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1 Introduction and preliminaries

The subject of fractional differential equations has evolved as an interesting and impor-
tant field of research in view of numerous applications in physics, mechanics, chemistry,
engineering (like traffic, transportation, logistic, etc.), and so forth [1-3]. The tools of frac-
tional calculus play a key role in improving the mathematical modeling of many real-world
processes based on classical calculus. For some recent development on the topic, see [4—
12] and the references therein.

Various types of fractional derivatives were introduced: Riemann-Liouville, Caputo,
Hadamard, Erdélyi—Kober, Griinwald—Letnikov, Marchaud, and Riesz, to just name a few.
Commonly, all they are defined as integrals with different singular kernels, that is, they
have a nonlocal structure. Due to this fact, there are many inconsistencies of the existing
fractional derivatives with classical derivative. Thus they do not obey the familiar product
rule, the quotient rule for two functions, and the chain rule. Also, the fractional derivatives
do not have a corresponding Rolle’s theorem or a corresponding mean value theorem.

On the other hand, a recently introduced definition of the so-called conformable frac-
tional derivative involves a limit instead of an integral; see [13, 14]. This local definition
enables us to prove many properties analogous to those of integer-order derivatives. The
authors in [14] showed that the conformable fractional derivative obeys the product and
quotient rules and has results similar to the Rolle theorem and the mean value theorem
in classical calculus.

For recent works on conformable derivatives, we refer to [15—-19] and the references
therein.

Let us recall the definition of the conformable fractional derivative and integral.
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Definition 1.1 Let 0 < o < 1. The conformable fractional derivative starting from a point
¢ of a function f : [¢, 00) — R is defined by

1-a
oDA(t) = 1in(1)f(t+6(t_f) AU, (1.1)
and ¢ D*f(¢) = lim,_, 4+ s D*f(t).
Note that if f is differentiable, then
o _ 1-«o m
oD f(0) = (=)™ == (1.2)

Definition 1.2 Let 0 < « < 1. The conformable fractional integral of a function f :
[¢,00) — R from a point ¢ is defined by

oI(8) = /¢ (s — §)*"Lf (s) ds. (1.3)

The impulsive differential equations have been used to describe processes that have sud-
den changes in their states at certain moments. Many mathematical models in physical
phenomena that have short-term perturbations at fixed impulse points #, k = 1,2,3,...,
caused by external interventions during their evolution appeared in population dynam-
ics, biotechnology processes, chemistry, physics, engineering, and medicine; see [20—22].
In [23, 24], the authors introduced a new class of noninstantaneous impulsive differen-
tial equations with initial conditions to describe some certain dynamic changes of evo-
lution processes in the pharmacotherapy. This kind of impulsive differential equations
can be distinguished from the usual one as the changing processes containing no ordi-
nary or fractional derivatives of their states work over intervals (#, s], whereas the usual
does at points #;, k =1,2,3,.... There are some papers on existence and stability theory
of this kind of impulsive ordinary or fractional differential equations [25-36]. To the best
of our knowledge, there is no literature on noninstantaneous impulsive inequalities. The
main goal of the paper is to establish some new noninstantaneous impulsive inequalities
using the conformable fractional calculus. The main results are presented in Sect. 2. In
Sect. 3, the maximum principle and boundedness of solutions for noninstantaneous im-

pulse problems are illustrated.

2 Main results
Assume that the independent variable ¢ is the time defined on the half-line R, = [0, c0).
Let {£;}°, and {s;}75, be two increasing sequences such that

O=s0<t] <s1<th <$p<l3<-- <L <8<ty <+

for i =1,2,... and lim_, o £k = limg_, o Sk = 00. In addition, we define subsets of R, by
Uy, = Ureo(s teatls Uy, = Upeq (b si] and U = Uy, U Uy, Note that U U {0} = R,. Set
PC(U,,R) = {x: Uy, — R;«x(¢) is continuous on U, and x(s}) exists for k = 0,1,2,...},
PC(Uy,,R) = {x: Uy — R; x(t) is continuous for ¢ € Uy, , and x(¢;) exists for k = 1,2,3,...},
PC¢ (U, R) = {x € PC(U;

- (Use o R) 5 D*x(t) is continuous everywhere for ¢ € U, and
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s Dx(sy) exists for k =0,1,2,...}, PCg((LItk,R) = {x € PC(Uy,R) : , I*x(¢) is continu-
ous everywhere for all € Uy, and ,I*x(t;) exists for k = 1,2,3,...}, and PC*(U,R) =
PC (U, R) U PCE (U, R).

