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1 Introduction and preliminaries
Throughout the paper, let I := [a,b] C R with 0 < a < b be an interval, I° be the interior of
I and let 0 < g < 1 be a constant.

Let f : 1 — R be convex on I, then the Hermite—Hadamard inequality holds:

(48) =55 [rwa L0 Ry

If f:I — R is four times continuously differentiable on I° and |f?¥|. =

SUP,.(ap) I (®)] < 00, then the Simpson inequality holds:

Hﬂa) SO 2f(a+b>] /f( ol <

Many researchers generalized the inequalities (1.1) and (1.2). For more details on these
inequalities, see [5-8, 10-14, 16, 17, 22, 24, 25].
In 2014, Tariboon and Ntouyas defined the g-derivative and g-integral as follows.

4

Definition 1.1 ([28]) Let f : I — R be a continuous function and let x € I. Then the g-

derivative on I of f at x is defined as

)—flgx + (1 -q)a)
(1 -q)(x—a)

qu( x) = , x#a, aqu(ﬂ) = iiLI}lquf(x)‘
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Definition 1.2 ([28]) Let f:7 — R be a continuous function. Then the g-integral on [ is
defined as

/ SO adgt =1 - x-S g (@ + (1 - 4")a)
a n=0

for x € I. Moreover, if ¢ € (a,x), then the g-integral on [ is defined as

/cxf (B)adyt = f (O adyt - / () adyt

In the same paper, they also proved the following g-Hoélder inequality.

Theorem 1.1 ([28]) Letf,g:I — R be two continuous functions. Then the inequality

/ v<t>y|g<t>yadqts( f Lf(t)\”adqt)”( / ygmmdqt)”

holds for all x € I and ry,ry > 1 with ri' + ;' = 1.

In 2018, Alp et al. generalized the Hermite—Hadamard inequality to the form of g-
integrals as follows.

Theorem 1.2 ([2]) Let f:I — R be convex and differentiable on I with 0 < q < 1. Then we
have

ga+b a)+f(b)
(42) < [ ran . (13)

For more details on the inequality (1.3), see [15, 18, 20, 21, 23]. For other type quantum
integral inequalities, the interested reader can refer to (3, 4, 27, 29, 31].

In 1993, Mihesan gave the definition of («, m)-convex functions as follows.

Definition 1.3 ([19]) For b* > 0, the function f : [0,5*] — R is named («, m)-convex with
a,m € (0,1] if the inequality

Sftx+m(1-t)y) <tf(x) + m(1 - t*)f(y)
holds for all x,y € [0,5*] and ¢ € [0, 1].
This paper aims to establish different types of quantum integral inequalities via (e, m)-

convexity. Some relevant connections of the results obtained in this paper with previous

ones are also pointed out.

2 Auxiliary results

For proving main results, we need the following lemma.
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Lemma 2.1 Let f : I — R be a continuous and q-differentiable function on I° with
0< g < 1. Then the identity

b
A[f )+ (1= @) + (L= (ub+ (1= ) = [ Fw)

=(b- a){/u(qt + i = N)aDof (tb + (1 - t)a) odgt
0
1
+ / (gt +Ap — 1)aqu(tb +(1- t)a) odqt}
n

holds for all A, i € [0,1] if .Df is integrable on I.

Proof By an identical transformation, we get

(b- a){fll(qt + At = N)aDyf (tb + (1 - t)a) odyt
0
1
+ / (gt +Ap - l)aqu(tb +(1- t)a) odqt}
i

=(b- a){/ol(qt + AU - 1)aqu(tb +(1- t)a) odgt

+ /ﬂ(l = NaDyf (tb + (1 - t)a) odqt}. (2.1)
0

From Definition 1.1, we get

_fb+ (1 -t)a) - flqlth + (1 - t)a] + (1 - g)a)
uf (tb+ (1~ ) = - Qb+ (1-Da-a)
fth+ (1 -t)a)—f(gth + (1 - gt)a)
t(1-q)(b-a)

Utilizing the above calculation and Definition 1.2, we have

1
/ taDyf (b + (1 - t)a) odyt
0

_/1f(tb+(1—t)a)—f(qtb+(1—qt)a) dt
~Jo 1-q)(b-a) %

{iq”f(q”b +(1-4")a)

1
b-a
o0

_ Zq”f(q”+1b+ (1 _qn+1)a)}

n=0

= b_ﬂ{Zq"f(q”b+(l—q”)u)
— é anJrlf(anb + (1 _qn+1)a)}

n=0
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- { (b)+<1——)z (@'b+ (1-¢")a )}
n=1
1 > .
sl { —f(b) Z b+(1-q") )}
n=0
S 1
Tqb-a) qo-ap / S adgr: 22)
1
/ aDof (tb + (1 - t)a) odgt
/ ftb+ (1 -t)a)—f(gth+ (1 - qt)a) ;
t(1-q)(b-a) oda
b—a{zf( "b+ (1 q ) ) Zf(q”+1b+ (l—q"”)a)
n=0 n=0
b) —
10t 03
and
In
/ aDof (th + (1 - )a) odyt
0
_ Hftb+ (1 -t)a)—f(gth+ (1 -qgt)a) dt
o t(1-q)(b - a) o
1 [& e
:m{Zf(qn'ub_l_(l_an)a)_Zf( n+1/l,b+(1 qn+1’u) )
n=0 n=0
_Sub+ (1 - pa) f(a) 2.4)

b-a

Substituting (2.2), (2.3) and (2.4) into (2.1), we can obtain the desired result. This ends the
proof. d

Remark 2.1 In Lemma 2.1, if one takes ¢ — 17, one has [9, Lemma 2].

