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1 Introduction and definitions
Let C be a complex plane and assume that A, denotes the class of analytic and p-valent
functions of the form

f@=2+) ar,d? (peN={12,..}) (1.1)
k=1

in the open unit disk

U={z:zeCand |z] <1}.

Specially, for p = 1, we write A := A;.
In 1967, MacGregor [22] introduced the notion of majorization as follows.

Definition 1.1 Let f and g be analytic in U. We say that f is majorized by g in U and write

fl2) < glz) (zel),

if there exists a function ¢(z), analytic in U, satisfying

lp@)| <1 and f(2) = p(2)g(z) (z€D). (1.2)
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In 1970, Roberston [28] gave the concept of quasi-subordination as follows.

Definition 1.2 For two analytic functions f and g in U, we say that f is quasi-subordinate
to g in U and write

f(2) <48(2) (z€l),

if there exist two analytic functions ¢(z) and w(z) in U such that % is analytic in U and
lp@)| <1,  ®0)=0 and |w(z)|<lzl<1l (z€D),
satisfying
f(@) = 9(@)g(w(z) (z€). (1.3)
Remark 1.3

(i) For ¢(z) =1 in (1.3), we have
f@)=g(wz) (zel)
and say that f is subordinate to g in U, denoted by (see [29])
f2) <g(@) (zel).
(i) For w(z) =z in (1.3), the quasi-subordination (1.3) becomes the majorization (1.2).

In 1991, Ma and Minda [21] introduced the following function class S*(¢), which is
defined by using the above subordination principle:

zf'(2)
f(@)

S*(p) := {feA: < ¢(2) (zeU)},
where ¢(z) is analytic and univalent in U and for which ¢(U) is convex with ¢(0) = 1 and
N(P(2)) >0 forz e U.
We notice that, for choosing a suitable function ¢(z), the class S*(¢) reduces to one of
the well-known classes of functions. For instance:
(i) If we take

1+Az
1+Bz

#(2) = (-1<B<A<1;zel),

then we obtain the class

zf'(z) 1+Az
f(z) = 1+Bz

S*(A,B) := {feA: (—1§B<A§1;Z€U)},

which was introduced by Janowski [16]. As a special case, for A =1 -2« and B = -1,
we have the class $*(1 — 2a, —1) = S*(«) of starlike functions of order o (0 <« < 1).
Further, for A = 1 and B = -1, we have the familiar class $*(1, 1) = §* of starlike
functions in U.
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(ii) If we put

p(2)=€ (zel),

then we get the class

zf'(2)
f(2)

SZ::{fE.A: <ez(z€U)},

which was introduced and investigated by Mendiratta et al. [23] and implies that

zf'(2)
f(2)

fesS — ’10g <1 (zel). (1.4)

In 2004, Liu and Owa [20] (see also [4-9, 32]) introduced the integral operator Q%,p :

A, — A, as follows:

pra+B-1\ a [* A
../ (2) = pifol z_f}/()(l_;) P dt (@>08>-1;peN) (1.5)

and

Q@ =f(2) (@=0;8>-1).

If the function f € A, given by (1.1), then from (1.5) we show that

o0

o _ [(a+p+p) L'(B+p+k) ks
ﬂ,pf(z)-zp+ r'(B+p) ;F(a+ﬁ+p+k)ﬂsz !
(¢>0;8>-1;peN). (1.6)

Also, we easily find the relationship, from (1.6), that (see [20])

2(Qf(@) = @+ B+p- D) — (o + B~ QS (2). (17)

On the other hand, we observe that

(i) for p =1, we get the Jung—Kim-Srivastava integral operator Qj := Q% ; (see [17];
also see [3, 11]);

(ii) for o =1and B =8, we obtain the generalized Libera operator Js , := Q(;p, which is

presented as follows (see [10]; see also [19, 25]):

T @) = Q) f(2) = 52“” / £ () dt (5> —pip e N). (1.8)