Let the maximums of impulsive points less than or equal to ¢ be defined by

Sm=max{sg:s <t,k=0,1,2,...} and tm=max{t;:ty <t,k=1,2,3,...}. (2.1)
In addition, we define

(sg—t1)* Tk o
Hy = e ik ; Qi = sk PEE=sk1) ldf;

Gy = QrHy; Py = QuHy-1.

Note that

HyGi1Gms2Ges -+ - Guo1Qp = Prps1 Prasa -+ - Pyo1 Py (2.2)
and

PuPuitPpsa - Puo1PyHy = Hy1GuGisr - - - Gu1 G (2.3)

where m < n are positive integers.

Throughout this paper, we assume that the unknown function u € PC*(U,R) is left-
continuous at s; and £ (k =1,2,3,...). Now, we are in the position to establish noninstan-
taneous impulsive differential inequalities.

Theorem 2.1 Let by, cx, di be given constants such that by, cy > 0and dy >0,k =1,2,3,....
Suppose that p,q € PC(U,,R) and

s DYu(t) <p(tu(t) + q(t), te(si,teal k=0,1,2,...,

(2.4)
u(t) < ceu(ty) + dy fé@ — ) ) dE + by, te (tosil k=1,2,....

Then

u(t) < ef:'”p(g)@_SM)aldg{u(sO) l_[ Gy + Z (l_[ CjG/>Hkbk

0<k<m O<k<m “k<j<m

73 b o
+ 2 < I1 CiGi>C/(H/( / qn)(1 = sp_a)*Leh PEEsen)* T de dn}
1

O<k<m “k<j<m Sk

t
+/ q(n)(n—sm)“'lef;”@(s’s‘“) Vg, te (ot k=0,1,2,..., (25)
Sm

and

)

u(t) < edm%{M(So)chm [] G+ Y (H C;‘P/’)bk
O<k<m O<k<m “k<j<m
s (

T Lk a—1
[ Cj1)f>ck / q(n)(n = siq)* e PEEs) s dn},
0<k<m Sk-1

k<j<m

te(t,sil, k=1,2,3,.... (2.6)
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Proof For t € (so, t1], the conformable fractional differential inequality can be written as

Myhmégmmmwuqﬁqmégwmmwwg

By taking the conformable fractional integral of order o from sy to ¢ € (so, £1],
ol D [u(t)e” Jio P& E=s50)*! “] < 1 [qt)e Ji PE)E=s50)*! ],

we obtain

t _en)a-1
u(t) < M(SO)efSOP(E)(E $0)* 7 dE

¢ t o—
¥ / qn)(n = so)*1eh POEO T g e (50,1), (27)
S

0

which implies that (2.5) holds for k = 0.
For ¢ € (¢1,51], we define the function

(0= [ - ute)de. 238)
Note that z(#;) = 0 and
u(t) < ciu(ty) + diz(t) + by, te (8]

Then, taking the derivative with respect to ¢, we have

Z(t) = (t— 1) u(t)

< (t-t)* eru(£y) + b1 + di(t - 61)*'2(2).