Remark 2.2 Consider Lemma 2.1.

(i) Putting u =0, we have

f@ -5 / F) ady

=(b-a) / (qt = 1)aDyf (tb + (1 - t)a) odyt. (2.5)
0

(ii) Putting u =1, we have

f(b)——/ f(x) dgx = (b - a)/ qtaDyf (th + (1 - t)a) odyt. (2.6)

Page 4 of 24
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(iii) Putting u = T We have

b
)LM +(1—)L)f(w> —L f(x)adqx
+q +q

Tig rq
=(b—a){/0 (qt— m) qu(tb+ —t)a)gdqt
+ / 1 (qt + %q _ l)aqu(tb +(1-0a) odqt}. 2.7)

1
1+q

Remark 2.3 Consider Lemma 2.1.
(i) Putting A = 0, we get

Flub+ (- pa) - —— / ) adgx
=(b- a){/ qtaDyf (tb + (1 - t)a) odgt
0
1
+ / (gt - l)aqu(tb +(1- t)a) odqt}. (2.8)
m
Specially, taking p = Ty We obtain the midpoint-like integral identity
qa+b 1 /‘ b
f( l+q > b-al, S @) adyx

=b- a){/m qtaqu(tb +(1- t)a) odgt
0

/I (qt - l)aqu(tb + )a) odqt},

which is presented by Alp et al. in [2, Lemma 11].
(ii) Putting A = 3, we get

[/,Lf b)+ (1 - w)f(a) +2f (ub + (1 - wa)] / Sf(x) odgx
“ 1 1
:(b—a){/o (qt+ §/L—§>aD4f(tb+(1—t)a)odqt
! 1
+ / <qt + o 1>aqu(tb +(1-t)a) odqt}. (2.9)
p 3
Specially, taking u = Trg We obtain the Simpson-like integral identity
1[gf(a) +f(b) qa+b 1 b
§|: l+qg +2f<1+q>:|_b—a/;f(x)adqx

= (b a){ fo Y <qt - ﬁ)aa{f(tb + (1= 1)) od,t

! 1
+ /L <qt + 334 - l)aqu(tb +(1- t)a) odqt}. (2.10)

l+q
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(iii) Putting A = 1, we get
S )+ (1= 0@+ (b + (1 - w)a)] / @) adgx
® 1 1
=(b- a){/ <qt + - —)aqu(tb +(1- t)a) odgt
A 2" 72
! 1
+/ <qt+ 5,u—1>quf(th+(l—t)a)odqt}. (2.11)
m
Specially, taking u = Ty We obtain the averaged midpoint-trapezoid-like integral identity
1[ qf(a)+f(b) qa+b 1 /b
2[ l+gq +f l+gq " b-a af(x)adqx
1
= (b-a) /“” gt - —L— ) Dyf (th + (1 - t)a) od,t
0 2+2q !

! 1
t
+/L(q +2+2q

1+q

- 1>aqu(tb +(1-1)a) odqt}. (2.12)
(iv) Putting A = 1, we get
1 b
W)+ (1= @ - s — / ) ady
1
=(b-a) / (gt + i = 1)aDyf (tb + (1 - t)a) od4t. (2.13)
0

Specially, taking u = g We obtain the trapezoid-like integral identity

b b
Qf(?:,;( )—bfa/ £ adg

1 1
=(b- a)/o (qt + Toa” 1>quf(tb +(1-t)a) odyt,

which is presented by Sudsutad et al. in [26, Lemma 3.1].

It is worth to mention here that to the best of our knowledge the obtained identities
(2.5)—(2.13) are new in the literature.
Next we provide some calculations which will be used in this paper.

Lemma 2.2 Let u € [0,1] and t € [0,00). From Definition 1.2, we have

m o I+1(1 _ )
1 n q
/0' tt Odqt Z gt - 1-— qr+1

n=0

and

I o0
/0 -0 odgt=(1 - > q"(1 - ')
n=0
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Lemma 2.3 Let A, i € [0,1] and © € [0,00). Then we have

"
f t%|qt — (A = A)| odyt
0

uA-g0-ap) _ qutt*(1-q)

1_qr+1 l_qr+2 ’ ()‘- + q),u/ = )\;
) 21020 p) T2 TH2(]_ T+ (1) (i
(g_qqr)ﬂ()(l_gr)ﬂ) qlul_qr(ﬂq) -k (l_qqr)il H)’ ()L + q)/J' > )Ly

and

nw
/0 (1-8)7|qt = (. = ap)| odgt

Q-QudXoq"h—rp— g™ )1 - q" 1), A+ qu<h,
=11 20— =au)* Yo q" A - g1 —g" (A — A"

