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1 Introduction

The Euler gamma function is defined for all positive real numbers x by

F(x):/ Fle ds.
0

The logarithmic derivative of I"(x) is called the psi or digamma function. That is,

d w1«
w(x)—%lnl"(x)—r(x) - x+;n(n+x)’

where y = 0.5772... is the Euler—Mascheroni constant, and v (x) for m € N are known
as the polygamma functions. The gamma, digamma and polygamma functions play an im-
portant role in the theory of special functions, and have many applications in other many
branches, such as statistics, fractional differential equations, mathematical physics and
theory of infinite series. The reader may see the references [9-13, 18-20, 24, 45-47, 49].
Some of the work on the complete monotonicity, convexity and concavity, and inequalities
of these special functions can be found in [1-6, 8, 14-17, 21, 22, 27-30, 37-42] and the
references therein.

In 2007, Diaz and Pariguan [11] defined the k-analogue of the gamma function for k > 0
and x >0 as

o x nik" (k) k!
r - £l dt =1 ’
k(%) A ek ,,L"Qo x(x+k)---(x+ (m=1)k)
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where limy_,; ['x(x) = I'(x). Similarly, we may define the k-analogue of the digamma and
polygamma functions as
d - am
Vi) = —— T and 9" (&) = —— ().
dx dxm
It is well known that the k-analogues of the digamma and polygamma functions satisfy
the following recursive formula and series identities (see [11]):

Tilx+ k) =xTr(x), x>0, (1.1)
lnk y 1 = x
Yilx) = ;+;m, (1.2)
and

@) = (1 Y — (1.3)

—~ (nk + x)m+1

Very recently, Nantomah, Prempeh and Twum [35] introduced a (p, k)-analogue of the
gamma and digamma functions defined for p € N, k >0 and x > 0 as

k 1P+ %7
Fpilx) = /p (1_ t_) = o (1.4)
0

pk x(x+ k) (x+ pk)’
S|
Yy k(%) = ln Tpi(x) = ln(pk ; T (1.5)
and
P x) = (~1)"m Z !
pk (nk + x)ym+l
1 _ e—k(p+l)t

It is obvious that lim,_, .o ¥pk(x) = ¥ (x). Some important identities and inequalities in-
volving these functions may be found in [30, 34, 35].

In [4], the function ¢ (x) = ¥ (x) + ln(e% —1) was proved to be strictly increasing on (0, 00).
In [6], it is demonstrated that if 2 < —y and b > 0, then

a—ln(e% —1) <¢(x)<b—1n(e% —1). (1.7)

Furthermore, Guo and Qi [14] showed that the function ¢ () is strictly increasing and con-
cave on (0, 00). Attracted by this work, it is natural to look for an extension of (1.7) involv-
ing ¥ (x) and ¥« (x). On the other hand, Nielsen’s 8-function has been deeply researched
in the last years. In particular, K. Nantomah gave some results on convexity and mono-
tonicity of the function in [31], and obtained some convexity and monotonicity results
as well as inequalities involving a generalized form of the Wallis’s cosine formula in [32].
The function can be used to calculate some integrals (see [7, 36]). Recently, K. Nantomah
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studied the properties and inequalities of a p-generalization of the Nielsen’s function in
[33]. In this paper, we shall give double inequalities for the k-generalization of the Nielsen
B-function. In addition, it is worth noting that Krasniqi, Mansour, and Shabani presented
some inequalities for g-polygamma functions and g-Riemann Zeta functions by using a
g-analogue of Holder type inequality in [23].

The first aim of this paper is to present a new monotonicity theorem for ¥ (x), and
give three different proofs. The second aim is to show an inequality for the ratio of the
generalized polygamma functions by generalizing a method of Mehrez and Sitnik. The
classical Mehrez and Sitnik’s method may be found in [25, 26, 43]. Finally, we also give a
new inequality for the inverse of the generalized digamma function.

Our main results read as follows.

Theorem 1.1 For 0 < k <1, the function ¢r(x) = i (x) + ln(e% —1) is strictly increasing on

(0,00). In particular, the inequalities

Ink -y
k

< Yi(x) + ln(e% - 1) <0 (1.8)

hold true for 0 < k <1 and x € (0, 00) where the constants 1"’;:’/ and 0 in (1.8) are the best
possible.