5
0

Inspired by the above class S;, we now use the Liu-Owa integral operator Qf , to define
the following two subclasses Mg (p,v) and Ng (p,0) of functions f € A,.
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Definition 1.4 Letp € N;o > 0; 8 > -1 and y > 0. A function f € A, belongs to the class
M5 (p, y) of uniformly starlike functions, related to exponential function, if and only if

Q@) )_ 2AQ5,f@) H ;
|:<—Q§,pf(z) +1-p 7Q§Pf(2) p|| <€ (1.9)
Remark 1.5
(i) For p=1in(1.9), we have the function class
N ~ [2Qy (@) 2Qf ) .
Mﬂ(y).-Mﬂ(l,y)-{feA.[ i) - ) —1H<e (y20)}.

(i) For y =0in (1.9), we get the function class

2(Qg f (2))
.0/ (2

(iii) Further, for y =p—1=0in (1.9), we obtain the function class

. 2(Qyf(2)) |
MﬁzzMﬂ(l,O)z{feA:%<e }

Mg(p):zMg(p,O)z{feAp: <(ez+p—1)(peN)}.

Definition 1.6 Letp € N;a > 0; 8> -1and -5 <6 < 7. A function f € A, belongs to the
class Ng (p,0) of spiral-like functions, related to an exponential function, if and only if

o <Z(Q‘§,pf @)
Qs /(@)

Remark 1.7

(i) For p=1in (1.10), we obtain the function class

) < é“cosf +isinf. (1.10)

N (6) = N3(1,0)

i (AN N
_{fe.A.e (W)<e cosf +isinf <—§<9<§)}.

(ii) For @ =0 in (1.10), we have the function class

AQ,f ()
2 f@)

(ili) Further, for 8 = p —1=0in (1.10), we get the function class Mg = Ng = Ng(l, 0).

Ng(p)::Ng(p,()):{feAp: <ez(p€N)}.

A majorization problem for the normalized class of starlike functions has been investi-
gated by MacGregor [22] and Altintas et al. [1] (see also [2]). Recently, many researchers
have studied several majorization problems for univalent and multivalent functions or

meromorphic and multivalent meromorphic functions, which are all subordinate to cer-

1+Az
1+Bz

terested reader can, for example, see [13-15, 18, 26, 27, 30, 31, 33]. However, we note that

tain function ¢(z) = (-1 < B< A <1), involving various different operators; the in-
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there is no article dealing with the above-mentioned problems for functions which are
subordinate to ¢(z) = €*. Hence, in the present paper, we investigate the problems of ma-
jorization of the classes Mg (p, y) and Ng (p,0) defined by the Liu-Owa integral operator

Qg given by (1.5), which are related to an exponential function.

2 Majorization problem for the class M% (p,y)

Firstly, we give and prove majorization property for the class Mg(p, y).

Theorem 2.1 Let the function f € A, and suppose that g € Mg(p,y) with |o+ B +p—2| >
yl@+B+p-1)+e. Ing,lj(z) is majorized by Q‘é'pg(z) in U, that is,

6 (D) < Q8 (z€D),

then, for |z| <ry, we have

|G, /@) = |QE, 2,

where ry = r1(p,«, B,v) is the smallest positive root of the equation

rze’—[|a+,3+p—2|—y(a+ﬁ+p—1)]r2—e’—2(1+y)r

tla+B+p-2|-yl@+B+p-1)=0 (peN;a>0;8>-1;y >0). (2.1)

Proof Since g € M%‘ (p,y), then, from (1.9) and the subordination relationship, we get

AQ,80) )_
[( Qe TP)TY

where w(z) = ¢1z+¢yz? +- - - isbounded and analytic in U, satisfying (see, for details, Good-

z( %,pg(z))/ B H _ew(z), (2.2)
5,8(2)

man [12])
w(0)=0 and ’a)(z)’ <|z| (zel). (2.3)
Letting
AQge@)
e 1-p (2.4)

in (2.2), we have

o -yl -1 =e?,

which implies that

0(2) _ o, =i
m=t Y€ (2.5)
1-yei®
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From (2.4) and (2.5), we easily obtain