—(1- O A — A — gttt 1—ag"u)’ ? ()"+q)I’L>)"
A-QuY oq"h—rp—g" )1 - q" )

Proof When (A + g)iu < A, making use of Lemma 2.2, we get

1 I
/ t’|qt— (A —Au)\odqt:/ [()L—)L,ud)tr —qt”l]odqt
0 0

WA -0 -ap)  quT?(1-q)
1- qr+1 1- qr+2

When (A + g)p > A, making use of Lemma 2.2 again, we get

n
f t%|qt — (A = A)| odyt
0
A=A

=f ! [(A—Au)t’—qt”l]odqnf

A=A
0 q

%
[qt"" = (A = Ap)E ] odyt

A=A

"
_ 2/‘ q [(k A _qtr+1] odqt+/ [thl - (A _ku)tf]odqt
o 0

20 -’ —aw)™? qutP(l-q) (A - q) (- )
- _ T+l _ T+2 + _re2 _ T+l :
(1-gH)(1-g"?) l1-¢g l1-¢q

Similarly, we also get

i
/0 (1-0)7|qt — (= Ap)| odyt

Q-udXoq"(h—rp— g™ )1 - q" )", (A+qu <A,
=1 20 -0 = Aw)* 3020 A =g [1 = g" (L = )]

—(1- S (N — AL — n+1 1—ad"u)® ’ ()L+q)M>)M
A=Y oq"n =i —q" )1 —q"w)

This completes the proof.

The following results of Lemma 2.4, Lemma 2.5 and Lemma 2.6 are stated without proof.

O

Page 7 of 24
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Lemma 2.4 Let A, i € [0,1] and © € [0,00). Then we have

1
f £7|qt — (1 - Ap)| odgt
0

(1-9)-rp)  gq(1-q)

1_q1+1 - 1_qr+2’ )\,,LL + q < lr
- _2(1—0 1) T2 _ o1
%l_qqr)ﬂ()l(liszd) quilrzg - (1 lq_);iﬁhu)’ )\.,LL + q > 1’
and
1
[ a-orlat- -l odye
0
1-q) Yo q" A=A —g" (1 -q"), AM+q <1,
=11 20 -9 -2w)* Y 20q" 1 -g")[1 - q" (1 - )]
Ap+g>1
—1-q) X e q" (- —g"H)(1-q")"
Lemma 2.5 Let A, i € [0,1] and © € [0,00). Then we have
n
/ t%|qt — (1 = )| odyt
0
e _ ) Gt
- 2(1_ )2(1—)» )r+2 r+2(1_ ) r+1(1_)‘ )(1_ )
(1_q€+1)(1_gr+2) qul_qr&q - £ l_qufl u ) ()\' + Q)M > 1;
and
I
[ a=orlae- -] odye
0
A-q@ud oq"(1 - — g™ (1 - q" )", (A+q@u=1,
=1 | 20— -2 Y 0q" A —g")1-g" " (1 - 2]
A+qu>1
—A-pu Yo q" A =dp - " )1 - ")
Lemma 2.6 Let A, i €[0,1] and 6 € [1,00). Then we have
! 0
/ gt — (1= )| odyt
0
A-q) Y oq" (1 —rp—q""), 0<iu<l-g
)| G- -2t g A - g
+(L=q) Y0 q" (@™ =1+ ap)’ , l-g<ip <L

(1 =g)@ =) Y0 g M g - 1)

3 Main results
In 2018, Alp et al. established the g-Hermite—Hadamard inequality in [2]. Here we give a

new proof, which is more concise.
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Theorem 3.1 Letf :I— R be a convex function on [a,b] with 0 < q < 1. Then we have

qa+b a)+f(b)
f<1+q) b- a/f do = l+q

Proof 1t is obvious that ) > (1 - ¢)g" = 1, 0 < g < 1. Since Jensen’s inequality defined on

convex sets for infinite sums still remains true, utilizing this fact and Definition 1.2, we

have
2 =f E 1-94q" ”b + (1 - ”)a)
1 - q q q

Zl 9" (q"b+(1-q")a)

1
=0 4 /f(x) dgx.

Using Definition 1.2 and the convexity of f, we get

ba/f dgx = ;(lq”f ”b+(1 q))

<> (-9 [q"f®) + (1-q")f(@)]
n=0

_qf(a) +f(b)
T l+q

The proof is completed. O
Using Lemma 2.1, we can obtain the following theorem.
Theorem 3.2 For 0 < a < b and some fixed m € (0,1], let f : [a, %] — R be a continuous

and q-differentiable function on (a, %), and let ,D,f be integrable on [a, %] with0<qg<1.
Then the inequality

A ®) + (1= f @] + (L= W)f (ub + (1 - wa / ) adg

<min{Hy (A, , 0, m), Ho (A, p, o, m) }

holds for all A, v € [0, 1] if |.Dyf | is (e, m)-convex on |a, %] with o, m € (0,1]2, where