(-t
Multiplying this inequality by the integrating factor e~ =3 , we get

%[z(f)efdl e ] < [au(t) + b1t - 6)* e )

which implies that

) ! (1-17)®
z(t) < [clu(tl’) + bl]ed1 @ f (n-t)* e a dn
ty

1 )X
= olew(a) + by[e -~ 1],

By (2.7) with ¢t = t; we have
( . o t o—
u(t) < e [u<sO>efs&P<¥>@-so> s
i t a-1 (t=t)*
’ / () — so)* et PONE—s0 T e dn] Fbie T, te(ts).
S

0

This shows that the bound in (2.6) is true for k = 1.
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Now, we assume that inequality (2.5) holds for ¢ € (s, t,11], # > 0. By mathematical in-

duction we will show that (2.6) is true for ¢ € (£,,1,5,.1]. Let

t
w(t) = / & = b)) uE)dE, L€ (brrrysuna).
t,

n+l

Then w(t,,1) = 0 and u(t) < cp1u(t,,,) + duriw(t) + bys1. Using the above method, we

have

wi(t) <(t- tn+1)a_ [CnHM( n+1) + an] +dp (t — t)” lw(t)

which leads to

(£ [n+1)

[Cn+1u(t;;+1) + bn+1] [edml

-1].

w(t) < dl

n+l

Substituting the bound of w(¢) and inequality (2.5) with ¢ = £,,1, it follows that

u(t) < Cn+1u(t;+1) +dpaw(t) + by

=ty * (t=tpe1)”
_ d n+ n+
< c,,+1u(tm1)e N T dns1

by o
<c 1[ef ! p()E-sn) 1ds{ (o) [] aGer 3 (H CjGj)Hkbk

0<k<n 0<k<n “k<j<n

t 3 a-
+ ) (H )Cka/ qn)(n = sig)* e POEs s dn}

O<k<n “k<j<n Sk-1

il 1 [ p(e)(E-sn)* ) dt Ay )
+/ q(n)(n —s,)* " eln PEIE dn |1 a
Sn

t—t,
n bn+1ed"+1( n+1)”

Gty
_edn+1 ! {M(SO)CVI+1QVI+1 1_[ cGi + Z ( l—[ ijj)bk

O<k<n+1 0<k<n+l “k<j<n+l

tk L a—1
e (TT om) [ s teit s gy
O<k<n+l “k<j<n+l Sk-1

by using formula (2.2). Therefore (2.6) is satisfied for ¢ € (¢,,41, 441
Finally, we suppose that estimate (2.6) is fulfilled for ¢ € (¢,,s,], where n > 1. Next, we
will prove that inequality (2.5) holds for (s, £,+1]. By using the above method, we get the

inequality

t a—
u(t) < uls,)elnPEE-sn" " d

t + 3
_ —sn)* L di
+/ q(n)(n = ,) 1P POE T gt e (5, B ]
Sn



Sitho et al. Journal of Inequalities and Applications (2018) 2018:261 Page 6 of 14

Using (2.6) with ¢ = s, and applying (2.3), we obtain

Ea {M(SO)CnQn []exGe+ > (]_[ G

Pj) by
O<k<n 0<k<n “k<j<n

S Lk o—
+ (H )Ck /k qn)(y - sg1)* e POE-s1) e dn”
Sk-1

O0<k<n “k<j<n

o < dereear

t t a—1
i / g = s5,)* ! hPOE T
Sn
t —sy -1
— efsnp(é)(é Sn) E|:M(S()) l_[ Cka+ Z (1_[ CjGj>Hkbk
0<k<n 0<k<n “k<j<n
> (Ts

O<k<n “k<j<n

t . »
o —sn)* " d
+[ qn)(n - 5,)" " ehPOC gy
Sn

t Lk a-1
)Cka / q(n)(n = s_1)*" el POEs) e dn]
Sk—1

Therefore inequality (2.5) is valid on (s, £,+1]. This completes the proof. (]

The following corollary can be obtained by replacing the given functions p(¢) and ¢(z)
by constants M and N, respectively.

