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Abstract

In this paper, we introduce the sequence spaces b’ (V®), b5 (V@), and b (V). We
investigate some functional properties, inclusion relations, and the a-, 8-, -, and
continuous duals of these sets.
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1 Introduction

Let w, £, £, ¢, and ¢y denote the spaces of all, p-absolutely summable, bounded, conver-
gent, and null sequences x = (xx) with complex terms x, respectively, where 1 < p < 0o
and k e N={0,1,2,...}. A sequence space X is called a BK-space if it is a Banach space
with continuous coordinates pi : X — C defined by pi(x) = x4 for x = (x¢) € X and k € N.
The most important result of the theory of BK-spaces is that matrix mappings between
BK-spaces are continuous [13]. The sequence spaces ¢, ¢, and ¢y with their sup-norm
are BK-spaces.

The concept of a difference sequence space was firstly introduced by Kizmaz [22] by
defining the set Z(A) = {x = (xx) : (Axx) € Z} for Z € {€,¢,¢o}, where Axy = xx — Xp1
for k € N. The idea of a difference sequence was generalized by Et and Colak [14-16]
by defining the spaces Z(A™) = {x = (xx) : (A"xx) € Z} for Z € {£, ¢, co}, where m € N,
A"xp = Ny — A" 1y, for k € N. For a positive proper fraction «, Baliarsingh and
Dutta [4, 5] defined the fractional difference operator A“ by

o0
. T(x+1)
A%x; = 1) Xty
‘ Zi:o( ila—iv D™

for k € N, where the Euler gamma function I'(p) of a real number p with p ¢ {0,-1,-2,
-3,...} can be expressed as an improper integral I'(p) = [;~ e#/~! dt. It is observed that
(i) Tw+1)=p'forpeN,

(ii) T(p+1)=pI'(p) forpe R\ {0,-1,-2,-3,...}.

Some definitions of fractional derivatives have been generalized by using a set of new
difference sequence spaces of fractional order [3]. Application of fractional derivatives
© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13660-018-1873-x
http://crossmark.crossref.org/dialog/?doi=10.1186/s13660-018-1873-x&domain=pdf
mailto:lqmei@mail.xjtu.edu.cn

Meng and Mei Journal of Inequalities and Applications (2018) 2018:274 Page 2 of 8

becomes more apparent in diffusion processes, modeling mechanical systems, and many
other fields.

Let X, Y be two sequence spaces, and let A = (a,,x) be an infinite matrix with complex
numbers a,, 1,k € N. Let the sequence space X4 defined by X4 = {x = (%) : Ax € X}
denote the domain of matrix A in the space X, where Ax = {(Ax), }, the A-transform of x,
is defined by (Ax), = > rop @nii, n € N. Let (X : Y) denote the class of all matrices such
that X C Y. The matrix domain approach has been employed by Basarir and Kara [6—
10], Kara and flkhan [19-21], Polat and Basar [26], Song and Meng [23—-25, 27], and many
others to introduce new sequence spaces.

The Euler sequence spaces e, e, and e/, were defined by Altay and Basar [1] and Altay,
Basar, and Mursaleen [2]. Moreover, Kadak and Baliarsingh [18] introduced a generalized
Euler mean difference operator E"(V'®) of fractional order, where the matrix V® = (Vﬁ:’k))
is defined by

—k I(a+1) .
D" ooreaen  f0<k=n,

(@)
\V4 =
mk 0 ifk>n.

Let r,s € R and r + s # 0. Then the binomial matrix B"* = (b,"}) is defined by

1 n\ n-k k
b = (s+r)" (k)sn r it 0 = k =n
kT .
g if k>n,

for all k,n € N. If s + r = 1, then we obtain the Euler matrix E”. Bisgin [11, 12] defined the
binomial sequence spaces

n

, . 1 n\ ,_
b - {UL%(—)Z(k) 0}

k=0

. 1 “ n _k_k .
] T ] (R

k=0
. oo} .

