.1), we obtain
31 < |:Fk,[< b1+381 >—(D< b1+381 )] B |:Fkyl< a1—381 ) _¢( a1—381 >]
1-k/l 1-k/l 1-k/l 1-k/l

Z)l+3€1) (&[—381 )i| A N
@ —® [Eh—e)—D(b-
+[ ( 1-k/l 1—k/l [Fib =2~ @ (b~ )]

+[Eib+e)-Pa+e)]-[@b-e)-D@-e)]

1 +¢(z§,+381) (p(&,_gsl)
- (l—k)”5 1-k/l 1-k/I

¢(b e)+P@+e)

11/5
C L + ﬂ
== T\ Uk

1 k Vi
<c
= ((l—k)1/5 VIT=K) w k)

So, by using Lemma 3.4, we have

1/1 -
24 <2 7 <;;Bl + 32) < c(logn)><. (4.10)

1<k<l<n
log I>(log n)%2
k<I/(log1)2*93

+ 2¢g;

o )
- 1) (by—a;) + 681%

Combining (4.7)—(4.10) implies that
< Uk 2—€
Vi E — | <c , .
ar(k1 k) < c(logn) asyn— 00

Hence applying Lemma 3.5, our theorem is proved under the restricting condition (4.5).
Then, we remove the restricting condition (4.5). Fix x > 0 and define
Zik = maX(ﬂk, _x)1
Zk = min(bg, x),

Pr = P(a@ < Ux < by).
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Clearly by — & < min(2x, ¢) and P < py, so assuming 5 # 0, then we also have py # 0, thus

k ¢\ Uyorvk)
1 .S
Qg = —I{ﬂk < (H]_l l) <bk}

Pk Kk

1 - ~
= p_[l{?ik < Uy < b} + Hag < Ug <k} + I{bx < Ui < bi}]
k

1 -~ 1 s
< = ek < Ur < by} + — [Hax < Ug <} + I{br < Uy < b}
Pk Pk

1 ~ Uy < — Hu; >
<Y <u B+ {Uk < —x} {Uk = x}

. 411
B S P(cx < U <0) | PO < U< (*11)

By the law of large numbers, we get (lf% -1) £o. Noting that x?/(1 +6x)* < 4«? for |x| < 1/2

51 _ 1)2

m

and 6 € (0, 1), and by using Markov’s inequality, Ve > 0, we have
PUT| =&} =
{ } {)’Uw Z (1+6( S’— 1))?

.
{ mfZ(_‘l) >8}

2V2 Zf:l E(l% -1 2V2 25‘11 % Var(Z;=1 Y)
< <
N yorvke N yorvke
- 2\/5022;;1% - 24/2y logk
T ywlovke T onvke

(4.12)

Then we have T 2o by (4.12) and Sk x/(01+v/ 2k) 4 N by Lemma 2.4 of Li and Wang [10].
So, by Slutsky’s theorem, we have

Ue=Ti + 01«/_Skk AN (4.13)
Thus, we obtain

klgrolo P(—x < Uy <0) = ®(0) — D (—x) (4.14)
and

klgglo P(0 < Uy <x) = ®(x) — P(0). (4.15)

Applying ASCLT (1.4), i.e.,

n

1
E %I{le <x}=®(x) as.forallxelR, (4.16)
k=1

lim
n—00 log n

and Lemma 3.6, (4.14), and (4.15), we obtain

1 K Hle<—x) ®(-w)
A fogn ; KP(x<Ui<0) ®0)—d(x) (*-17)
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and

n

1 Uy, 1-o
lim 3 Wh>x) © s (4.18)
n—co logn P kPO<Up<x) @(x)—®(0)
Since 7 and by satisfy (4.5), we get
1 n ~
lim H_1 as, (4.19)

n—oo logn P k-
where

;,Lkl{zk <Ui<by), ifpr#0,
1, i3 = 0.