2(Q5,8(2)) p-1-pye™ +e”@

58 1-yei# ' (2:6)
Now, using (1.7) in (2.6) and making simple computations, we have
5 8(2) ) (@+B+p-2)-yl@+p+p— lr)e""b + e“’(z), @7
582 (@+p+p-1)(1-ye’)
which, by virtue of (2.3), yields the inequality
e @] = e S - 2y|)—(ay:aﬂ++; +_p1)— Dy —om | Gpe@l 28)
Again, because Q%pf (z) is majorized by Q%,pg(z) in U, so we find from (1.2) that
Qs (@) = 0(2) Q5 ,g(2). (2.9)
Differentiating (2.9) on both sides with respect to z and multiplying by z, we obtain
2(Q5,f(2) =20/ (2)Q} ,8(2) + 20(2) (Q ,8(2)) - (2.10)
By using (1.7) in (2.10), together with (2.9), we have
Q) = mw/(z)eg,pg(z) + 92 Qg (2) (2.11)

On the other hand, noticing that the Schwarz function ¢ satisfies the inequality (see, e.g.,
Nehari [24])

1-lp(2)|?

e @€ (2.12)

¢'(2)| <
and in terms of (2.8) and (2.12) in (2.11), we get

lz|(1+ y)(1 - e(2)]%) ]| a1
(- z)(a+Brp-2-yla+prp-1)—ed) | Fr8

Q5 f(2)] < [!fp(Z)I + ,
which, by taking

lzl=r,  |e@|=p 0=<p=<1),

reduces to the inequality

Q@) < @1(r,0)| Q5 2 (2)],
where

r(1+y)1-p?)

®4(r,0) = 1-)la+B+p-2|-yl@+B+p-1)-e¢]

+p.
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In order to determine r;, we must choose

r = max{r €[0,1): d1(r,p) <1,Vp e [0,1]}

= max{r €[0,1): Wi(r,p) >0,Yp € [0, 1]},

where

Ui(rp)=1-r)[la+B+p-2l-yl@+B+p-1)—€]-r(1+y)1+p).

Obviously, for p = 1, the function W, (r, p) takes its minimum value, namely

min{W1(r, p) : p € [0,1]} = ¥1(r, 1) := Y1 (r),
where

Yi(r) = (l—rz)[|a+ﬁ+p—2| —y(a+/3+p—1)—e’] -2r(1+y).
Further, because ¥1(0) = |la + B+p—2|>y(@+ B +p—1)+eand ¥(1) =-2(1 +y) <0, so

there exists r; such that y; () > 0 for all r € [0, 1], where r; = r1(p,«, B, y) is the smallest
positive root of equation (2.1). This completes the proof of Theorem 2.1. d

3 Majorization problem for the class Ng (p,0)
Next, we discuss majorization property for the class Ng (p, 0).

Theorem 3.1 Let the function f € A, and assume that g € Ng(p,0) with lo + p - 1| >
[tan6||x + B| +e. IfQ%,pf(z) is majorized by ngpg(z) inU, that is,

% f2) < Q5 g(2) (zeT),

then, for |z| < r,, we have

) (3.1)

Q5 ()| < |Q%, g2
where ry = ry(et, 8,0) is the smallest positive root of the equation
r*¢ —[la+ B 1| - |tanf||o + B|]r* — € —2|secO|r + o + B — 1| - |tanb] | + B] =0

7 7
> 0; -L-——<0<—). 3.2
(a_ B> 5 <0< 2) (3.2)

Proof Because g € Ng (p,0), so from (1.10) we show that

e <%) =e”@cosh +isinb, (3.3)
B,

where w(z) is defined as (2.3).
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From (3.3) it follows that

2(Qg ,8(2)) _ e?@ +itang
5 82 ~ 1+itan@

(3.4)