Hl(x,u,a,m)=(b—a){[dn(x,u,a)mz(x,u,) D3(1, 1, @) ]|aDf ()|

m[q>4()‘-l ,LL) + CDS()"l M) - q>6(}" M) - (bl()‘r M!a)

()}

- qDZ()“’ M, Ol) + CDS()‘-’ 122 Ol)] a
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Ha(h, 0, m) = (b - a) { [®7(h, p, @) + Py (h, p, @) = Po(h, 1, @) ]| aDyf (@)
+ m[@a(h, 1) + 5k, 1) — Po(h, 1) = D7 (%, 1, @)

(2}

- cDS()‘v ,LL,O{) + <D9()‘: ,LL,O[)]

wn
CDI()\,/L,OI)=/ t0t|qt_()"_)"I’L)|Odqlf
0

w1 A-g)0-rw)  qu2(1-q)

B 1_q0t+1 - l—q‘”z ’ ()" + q)M S )‘-,
") 20-9%0- 2 | que-9)  ptla-@-ip)
(1_qa+1)(1_qo¢+2) l—q‘“z - l—q‘“l ) ()" + Q)M > )"
1
@2 ma) = [ t]at- (- A0 odyt
0
(1-9)A-rp) _ q(1-q)
_ I,qoml I,qot+2’ )\.,LL + q E 1, (3 1)
20-921-20)**? | q(l-q) _ (A-g)1-ip) ’
(1-q**1)(1-¢g2+2) 1-q+2 - 1-g**T )‘/’L +9> 1
n
b3(A, ) = / t¥|qt — (1= Ap)| odyt
0
o+l 1-A 1- a+2 1-
QT Grau=
") 20-9%0-207*? | quota-g) | et a-an(-q)
(1_qa+l)(1_qa+2) l—q"“’z - l_qa+1 ) ()‘- + Q)M > 1:
%
Dy(h, ) = / |qt = (= 210)| 0dgt
0
qu®
(1= p) = 3, A +q@u <A,
= Y 2
% + % —au(l-pw), (A+qu>r,
1
@sm) = [ lat -1 =340 oyt
0
1
— — AU, A+g=<1,
- ;‘1 . (3.2)
%+Au—%q, A +g>1,
n
@)= [ lat= (=10 odyt
0
2
B n(=ap) - 22, A+qu =<1,
- a2 2
MHE 4 02— (L=, A+ > 1,
<D7()‘: /,L,O{)
"
- [ - ola— 0= a0
0
A-uY 020 q" (= rpu—g"™ )1 - q" 1) A+qu <2,

20 - =2 3350 q" (1 =g =g (A = Ap))”

oS! n+1 n,\o ’ ()‘+q)ﬂ>)‘:
—(L=u Yo q" A=A —q" ) (1 - q"w)



Zhang et al. Journal of Inequalities and Applications (2018) 2018:264 Page 11 of 24

q)S(}‘v /L,Ol)
1
= / (1-0)%|qt — (1= 2| odyt
0

L-q) > 00q" A=A —q"™M)(1 - q"), A+q=<1,
=11 20 -9 -2u)* Y020 q" A =g 1 - " (1 - 2p)]* N (3:3)
, nw+qg>1,
Q- X0 d"A—apn—g" (1 -q")"

and

CDQ()‘: /,L,O{)
m
= / (1- t)“|qt— (1- ku)| odyt
0

A-quY oo q"(1—Ap — g™ )1 - g" )", A+qu<l,
=1 | 20 - -an)? 320 q" A - g1 - g (1 - A
, A+ qu>1.
~Q-u Yo q"(L—rp—q" w1 - g" )

Proof From Lemma 2.1, utilizing the property of the modulus and the («, m)-convexity of
l«Dyf |, we have

b
‘k[uf(b) (U= @] + (-2 b+ (- )a) = 5 [ 7 g

< (b—a){/oﬂ |t + Ap = M |oDof (b + (1 - t)a) | od,t
+ /Ml gt + Ap = 1|[aDgf (tb + (1 - t)a)|odqt}

< (b—a){/oqqt—(k—AM)|[t“]aqu(b)| +m(1-t%)

24 (3

i

/()]

o2 (5| ]+

m 1
:(b—a){[/o ta|qt—(x—xu)|0dqt+/0 t¥|qt — (1= Ap)| odyt

1
+ [l —)L;L)||:t"‘|aqu(b)| em(1-t)
i

m
= (b—a){/o gt - (n —Au)||:t“|aqu(b)| +m(1-1t%)

1
of |qt—(1—ku)|[t"‘|quf(b)|+m(1—t°‘)
0

od,t

o
- /0 |qt—(1—ku)||:t“|aqu(b)|+m(1—t"‘)

o
- /0 ta|qt_(1_M)|0dqt}|aqu(b)|

I 1
+m[/ |qt—(k—ku)|0dqt+/ |qt—(1—k,u)|0dqt
0 0
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n I
—/ |qt—(1—ku)|0dqt—/ ta|qt—(k—ku)|odqt
0 0