A =

Equations (4.11) and (4.17)—(4.19) together imply that

n

i o 1-d(x)
imsup Z — <1+2———— as.
n—ooo lOgn = k D(x) - D(0)

On the other hand, if px # 0, then we have

k g\ Uyorvh)
1 15\ Y
= (T2)" )

Pk k!/'Lk

- N e
> Haxr < Ui < bk}<1 - pk—pk)
Pk Pk
- P(Uy < —x) + P(Uy > x)
Z (273 1 - B ’
min{P(0 < Uy <x),P(—x < U < 0)}

(4.20)

and by Lemma 3.6 and (4.13),

P(Uy < —x) + P(Uj > x) 1-®(x)

e minPO = Uy <), N = U <0)] B -d(0)

Applying Lemma 3.6, (4.19), and (4.20) implies that

n

073 1—@(36)
;?Zl—zm a.S.

liminf
n— 00 log n

Hence

n
(873

1- o) > lim sup

P(x)-P0) = 45 logn pa k

1 "«
> liminf -k
n—oo logn = k

1-d(x)
>1- 2m a.s. (4'21)
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By the arbitrariness of x, let x — oo in (4.21), we have

This completes the proof of Theorem 2.1. d
Proof of Lemma 3.2 Let o := Var(Z;:k 11 bj1Y)). First, we prove that
ot =2(l-k)of(1+0(1)), (4.22)

where k and [ satisfy (3.3). Note that {Y,,,n > 1} is a strictly stationary NA sequence with
E(Y7) = 0 and Var(Y7) = 1, we have

okl Zbl+22 Zb,lbﬂCov (Y, Y))

i=k+1 i=k+1j=i+1

-1 1=
Z by +2 ) > bigbii Cov(Yy, Yi)
i=k+1 i=k+1 j=1

1 l-k—j+1

Z b21+22 Z biribisivj-1, Cov(Y1,Y))

i=k+1

Z b2] +2 Z (Z Z ) bkﬂ'_[ - bk+i,lbk+i,k+i+j—2) COV(Yb Y])

i=k+1 j=2 \i=1  i=l-k-j+2

! I
=Y B +2> ) B, Cov(Yy, Y))

i=k+1 =2 i=1
I !
-23 " Y bt Cov(ny, X))
=2 i=l—k—j+2
| l-kjsl
—ZZ Z biviibisiksivj-2 Cov(Y1, Y)). (4.23)
R

By elementary calculations, under condition (3.3), we obtain

> Y (zln)

i=k+1 i=k+1
= (2[ — 2k — klog? l)(l + 0(1))
=2(I-k)(1+0(1)). (4.24)
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Thus, by (4.23) and (4.24), we get
op 1 « l
’2(1_’]() - 12 S m Z Z kaliCOV(Yl’ Y])|
j=2 i=l—k—j+2
1 I—k—j+1
Tk Z brsigbrsijsivi—2|Cov(Y1, )|
T2 =
o0
+2 Z }Cov(Yl, Y,)’
j=l+1
= 11 +12 +13. (4.25)
By the condition of (1.1), for some ¢ > 0, we have
log l 1 log?l I
L < k+j-1 <c
“T—k Z( =) D@ -1 = 1=k o ()
< c(lo, l)’s — 0, asn— 09, (4.26)
g
I < clogl)™* -0, asu— oco. (4.27)
And
1 rl-k—j+1 L
I = Tk Z Z bivijrivi—2 Z —:| |Cov(Y1,Y))]
AT pirif
1 (p A(l—k=j+1)
= Z Z bk+z’,k+i+j2:| |Cov(Y1,Y))|
-K j=2 Lp= 1P
1 ri- k—/ - l I—k—j+1
= Cﬁ Z Zbk+lk+l+] 2+ Z - Z bk+i,k+i+j—2:| |C0V(Yl¢ Y1)|
S L P p=l-k—j+1 i=1
1
= Cﬁ [121 +122 |COV(Y1, j (428)
—K ]:2
where
I-k—j p —k k+it+j— 2
b=} - Z Z -
p= k+1 i=1 q=k+i
I-k—j p+1 2 ,
B p= I<+1 q=k+1
I-k—j ,