Corollary 2.1 Let by,cy > 0and dy>0,k=1,2,3,..., be constants. If M >0, N € R, and

s Du(t) <Mu(t)+ N, te(siteal k=0,1,2,...,

2.9
u(t) < cru(ty) + di f;{(f — ) tuE)dE + by, te (sl k=1,2,..., 29

then

u(t) < EM(H:”(X {M(So) l_[ Gy + Z (l_[ c,«G;‘)Hkbk

0<k<m 0<k<m “k<j<m

N (k1"
+ )Y, Z < 1_[ c,»G;k)cka(eng - 1)}

O<k<m “k<j<m

(—Sm)a
(M2, te(stal k=012, (2.10)

and

u(t) < et P " { ey [] G+ Y. <]_[ C/P;‘>bk

O<k<m O<k<m “k<j<m

N tk=sk1)*
S (1_[ C/Pf)ck(eM(f‘) —1)}’

O<k<m “k<j<m

te(ty,sel,k=1,2,3,..., (2.11)

(tp—s
where Qf = M Gt = QtHi, and Py = Q¢His.
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Let H(t) be the Heaviside function. We define two functions

o(t) =Y H(t—s) - H(t-t,)

i=0

0, te(t,s,k=1,2,3,...,

1’ te(Sk,tk+1],k=0,1,2,...,

and

Y(t)= Y H(t-t;)-H(t-s)

i=1

01 te (Sk:tk+1]1k:011y2;~uy
1, te(ty,sel,k=1,2,3,....

Next, we establish some new noninstantaneous impulsive integral inequalities.

Theorem 2.2 Letp € PC(Uy,,R,), constants ¢y, by > 0,di >0,k =1,2,3,...,and A e R. If

u(t) < (A . / (& —sm)“-lp@)u(s)ds)w(t)

Ly

+ (cmu(t;n) + di / (€ ) ) d + bm)wo:), teR,, (2.12)

where s, and t are defined by (2.1), then we have

u(t)fefgtmp(s)(E*Sm)a—lds (A l_[ Cka+ Z (1_[ C]G])Hkbk) (213)

O<k<m O<k<m “k<j<m

fort € (sk,te1], k=0,1,2,..., and

u(t) < edﬁw (Achm l_[ Gy + Z ( 1_[ c,-P,)bk) (2.14)

O<k<m O<k<m “k<j<m

fort e (ti,skl, k=1,2,3,....

Proof To prove inequalities (2.13) and (2.14), for ¢ € R,, we define the function
t
() = (A +/ (& —Sm)alp(é)u(é)dé)fﬂ(t)
t
+ (Cmu(%) + dm/ (& — ta)* " u(€) dE + bm>1ﬁ(t),
g

which yields u(£) < v(t) for all t € R, and v(sy) = A. For any ¢ € (s, k1], k=0,1,2,..., we
get

W) = A+ / (& — s)"plE)ule) dt.
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Also, taking the conformable fractional derivative of order «, we have
s D V(E) = p(H)u(t) < p(E)v(t). (2.15)

For ¢t € (¢, s¢], k=1,2,3,..., we obtain

Wt) = cau(ts;) + dm ft(é — tz)* " u(§) d§ + by

< cav(t5;) + dr /ﬁ(s — )" V() dE + by (2.16)

An application of Theorem 2.1 to (2.15) and (2.16) yields

v(t)iej.strrt"(g)(g_s’”)mldg <A 1_[ G + Z (l_[ CjG]')Hkbk)

O<k<m 0<k<m “k<j<m

for t € (s, tr1], k=0,1,2,..., and

v(£) Sedﬁ% (ACWQW H Gy + Z ( 1_[ C/Pj)bk)

O<k<m O<k<m “k<j<m

for t € (tx,s¢], k =1,2,3,.... From u(t) < v(¢), t € R,, we get the desired results in (2.13)
and (2.14). The proof is completed. d

Theorem 2.3 Letp € PC(Uy,,R,), let h be a positive fractional integrable function of order
o, and let ¢k, by > 0 and di >0, k=1,2,3,..., be constants. If

u(t) < h() + (/ (& —Sm)"’lp(é)u(é)dé)w(t)

t
+ (cmu(tm) + dmf (€ —tm)* tu(®) dE + bm)lﬁ(t), teR,, (2.17)
tir
where s, and tz; are defined by (2.1), then we have

u(t) < h<t>+ef55"‘”(“@‘”")a_ldg{ 2 ( [1 c,-G/>Hk(bk+ckh(t;) + diK;)