1 m
—/ t“|qt—(1—m)|odqt+/ t“|qt—(1—ku)|odqt:|
0 0

2 ()}

Similarly, we get

b
A6+ (1= @]+ (=2 (b 1= 00) - 5 [ 00,00

w 1
s(b—a){[/o (=gt = Gl od+ [ 1=0F]ge= =) odye
- /0 (1-8)"|qt — (1= ap)| odqt] |uDyf (@)
" 1
+m|:/0 |qt—(k—ku)|0dqt+/0 |qt—(1—Au)|odqt
—/ |qt—(1—)»u)|0dqt—/ (1-0)%|qt — (A = Ap)| odgt
0 0

1 "
_/ (1—t)“|qt—(1—ku)|0dqt+/ (1—t)°‘|qt—(1—ku)|0dqt:|
0 0

2 ()|}

Using Lemma 2.3, Lemma 2.4 and Lemma 2.5, we get the desired result. This completes
the proof. O

Corollary 3.1 In Theorem 3.2, putting |1 = ﬁ, we have

qf (@) +f(b) qa+b 1
’)\'Tq-*(l_)\)fv( 1+q>—m/a f(x)adqx

1 1
< min{?—ll(k, —,a,m),?-b(k,—,a,m)}.
l+q l+q

Remark 3.1 Consider Corollary 3.1.
(i) Putting A = 0, we get the midpoint-like integral inequality

qa+b 1 b
(552)- s

1 1
S min{Hl (0; —;a)m)1H2<O) —,Ol,m> }1
l+q l+q
where

Hl (0, L,a,m)
l+q
(- a){ [(1+q)**? - (1 +¢*)]01 - g)*

(1 + q)ot+2(1 _ qa+1)(1 _ qa+2)
[ 2q [+ -1 +g*)A - 61)2]
+m (

|«Dof ()]

1493 (1+9)2(1-qo)(1-q*+2)

()l
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and

1
’HZ(O,—,a,m)
l+g

|
S
|
S
! e,
—
S
~
//
L
B
S~——
“+
2
~—  —
L
—
+ | =
Q‘.
IS
SN——
|
S
o
/N
e
=+
Q‘

IS
SN——
—
—
S
8

Specially, taking & = 1 = m, we obtain

b 1 b
PCT:q)_b—aZ;ﬂM“%x
3q
(1+9PQ+q+4q?

-q+2q% +24°
(1+qP(1l+q+q%)

|oDqf (@)

sw—aﬁ LDy )] +

I

which is established by Alp et al. in [2, Theorem 13].

(ii) Putting A =  and & = 1 = m, we get the Simpson-like integral inequality

[ ()]
1 1

3 l+qg l+qg
,1,1>}.
q

1 1
Emin Hl 57 ;111 ;HZ 5
3 1+q 371+

Specially, if g — 17, then we obtain

S ()t o

5(b-a)

(@) +f @

]

<

which is established by Alomari et al. in [1, Corollary 1].

(iii) Putting A = % and o = 1 = m, we get the averaged midpoint-trapezoid-like integral

inequality
11 gf(a) +f(b) qa+b 1 b
‘5[ 1+q +f<1+q)i|_b_a/af(x)adqx

1 1 1 1
Smin Hl _;—,1,1 ,HZ _y—ylyl .
2 1+qg 2 1+q

Specially, if g — 17, then we obtain

‘l[f(a) +f(b) +f(a+h):| B bia th(x)dx

b— / /
17 . = =l o) + @l

which is established by Xi and Qi in [30, Corollary 3.4].
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(iv) Putting A = 1, we get the trapezoid-like integral inequality

b 1 b
T [ s

1 1
S min{Hl (1; — 0, m))HZ(I) — 0, m> }7
l+q l+g

where
7—[1<1,$1,a,m>
20 (1-q)* + *(L+ @) (1 - q)(1 — ¢*)
=(b- D f(b
( “){ Crgi-gna-gn LSO
+m|: 2q° _261“*2(1—61)2+q2(1+q)"”(1—q)(1—61°‘)} DJ(E)H
(1+q)?° (1+q@)*2(1 - g1 (1 —g**?) ¢ m

and

’Hg(l,i,a,m)
l+g
1 1 1
= (b—ﬂ){[¢7(1: m;a) + d)s(l, ﬁqla) - dD9<L Tq;“)]‘aqu(ﬂ”
24y, ! o1,
m[(uq)f 7( ’Tq’“)_ 8( ’ﬂ’“)
1 b
wo(rge) b Gl

Specially, taking & = 1 = m, we obtain

b 1 b
q}’(bi):;‘( )_b—a/a Fx) odyx
q*(1+4q + 4°) q*(1+3q> +24°)
<00 Gt ra e PO (g g e @

which is established by Sudsutad et al. in [26, Theorem 4.1].
If |,D,f|" for r > 1 is (&, m)-convex, then the following theorem can be obtained.
Theorem 3.3 For 0 < a < b and some fixed m € (0,1], let f : [a, %] — R be a continuous

and q-differentiable function on (a, %), and let ;D,f be integrable on [a, %] with0<g< 1.
Then the inequality

b
A[f )+ (1= @) + (L= (ub+ (1 w)a) = 5 [ Fa)