The purpose of this paper is to generalize the sequence spaces ej(V@), e/(V®), and

and

b= :x = (xx) : sup
neN

1 — (n n-k_k
ﬁz(k)

k=0

ego(V(“)) and introduce the binomial difference sequence spaces bg's(V(“)), bZ’S(V("‘)), and
b3 (V@) of fractional order whose V@ -transforms are in the spaces bf°, b, and bl.
These new sequence spaces are generalizations of the spaces defined in [11, 12, 18, 23, 25,
26].

2 Difference sequence spaces of fractional order
In this chapter, we introduce the binomial difference sequence spaces bg'S(V("‘)), bZ’S(V(“)),
and b75(V'@) of fractional order and investigate some functional properties and inclusion

relations.
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Define the spaces by*(V®), b75(V@), and 575 (V@) by
Z(V@) = {x=(m) : V(i) € Z}

for Z € {by*, b, b). By taking the V@ -transform of x in the spaces b}, b, and b5 the
spaces bi*(V@), b5(V@), and b7 (V@) can be redefined by

BE(V) = (0 ) gwr (V) = (B)gws  BE(V) = (B2) g 2.1)

The sequence spaces b(r)’s(V("‘)), b?s(V("‘)), and bgg(v(a)) include some particular cases in
certain cases of s, r, and «.
(i) For a =0, these sequence spaces generalize the spaces by°, b, and b5 defined by
Bisgin [11, 12].
(i) For s+ r =1, these sequence spaces generalize the spaces e()(V("‘)), eZ(V(‘”), and
ego(V("‘)) defined by Kadak and Baliarsingh [18].
(iii) For o = m € N, these sequence spaces generalize the spaces b(')'s(V(m)), bZ’S(V(”‘)),
and b7 (V) defined by Meng and Song [23].
(iv) Fors+r=1and a = m € N, these sequence spaces generalize the spaces e,(V™),
eZ(V(”’)), and egO(V(m)) defined by Polat and Basar [26].
Define the sequence y = (y,) by the B"$(V®)-transform of a sequence x = (x), that is,

o =[B"(V) @0,

= ! (-1)* (n) [la+1) sy (2.2)

i) (-kT(a-i+k+1)
for each n € N.

Theorem 2.1 Let Z € {b)’,b"*, b5}. Then Z(V'?) are BK -spaces with the norm %l zv@) =
1V ()| -

Proof Theorem 2.1 of Bisgin [11, 12] and Theorem 4.3.12 of Wilansky [29] imply that the
spaces Z(V®) are BK -spaces. d

Theorem 2.2 The inclusion by’ (V@) C b*(VW) C b7 (VW) is strict.
Proof Proof follows from Lemma 2.3 of Et and Nuray [17]. (I

Theorem 2.3 The inclusions ej(V®) C by*(V®), e/ (V@) C p5(VW), and e/ (V@) C
bl (V@) are strict.

Proof We only give the proof of the inclusion e(’)(V(“)) - bg'S(V(“)). The others can be
proved similarly.

It is clear that eg(V(“>) - bS’S(V(“)). Further, to show that this inclusion is strict, let 0 <
r <1 and s = 4 and define the sequence x = (x) by

k , M- +1) 3
- pa— k_ -
xk—;):( 1) f(k_j)[r‘(_a_k+j+1)( r)
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for k € N. We have [E'(V®)(x)], = (=2 = 1)) ¢ ¢y and [BS(VD) ()], = ((ﬁ)”) € .
Therefore, the inclusion e}(V®) C b}*(V®) is strict. d

Theorem 2.4 The spaces b(r)’s(V("‘)), bQS(V("‘)), and b’} (V@) are linearly isomorphic to the
spaces ¢, ¢, and £, respectively.

Proof We prove the theorem only for the space b}°(V®). To prove by* (V@) = ¢y, we will
show the existence of a linear bijection between the spaces b(r)’s(V(“)) and .