O<k<m “k<j<m

Y

0<k<m

T tk a—1
[ CjG/)Cka/ PR (= sp_y)* el POEs) T ds dn}
Sk—1

k<j<m -

t ) o
' / POV (0 = 5, el PO gy,
Sm

te (st k=0,1,2,..., (2.18)
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and

u(t) < h(e) + e E { 2 ( [1 c;P/‘) (i + cxh(t) + diKe)

O<k<m “k<j<m

tr % -
s (l—[ cjpj)ck/sk lp(’?)h(n)(n—Sk_l)‘*‘lef" PEE-s0)" " d dﬂ},

O<k<m “k<j<m

te(ty,sel,k=1,2,3,..., (2.19)

where the constants Ky, k = 1,2,3,..., are defined by Ky = ;{k (€ —t)* T h(g) dE.

Proof For t € R,, setting
y(t) = (/ (& —Sm)“lp(é)u(é)d$>¢(t)
+ (cw(tﬁ) + dm / t(é — ta)* " (&) dE + bm>w(t),

we have

suD*y(t) = p(H)u(t), ¥(s0) =0,

for t € (s, ts1], k=0,1,2,..., and

WO = cou(£5,) + s /Js — ) ulE) dE + b

m

for t € (¢, sk], k=1,2,3,.... Since u(t) < h(f) + y(¢), t € R, this reduces to

sn D7 y(t) < p@)y(t) + p)h(t),  y(s0) =0, (2.20)

and

0) = cmy(e) + s [ (6 — b 5(6) ds
+ (bm + Cﬁh (t%) + dm[(m) (221)

Now Theorem 2.1, together with the inequality u(¢) < h(t) + y(¢), yields estimates (2.18)
and (2.19), completing the proof. d

Next, we obtain the following corollary by putting constant values 4(t) = B > 0 and
pt)=M>0.

Corollary 2.2 Let constants cx, by >0 and dy >0,k =1,2,3,....If
t
)< B+ (M [ 5, ute)de ot

+ () i | (€ b)) ds + br)ut), teR. (22)

b
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where s,, and tz; are defined by (2.1), then we have

) <8 2 Y (] o6 )iz

O<k<m “k<j<m

(tg—sk_1)*
66 ek )

53 (T

0<k<m “k<j<m

t € (Sirter1),k=0,1,2,..., (2.23)

and

[
u(t)§B+edWH" { Z (l_[ C/'P;'k)zk

O<k<m “k<j<m

+B Z (H c,'P;‘)ck(eMW —1)},

O<k<m “k<j<m

te(ty,sel, k=1,2,3,..., (2.24)
where G;f‘ and P]f* are defined as in Corollary 2.1, and Zy = by + Bcy + Bdy(sk — t)* /.

3 Applications

In this section, we establish two applications of noninstantaneous impulsive differential
and integral inequalities. Let J = [0, T] with ¢,,; = T and J = [0, T] with s,,,; = T for some
n > 1. The first purpose is accomplished by considering two problems that have the end

points at t,,1 and s,,1, respectively. Now, we consider

s DYu(t) — Mu(t) + a(t) <0, te (sl k=0,1,2,...,1
u(t) < (i) + i [ (€ —0)* u(§) dE, 1€ (bl k=1,23,...,m, (3.1)
u(0) = u(T) + A,

and

SkDaV(t) —MV(t) + a(t) <0, te (Sk) tk+l]1k =0,1,2,...,n,
v(t) < cpv(ty) + di fti(g —4)wE)dE, te (tosl,k=1,2,3,...,n+1, (3.2)
v(0) = w(T) + A,

where M > 0, a(¢) € C[R,,R,], ¢k > 0, and dj > 0. Let us state the following conditions:
(Hl) eM(T_in) l_[Z:l aG* <1,
Ho) < M55 [T aln) -5, e 5 d,

(Hy)
(Hs) [I{ aGr<1,
(Ha)

(T*tm-l )

Hy) A <efnri™a ZS(]_[,KEWI ¢iP})ckDx, where Dy is defined by

G-si)® [ (-5
Dk:eng1 / am)(n - sp)* te™ e dn, k=1,2,...,n+1.