Now, putting (1.7) in (3.4) and making some calculations, we get

5,8@)  (@+p-1)+itnd(a+p)+ e
Q8@  (L+itanf)a+B+p-1)

’

which, using (2.3), becomes the inequality

" |secOl(@+B+p—1)
Qe = o cand 1o 5 51 e Q8@

(3.5)

Next, in view of (2.12) as well as (3.5) in (2.11), and just as the proof of Theorem 2.1, we

have

v I2l] sec (1 — |o(2)]%) }
%/ < ["0( |+ (1—|z)(ja + B — 1] — [tan 0| + B] — €l %5, ¢

which, by setting
lZl=r,  |e@|=p O=<p=<1),

reduces to the inequality

®s(p)
—r)[Ja + B-1| - |tanf||a + B| —

Q5 f(2)] < |Qﬂp (@), (3.6)
where the function ®,(p) given by

®y(p) = —r|secO|p® + (1= r*)[la + B — 1] = | tan O]l + B| — €] p + r| sec )|

takes its maximum value at p = 1 with r; = r3(p, @, 8,0) defined by (3.2). Furthermore, if
0 <o <ry(p,a, B,0), then the function

Wy(p) = —o|sech|p? + (1 —02)[|a + B —1]—|tanf||x + B| —e"]p + 0| secl|
increases on the interval 0 < p < 1, therefore
Wa(p) < Wo(1) = (1-0?)[le + - 1] - [tanb]|a + B —€¢”] (0 <0 <np,a,B,0)).

Hence, from this fact and (3.6), we conclude that inequality (3.1) holds true for |z| < ry,
where r; = ro(p, ., B,0) is given by (3.2). We complete the proof of Theorem 3.1. O



Tang and Deng Journal of Inequalities and Applications (2018) 2018:277 Page 9 of 11

4 Some corollaries

As a special case of Theorem 2.1, when p = 1, we get the following result.

Corollary 4.1 Let the function f € A and assume that g € M%(y) with | +B-1| > y(a +
B) + e. If Qxf (2) is majorized by Qyg(z) in U, then, for |z| < rs, we have

Q57 (2)] < |

where r3 := r1(1, &, B,y) is the smallest positive root of the equation

rze’—[|a+,3—1|—y(a+,3)]r2—e’—2(1+y)r+|oz+,3—1|—y(a+/3)=0

(@=0;8>-1; =0).
Setting y = 0 in Theorem 2.1, we obtain the following corollary.

Corollary 4.2 Let the function f € A, and assume that g € Mg(p) with |+ +p—2| > e.
If Qg f (2) is majorized by Qf ,g(2) in U, then, for |z| < ra, we have

Q5 ()] = [Q%,)
where ry := r1(p, o, B,0) is the smallest positive root of the equation
rPe —la+B+p-2rt—e -2r+|la+p+p-2/=0 (peNa=>0;8>-1).
Taking 6 = 0 in Theorem 3.1, we state the following corollary.

Corollary 4.3 Let the function f € A, and suppose that g € Ng (p) with o + - 1| > e. If
‘g’pf(z) is majorized by Q%,pg(z) in U, then, for |z| <rs, we have

’Qgplf 2| <| ﬂpg 2)|,
where rs := ry(, B,0) is the smallest positive root of the equation
e —la+p-1rr-e -2r+jla+B-11=0 (@>0;8>-1). (4.1)

5 Conclusions

In this paper, we investigate the problems of majorization of the classes Mg (p,y) and
Ng(p,0) defined by the Liu-Owa integral operator Q , given by (1.5), which are also re-
lated to an exponential function. The results obtained generalize and unify the theory of
majorization in geometric function theory. In addition, we notice that, if we put p =1
and o = 1, 8 = § in Theorems 2.1 and 3.1, as well as Corollaries 4.2 and 4.3 of this paper,
respectively, then we easily get the corresponding majorization results for the Jung—Kim—
Srivastava integral operator Qj and the generalized Libera operator Js, (8 > —p; p € N),

which are mentioned in the Introduction.
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