=3 Eliogpeji-2),

p=k+1
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and
l 1 +1 k+i+j— 2
= ). o Z Z -

p=I- k—]+1p =1 g=k+i

l -1 .
<y Iy fd
p:l—k—j+1pq:k+l 9

l i1
< Z ]—logl
p=l—k-j+1

l !
1 j—1
bsezpd Y0 - tloeh|Cov(v, )|

log? [
- . 2+e(:
l—kj:2 (G-1)log™**(j—-1)

logzl Z 1 log®!
<c

— 0, asun— o0. 4.29
10g2+8(] 1) 10g2+el ( )

Equation (4.22) immediately follows from (4.25), (4.26), (4.27), and (4.29).

Let a;; = bjy/ox;,k +1 <j <[l > 1. Obviously, Var(Z 141;Y;) =1 and Z/ 1.1 | Cov(Yq,
Y;)| > Oas l — 00 by (1.1). Note that akl = 2(I - k)o2(1 + o(1)), hence by (4.24) we have
sup; Z/ k1 @ n/ < 00 and max,1<j< laj] — 0 as { — oo. Hence (3.4) is satisfied by applying
Lemma 3.1.

This completes the proof of Lemma 3.2. d

Proof of Lemma 3.4 By the condition of (2.9), we have

1 " (log )™ |
; K= k) 5p; = C; 10— I/(log 1)2+53)1/5 ,21: k

pi

n log/ 1+61
< CZ % = O((logn)*™). (4.30)

=1

It proves (3.7). The proofs of (3.8) and (3.9) are similar to the proof of (3.7). By using
Markov’s inequality, (4.22), and &; = 1/(log [)*, we have

P
|

< = —(log 1), 4.31
= ote? = 2o2er - 1008 (4.31)

Sik| =

} Var(S x) - 2ko?  k

01«/—

¢~ (log 1)**%, 4.32
2ofel T 2dofel T l( gl (4.32)

} 3 b2, Var(Sy) - (Cika)k <X

1 ~
——=bi 1,8k > &
01@ +1
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Noting the condition of 0 < € < 1 —2(8; + 84), we get

I/(log ))>+%3
1 10 l)2+61+254
> oo K log 1 < Z 7g Y (logh)
7 PKP -1 k-1

n 1 2+281+284
. Z (log?) )

2 248
= [ (log )2+

logl 251+254 83

< Z = O((log n)*). (4.33)
It proves (3.10) and (3.11). By (4.12), we have
22y Yiat _ (logh)'h
P{T)| > ¢} < =L < . 4.34
{ITil = &} < — = (4.34)
Thus
I n
(lOg l)1+61+84 (log k)81 (lOg l)2+281+84
Zklppp ITil = &1} <CZ 32 . =¢ B2
k=1 =1
n 1 l 1+2681+84
< CZ % = O((logn)*™). (4.35)
=1
It proves (3.12). This completes the proof of Lemma 3.4. d

5 Conclusions

In this paper, we study the almost sure local central limit theorem (ASLCLT) for products
of partial sums of negatively associated random variables. The obtained results extend the
theorem of Weng et al. [21] for i.i.d. random variables to NA random variables, and it is a
generalization of the result given by Jiang and Wu [24] from partial sums to products of
partial sums under NA random variables. The main idea of the proofs relies on estimate
of the covariance structure of the underlying NA sequence. It is a classic and effective
technique for this kind of the problem.

Matuta and Stepieni [16] provided a very mild assumption on the summability on co-
variances to obtain limit theorems (CLT and ASCLT). As we all know, the ASLCLT is a
general result which contains the ASCLT. In this paper, the optimality of the assumptions
of Theorem 2.1 is not discussed, in particular assumptions (1.1), (1.2), and (2.8). This will
be another interesting topic of research, and we will leave this topic for the future.
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