5 (b_a)min{jl()\;,u/;arm’r); \72()\>Mﬁarm:r)}
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holds for all 1, € [0,1] if |uDyf|" for r > 1 is (o, m)-convex on |a, %] with o, m € (0,1]2,

where
Ji(&, w0, m, )
= ®, (A u)[% (M 11, 00)[aDof B)| + m (@5 (0, 1) = D2(hs 1, @) | qf( ) T
=2 i@ DB+l (£ ] g’
Fo(h y 0, m, 1)

o M)|:<Ds (Ao 1, 0)|aDygf @)|" + m (D5 (1, 1) — Ps(h, 1)) [ D

as(2)])

F(1-2)p [Tg(u,a)laqu(a)lr +m Yy, )

n a+l 1=

Tl(u,a):/o taodqt:ﬂl_(iqmlq) (3.4)
" N a+1(1_ )

Tz(//,,oz)zfo (1- ) odgt = %, (3.5)
W > N

Ta(ua) = /0 (-0 odgt = (1= 3" (1 - '), (3.6)

n=0

2 > N

Talne) = [ (1= 0= 0) odyt == (1= (1= '), (37)

n=0

and Oy (A, w, ), 5(A, 1), Pg(A, u, ) are defined by (3.1), (3.2) and (3.3), respectively.

Proof Using Lemma 2.1 and the power mean inequality, we have

’k[uf(b)+(1—u)f(a)] (1 =0)f (ub+ (1 - pa /f(x) dgx

1 1-1
s(b—a){(/o |qt—(1—w>|odqt)

1
x (/O gt = (1 = ap)||aDyf (tb + (1 - t)a)|’odqt>

! 1-3 ¥
+(1 -)\)< / : lodqt> ( / “}aqu(tb+ (1- t)a)\’odqt) } (3.8)
0 0

Utilizing the (o, m)-convexity of |, D f|", we get

1

1
fo gt — (1= A1) ||aDyf (tb + (1 - t)a)|  odyt

or(2) o

1
< [la-a —)Lu)|[t"|quf(b)|r o m(1- )
0
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1
- (fo t*|qt - (1 —AM)|0dqt)|aqu(b)‘r

1 1 r
+V"<f0 Iqt—(l—kmloclqt—/o t"‘!qt—(l—w)iodqt) aDJ<%) (3.9)
and
/:|aqu(tb +(1-8)a)| odyt
i r

S/O |:t“|aqu(b)‘r+m(1—t"‘) aDJ(%) :|0dqt
—(f“t“ dt)| Df(b)[" (/M(l ) dt) D <ﬁ) (3.10)
- o 08" | |a qf +m o - 04g a qf " . .

Using (3.9) and (3.10) in (3.8), we get

b
s )+ 0= @]+ 0= b s (- 0a) = 5 [ 7.

1 1-1
s(b—a)”fo |qt—(1—w)|odqt]

1 r
‘ [( | t°’|qt—(1—ku)|odqt)|aqu(b)|
0

1
r:|r

1 1
+m(f0 |qt—(1—)»/,b)|0dqt—/(; t"|qt—(1—/\u)}0dqt>

1 w r
F (=l [( /0 £ odqt) | Df )|

ol [ 0=eyae) o (2)[T} o)

Similarly, we get

aqu(%)

1
fo gt — (1= A)||aDyf (tb + (1 - t)a)|  od,t

! , b\|"

5/ \qf—(l—wl[(l—t)"‘laqu(a)l +m(l-(1-1)%) HDJ(—) ]odqt

0 m

1
= (/0 1-0)|qt-(1 —)»M)|odqt>|quf(a)|r
1 1
+WZ</O Iqt—(l—w)lodqt—/0 (1—t)“|qt—(1—w)|0dqt>
b r
X |aDof ( ;) (3.12)

and

/M laDof (b + (1 = t)a) | od,t
0

. r
<[ |:(1—t)°‘|aqu(a)| e m(1—(1- 1)
0

Joau

)
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I
) (/0 “—t)“odqt)IaDaf(ﬂ)V
Hn
’”(/ <1—<1—t>°‘>odqf)

Using (3.12) and (3.13) in (3.8), we get

r

. (3.13)

a2

b
‘k[uf(b) (U= @] + (=2 b+ (- )a) = 5 [ 7 g

1 1-1
s(b—a){[fo |qt—(1—w)|odqt}

1
x [( / (1—t>“|qt—(1—m>|odqt)|aqu(a)}’
0

1
-

()

]

1 1
+m(f0 |Qt—(1—ku)|odqt—f0 (1—t)“|qt—(1—ku)|0dqt)

1 ® ,
+(1-utr |:</0 1-2~ odqt> ’aqu(a)‘

+ m(/oﬂ(1 - —t)“)odqt> aDJ(%) ]1} (3.14)

From (3.11) and (3.14), utilizing (3.1), (3.2), (3.3) and Lemma 2.2, we can deduce the de-

sired result. The proof is complete. g

If |.D,f|" for r > 1 is (o, m)-convex, then the following theorem can be obtained.