Let us denote the transformation T : by* (V@) — ¢o by T'(x) = B™*(V®)(x¢). The linearity
of T is clear, and x = 0 whenever T'(x) = 0. Hence T is injective.

Let y = (yu) € ¢o and define the sequence x = (x;) by

k k i I(-a +1)
_ i 1Yk - i Yin.
xk—§:u+r>§;(1)1(>(k_ﬂnx_a_k+j+nr1(ﬂfyl (2.3

i=0 !

for k € N. Then we have

1 n
lim [B™ (V) (x¢)] = lim > (:) A (V) () = Tim y, =0,

n
n—>00 n—oo (8 +71) P

which implies that x € b7°(V'@). Therefore, we obtain that 7T is surjective and norm pre-
serving. This completes the proof. g

We shall construct the Schauder bases for the sequence spaces bg’s(V(“)) and bZ’S(V("‘)).
Because the isomorphism T between bS’S(V("‘)) and ¢y (or between b?s(V(“)) and c) is onto,
the inverse image of the basis of the space ¢, (or ¢) is the basis of the space bS’S(V(“)) (or
bQS(V(“))). For k € N, define the sequence g®(r,s) = {gfk)(r, $)}ien by

0 if0<i<k,
g"rs) = R
(S+V)k Zj=k(_1)l_l(]i)mrﬂ(_‘g)l—k lflzk

Theorem 2.5 The sequence (g¥(r,s))xen is the Schauder basis for the space bS’S(V“")), and
every x in b’ (V) has a unique representation by

x=Y Mlr,9)g0(r,9), (2.4)
k

where A (r,s) = [B"(V@)(x;)]x for k € N.

Theorem 2.6 Define the sequence g = (g,) by

R P il M~a+1) i
g= (s+r) Y (-1 (k) e —ntje1)

k=0 j=k

for n e N and limg_, oo Ak(r,s) = I. The set {g,g(o)(r, s),g(l)(r, s),g(z)(r, S),...} is the Schauder
basis for the space b"*(VY), and every x in b*(V'?) has a unique representation by

x=lg+ Y [mlr,s) - 1]gW(r,s). (2.5)
k
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3 The a-, 8-, y-, and continuous duals
In this section, we determine the a-, 8-, y -, and continuous duals of the spaces b(r)’s(V("‘)),
bZ’S(V(“)), and bg’g(V("‘)).

For two sequence spaces X and Y, the set M(X,Y) is defined by

MX,Y) = {u = (ug) : ux = () € Y for all x = (xx) GX}.

Let bs and cs denote the sequence spaces of all bounded and convergent series, respec-

tively. In particular,
X% = M(X, ¢1), XP =M(X,cs), and X? =M(X,bs)

are called the «-, 8-, and y-duals of the sequence space X, respectively. The space of
all bounded linear functionals on X denoted by X* is called the continuous dual of the
space X.

Let us give the following properties needed in Lemma 3.1:

sup apk| < 00, (3.1)

sup > lail < 0o, (3.2)

neN &

lim a,; =a; forkeN, (3.3)

n—00

nli)nolo Zﬂ””‘ =a, (3.4)
k

Tim ; k] = ;115130 ankl, (3.5)

where T is the collection of all finite subsets of N.

Lemma 3.1 ([28]) Let A = (anx) be an infinite matrix. Then
(i) Ae€(co:€1)=(c:21)=(Loo:¥1) ifand only if (3.1) holds.
(i) A € (co:c)ifand only if (3.2) and (3.3) hold.
(iii) A €(c:c)ifand onlyif (3.2),(3.3), and (3.4) hold.
(iv) A € (U : ) if and only if (3.3) and (3.5) hold.
(V) A€(co:loo) =(c:Loo) = (Loo : £oo) if and only if (3.2) holds.