Sk-1
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Corollary 3.1 Let u and v be unknown functions satisfying (3.1) and (3.2), respectively. If
(H1)-(Hy) hold, then u(t) <0 for t € J. If (H3)—(Hy) hold, then v(t) <0 for t € ].

Proof Applying Theorem 2.1 to the first two inequalities in problem (3.1), we have

u(t) < u(0)eM =¥ [ Gl — M > (]_[ GG )ckaDk

0<k<m 0<k<m “k<j<m

t
(t=sm)* (=sm)®
e / a(n)(n - s,)* e M dy,
Sm

t€ (S trsn) k=0,1,2,...,n

Since a(t) > 0 for all £ € R, and all constants are positive, it is sufficient to show that
u(0) < 0. At the end point ¢ = T, we obtain

n n
WT) = w(0)eM 5 [Tty - " Z( I1 c,G;f>ckaDk
k=1

k=1 “k<j<n

T
(T—sn)* 1 s
: / aln)(n —s,)* e M an,
Sn

By conditions (H;)—(Hy) we have

u(0) (1 — M ]—[csz) <a-eMEE Z( I1 ch;‘)ckaDk

= k=1 “k<j<n
T
(T Sn (=sm)*
M / a(n)(n — s, e M gy
Sn

SOY

which yields #(0) < 0. Therefore u(t) <0 for t € [0, T].
Next, we will show that v(£) < 0 for ¢ € J. The application of Theorem 2.1 for the first
two inequalities in problem (3.2) leads to

[

v(t) < el {V(O)Cﬁan l_[ G — Z (l_[ Py )Cka}

O<k<m O<k<m “k<j<m

te(ty,sel,k=1,2,3,...,n+ 1.

Substituting the end point at ¢ = T, we have

n+l n+l

(T-¢, i )
w(T) < v(0) l_[cka — g ! Z( 1_[ ch;‘)cka,

k=1 k=1 “k<j<n+1l

which implies

n+l T
V(O)( l_[cka)<A—ed”*1 e Z( 1_[ ciP )cka

k<j<n+1

=0
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by conditions (H3)—(H4). This means that v(0) < 0. In the same way, we can conclude that
v(t) <0 forte]. The proof is completed. O

Finally, we apply the noninstantaneous impulsive inequality to the initial value problem
of the form

s Du(t) = f(t,u(t)), te(sital k=0,1,2,...,
u(t) = cxulty) + dy /; (& —t)* 'uE)de, te(tosil k=1,2,..., (3.3)
u(0) = uy,

where 0 <a <1, ¢t > 0,di >0, up €R, and the given function f € PC(Usk x R, R) satisfies
Hs) |f(t, u)l <Mlul, M >0, forall t € Uj,.

Corollary 3.2 If (Hs) holds, then the solution u(t) of problem (3.3) is estimated as

(*Sm)a
u()] < ¢ |uol [ aGio £ € (o tinl.k=0,1,2,..., (3.4)
O<k<m
and
(=t
u(t)| < e & uolewQly [] Gl te(tosd k=1,23,.... (3.5)
O<k<m

Proof Taking the conformable fractional integral of order « to the first equation of prob-
lem (3.3), we obtain

t

ult) = u(sy) + / (& = 50" f (5, u(®)) dE, 1€ (s e k=0,1,2,....

Sk

From condition (Hs) it follows that
()] < utsi)| + / (& — 50 [f (&, u(®)) | de,
< |ulse)] + M f (& — 500" ()] .
Sk

Since u(sp) = up, by Theorem 2.2 inequalities (3.4)—(3.5) hold, and the proof is com-
pleted. d
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