Theorem 3.4 For 0 < a < b and some fixed m € (0,1], let f : [a, %] — R be a continuous
and q-differentiable function on (a, %), and let ,D,f be integrable on [a, %] with0<qg<1.
Then the inequality

b
ALt )+ (1= @) + (L= (ub+ (1 w)a) = 5 [ FGa)

<(b-a) min{lCl(A, Wy, m), Ko(h, i, cx, m)}

holds for all A, € [0,1] if |,D,f|” for r > 1 with r + 57! = 1 is (o, m)-convex on [a, %] with

o, m € (0,1)%, where

Ki(x, w, o, m)
]1
ri|%

= \1’1% (* M)[%(a)laqu(b)V +m(1 - Wy(e))

Ve
e

F (-2 [Tl(u,a)laqu(b)lr +m o, )
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Ko, p, o, m)
ek

2 ()]
b r

o))

= ‘I’f (*, M)[‘I’s(oz)lquf(a)V +m(1 - Ws(e))

~l=

+(1-hus [Ts(u,a)lquf(a)lr +m Yy, )

1
‘Vl(k»M)Z/ gt — (1= x| odgt
0

(1-a) X0 q" -2 —q""), O<ius<l-g,
Ta-ga-an ol ta- gy
+ (=) Y20 q" (@ =1+ Ap)y » l-g<ipn=l,

~(1-)A -2 320 q"  (g" - 1)

1 o0
Ws(e) = /0 1= 0dgt=(1-) Y q"(1- )",
n=0

and Y1(1, ), Tolu, @), Ts(w, ), Ya(u, @) are defined by (3.4), (3.5), (3.6) and (3.7), respec-
tively.

Proof Using Lemma 2.1 and the Holder inequality, we have

b
‘k[uf(b) + (= @f @] + (1= 2)f (b + (1 ) 5 / ) adg

<(b-a) l}qrr—(l—w)\sodqtE
0

1 :
« ( [ lepi (-0 |’0dqt)
0

+(1 —A)</OM 150dqt)5 (/OM|aqu(tb +(1- t)a)|’0dqt>7 } (3.15)

Utilizing the (o, m)-convexity of |,D f", we get

1
/0 |aDof (b + (1 - t)a) | odyt

o

)

< [[epiol «ma-e)ps(2)

, </01t°‘ odqt>|quf(b)|r +m<f01(1 —to‘)odqt)

r

(3.16)

and

/M laDof (b + (1 = t)a)| od,t
0
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< /Oﬂ[ta|“D“f(b)|r+m(1—t“) aqu<%>

, (/0“,:“ odqt> 1D ()] + m(/ou(l —t“)odqt>

Using (3.16) and (3.17) in (3.15), we get

} oyt
e

r

b
‘k[uf(b) + (- @f@)] + (1= 2)f (1 + (1 pha) 5 / ) adgr

1 5
s(b—a){(/o \qt—(l—xm\sodqt)
1 1
X|:(/0 t"odqt>}aqu(b)]’+m(/0 (1—t“)odqt)

1 " r
+ (1= A [(/O t"‘odqt> | Dyf )]

ol [ 0-erae) oo (2)[ ]}

Similarly, we get

1
ri|r

e

1
/ |Dyf (th + (1 - t)a)| odyt
0

! o r o b !
< /0 |:(1 —t) ‘aqu(a)‘ + m(l -(1-9 ) uDJ(;) ] odgt
1
- (/0 (1 —t)"‘odqt>]ﬂqu(a)|r
1 b r
+ m(/o (1-(1-2%) odqt) aqu<%>
and
I
/0 1uDof (b + (1= D)a)|" od,t
Iz , " b\ |
< /0 [(1 —0)*[aDgf @)|" + m(1 - (1 -1)*) ﬂqu(Z) ]odqt
"
_ ( /0 (1-8)" odqt) D@
Iz A\
+ m(/o (1-- t)“)odqt) “D“f<Z) .
Using (3.19) and (3.20) in (3.15), we get
1 b
‘k[uf(b) +(1-p)f@]+Q-1)f(ub+(1-pa) - P / S(x) adgx

1 :
s(b—a){(/o |qr—(1—w>|sodqt)

Page 19 of 24

(3.17)

(3.18)

(3.19)

(3.20)
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" Kfol(l‘t)“ odqt>|aqu(a)‘r
+771(/01(1_“‘f)")ociqt) aqu(£> }

1 " r
+(L=A)us |:(/0 (1-2)* odqt) |aDyf (a)|

ol [ 0-a-orvae) oo (2)[ ]} o

From (3.18) and (3.21), utilizing (3.4), (3.5), (3.6), (3.7), Lemma 2.2 and Lemma 2.6, we can
deduce the desired result. The proof is completed. g

Remark 3.2 For p = ﬁ, ifweputA =0, A = %, A= % and A = 1 in Theorem 3.3 and The-

orem 3.4, then we can get the midpoint-like integral inequality, the Simpson-like integral
inequality, the averaged midpoint-trapezoid-like integral inequality and the trapezoid-like
integral inequality, respectively.