Theorem 3.2 We have [by* (V)] = [b75(V®)]* = [b75(V@)]* = U}, where

k ;
i k— [/
>eent 3w ()

iek j=i
. oo}.

Uy = Ju=(uy):su
! { I(EIP‘Zk:

IN'~a+1)

,j _ i—i
X kM Ca ke
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Proof We immediately derive by (2.3) that

k k
i —j ] F(—Ol+1) —j j—i 7,8
Uik = Z(S +7) Z(_l)k ] () (k=DM (—a —k+j+ l)r sV = (G9)y

i=0 j=i g
for k € N, where G™ = (g;}) is defined by

.k i Fcas1) I ) )
s (s+r)‘zj=i(—1) ’(;)W‘MV/(—SY we if0<i<k,

g’, =
“ o ifi>k.

Therefore ux = (ux) € €, whenever x € b’ (V®), b$(V®) or b75(V@) if and only if
Gy € £; whenever y € ¢y, ¢ or £. This implies that u = () € [bg*(V@)]%, [b1*(V@)]*,
or [b25(V@)] if and only if G € (co: £1) = (c: £1) = (€x : £1). We derive by part (i) of
Lemma 3.1 that u = () € [bg*(V@)]* = [b4(V@)]* = [b25(V@)]* if and only if

Y
Kell k

k
i k—j i F(—(X + 1) s i
2 s+ ;(_1) ](i) K~k jaD) ) | <00

ieK
which yields that [b}*(V@)]* = [655(V@)]* = [573(V@)]* = 1%, m

To determine the 8- and y -duals of the spaces b°(V@), b7$(V®)), and 575 (V®), we define
the following sets:

u,” = {M = (ug) : SUPZ [ i| < OO},

neN P

u;® = {u = (ug) : lim u,, exists for each k € N,
n— 00

l

u’ = {u = (ux) : lim Z [t k| = Z‘ lim 2,
n—00 X X n—00

and

uy = {u = (ug): n]LTo Z Uy k exists},

k
where
k L i ] F(—O{ + 1) _i i—k
k= 1) /(= "

tork = (s 1) ;;( ) (k) (M (ca—iejrn)

Theorem 3.3

i) [B° (V@) = Uy nug?,
(ii) (B (VNP = 5 N s N ug,
(iii) [BES(VENIP = Uy nuy?,
(iv) [B55 (VD] = [ (V)] = [B3 (V)] = .
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Proof We consider the equality

n n k k
) | IN'~a+1) i Njed
wxr =Y u s+7r) —16 (7 r7(=s)"y;
2= 2| 2+ L) ik

i

n

e, i [ E) o
= 2|6+ 2 0T o a—irjrn) 9

k=0 i=k j=k /

= (ur,sy)n’

where U™ = (u,;) is defined by

(s + ) YL Yk () oty 7 () if0<k <,

rs _ T (Ca—itj+])
ifk>n.

mk —

Therefore ux = (urxy) € cs whenever x € b(r)’s(V("‘)) if and only if Uy € ¢ whenever y € c.
This implies that u = (i) € [b°(V®@)]? if and only if U™ € (c : ¢). We obtain by part (ii)
of Lemma 3.1 that [6}*(V®)]# = U;* N U}°. The proof can be completed in a similar way
by parts (iii), (iv), (v) instead of Part (ii) of Lemma 3.1, so we omit the details. O

Theorem 3.4 The spaces [bS'S(V(“))]* and [bZ’S(V(“))]* are equivalent to (.

Proof Proof follows from Theorem 3.6 of Bisgin [11] and the fact that if Z is a Banach
space, then [Z(V@)]* is equivalent to X* [17]. O

4 Conclusion

In this paper, we have discussed some results obtained from the matrix domain of the
binomial matrix and the difference matrix of fractional order. Our main aim is to general-
ize the results on the matrix domain of the Euler matrix. It is immediate that our results
reduce to the sequence spaces defined in [11, 12, 18, 23, 25, 26].
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