Next we establish the g-integral inequalities involving the product of two («, m)-convex

functions.

Theorem 3.5 For 0 < a < b and some fixed m € (0,1], let f,g : [a, %] — R be continuous
and nonnegative functions. Then the inequality

b
ﬁ / S@)g) adgx < min{La(cr, 02, m), La(etr, o2, m)}

holds if f and g are (o1, m)-convex and (ay, m)-convex on [a, %] with ai,ay € (0,1]%, re-
spectively, where

Ly(o1, az,m)
1- 1- 1-
_ a qa_ 9 wr (2o &
1- qa1+a2+1 1- qa1+1 1- qa2+1 m m

1-¢g 1-¢g 1-¢g a
+ 1 _qa1+a2+1f(b)g(b) + |:1 _qoz2+1 - 1 _qa1+a2+1:|mf<E)g(b)

1-¢g 1-¢g a
+ [1 _ qal+1 - 1- qa1+a2+1 }mf(b)g<%>,

Lo(a1, 0, m)

= [O(a1, 2) - O(a1) — Ofar) + 1]m2f<%)g(£>

m

+ Oler, ) (@g(@) + [O(a) - @(al,az)]mf(a)g(ﬁ)

m
+ [Oa) - @(al,aﬁ]mf(%)g(a),

1
Ofana) = [ (L= adyt = (1= 3" (1-q") ",
0

n=0
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and

1 o]
6(%):/0 (1-t)°‘fodqt=(1—q)zq"(1—q")°"', i=1,2.

n=0

Proof Using the (a1, m)-convexity of f and the («,, m)-convexity of g, respectively, for all
t € [0,1], we have

F(th+ (1 - t)a) < £ (B) + m(1 - t"‘l)f<:;> (3.22)
and

g(th+(1-a) < t2g(b) + m(1 - t‘*z)g(%) (3.23)
Multiplying (3.22) with (3.23), we get

f(tb+ (1 -1t)a)g(th+ (1 -t)a)

-2
+1*2 (1 - t"‘l)mf<£>g(b) + 1 (1 - “Z)rnf(b)g(Z). (3.24)
m m

Taking the g-integral for (3.24) with respect to ¢ on (0, 1) and using Lemma 2.2, we obtain

1
/ F(th+ (1= 0a)g(th + (1 - )a) od, ¢
0

1- 1- 1-
< q _ q _ q +1 m2f ﬁ g 1
1- qa1+012+1 1-— qoz1+1 1- qa2+1 m m

1-9 l1-q l-¢q a
+ Wf(b)g(b) + [1 p 1 _qal+a2+1:|mf<;)g(b)

l1-¢ 1-¢g a
* [1 — g+t 1 _qa1+a2+1:|mf(b)g<a)‘ (3.25)

Similarly, we get

1
/ f(tb+ (1 -t)a)g(th+ (1 -t)a)od,t
0

1 1
< (/0 (1—)"172 odgt - /0 (1 -8 odgt
1 b b
_ /0 (1-1)"odgt + 1)m2f<E>g(%>
1
+ (/0 (1 —p)xre odqt)f(a)g(a)
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1 1
([t o-remadsa(2)
1 1
' (/o (=0 odgt = /0 (L= )1 odqt) mf (%g(m. (3.26)

A simple calculation shows that

1 1 b
/ f(tb +(1- t)a)g(tb +(1- t)a) odyt = P / S(x)g(x) odgx. (3.27)
0 -al,
From (3.25), (3.26) and (3.27), we obtain the desired result. This ends the proof. O

Corollary 3.2 In Theorem 3.5, choosing o = o = o, we obtain

b
ﬁ / S @)g(x) adyx < min{Ti (e, m), Toler, m)},

where
1-¢g 2(1-¢q) a a
Tlam) = g0+ - T 1 iy (£ )o(£)
FA-9(-q) [.[fa a
- _qm)m[f (Z)g(b) +f bk (E)]
and

00 y o0 " b b
Totwm) - [a-@zq"(l—q"f 21-9 Y ¢"(1-4) +1}m2f<;)g(—)

m
n=0 n=0

+1-9)Y q"(1-q")“f(a)g(a)
n=0
+ [(1 -9 ¢'(1-7)-0-9) q'(1 —q”)za}
n=0 n=0

y [mf(a)g(%) ; mf( )g(a)}

Further, taking a = 1 = m, we get

b
ﬁ / F)g() udyx
2

q(1+q°)
1+ +q+q? f (@@

[f(@g(®) +f(b)g(@)],

< mf (b)g(b) +

qZ

TArlra+d)

which is established by Sudsutad et al. in [26, Theorem 4.3].
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4 Conclusions

In the present research, based on a new quantum integral identity with multiple pa-
rameters, we have developed some quantum error estimations of different type inequal-
ities through (o, m)-convexity, such as the midpoint-like inequalities, the Simpson-like
inequalities, the averaged midpoint-trapezoid-like inequalities and the trapezoid-like in-
equalities. The inequalities derived in this work are very helpful in error estimations in-
volved in various approximation processes. We expect that the ideas of this article will
facilitate further study concerning quantum integral inequalities.
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