Remark 1.1 Here, we give an application of Theorem 1.1. Define the k-generalization of

the Nielsen’s 8-function as

1 tx—l
mm:A dt

1+¢tk
[oe] —Xt
i
o l+e™
_n:() 2nk +x  2mk+k+x

) )

By using (1.8), we easily obtain double inequalities of the generalized Nielsen’s S-function
for0O<k <1andwx e (0,00):

11 e -1 Ink-y 11 ¥ —1 Ink-y
2 N\ ee—1 ) " ok </3k(x)<§n 2k 1) 2k

Theorem 1.2 For 0 < k <1, the function ¢i(x) is strictly concave on (0,00). As a result, for

0<k <1andx,y e (0,00), we have

zw@ig—wm—wwzmgiﬁgiﬁ (19)
2 (ex+y — 1)2

Using the Theorems 1.1 and 1.2, we easily obtain the following Corollary 1.1.
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Corollary 1.1 For0<k <1 and x € (0,00), we have

, 1
V(%) > ———— (1.10)
(1-—e¥)x2
and
1 1
p e x —2x(l —e %)
Yy (%) < —_— (1.11)
(1-ex)%xt
Theorem 1.3 For x>0 and k > 1, we have
Ink -y , x Ink -y ,
: +ayy | k+ )< Yrlx + k) < . +xy (v k(k + x)). (1.12)
k

Theorem 1.4 For p,k > 0 and every positive integer m > 4, the function

[V @)
Dmp, (x) = L
S v e @ @)

is strictly decreasing on (0, 00) with

_ _ _1)2
Jim, P () = (mmz?ffff 1)2(1;(:1 2)1) (113)

and

)  (m=2)m-1)m*
im dmpi ) = s ) 1 3)” (1.14)

As a result, for p,k,x > 0 and every positive integer m > 4, we have

(m = 3)(m = 2)(m - 1) _ [ ()]
m2(m + 1)(m + 2) W,(,,mk_?’)(x)l/f,if}ﬁ‘l)(x)lﬁ,ﬁf}ﬁ”)(x)wgz*?’)(x)

(m =2)(m - 1)m?
(m+1)2(m+2)(m+3)

Theorem 1.5 For p,k,x > 0, the inequalities

k . kpeDe Kk
() <V < vy (1.15)

kx
hold where B = X&+Ve”
pk—e*

2 Lemmas
Lemma 2.1 [42] Iff is a function defined in an infinite interval I such that

fx)—flx+e)>0 and xl_if&f(x) =8

for some € >0, then f(x) > 6 on 1.
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Remark 2.1 Lemma 2.1 was first proposed by Professor Feng Qi. It is simple, but has been
validated in [15, 41, 42] to be especially effective in proving monotonicity and complete
monotonicity of functions involving the gamma, psi and polygamma functions. The reader
may refer to [40] and the references therein.

Lemma 2.2 For k > 0, the function a(x) = [gb,/((x)]2 + (%) is positive on (0,00) if and only
ifk <1.

Proof Direct computation yields
ax) —ax+k) = [Yr) — Yl + 5) | [V ) + vple+ k)] + vy (8) — v (6 + k)

20, 1 1
= EI:I/fk(x) o2 ;:|

2
and
/ 1 / 1
,3(?C+k)—f3(x):¢k(x+k)—m—n—lﬁk(xh' ﬁ + -
1 1 1 1

x 22 x+k 20x+k)?
_2(k - 1)x% + 2k(k - 1)x — k2
- 2x2(x + k)2

It is easily observed that S(x + k) — B(x) < 0 if and only if kK < 1. We complete the proof by
using Lemma 2.1. g

Lemma 2.3 The following limit identity holds true:

1
lim [m(e% ~1)- —] - 0. (2.1)

x—>07F X
Proof By applying twice 'Hospital rule, we easily complete the proof. O

Lemma 2.4 For k > 0, the inequalities

1<1//’()<1+1 (2.2)
ke = VRV = e '
hold true for any x € (0, 00).
Proof Using the inequalities in [34], namely
1/1 1 <y ()< 1/1 1 1 1 (2.3)
—{--— - ) -, .
k\x x+pk+k) ™~ Pk =0\ 5 x+pk+k/) x> (x+pk+k)?

we easily obtain (2.2) as p — +o0. (|
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Lemma 2.5 ([25, 26, 43, 48]) Let {a,} and {b,} (n=0,1,2,...) be real numbers such that

a 7 ; . ap+al+---+a,
b, >0 and {ﬁ}nzo be increasing (resp., decreasing), then {m

decreasing).

} is increasing (resp.,

Lemma 2.6 For p,k,x > 0 and every positive integer m > 2, the following limit identity

holds true:
. m (=D)"(m-1)!
B

Proof Considering the inequalities (see [34, Theorem 2.7])

1/1 1 <y ()<1 1 1 1 1
il (e <-(-- - Vy-___ -
k\x x+pk+k) =P =k \x xt+pk+k) 2% (x+pk+k)?

and differentiating them m — 1 times, we easily complete the proof. 0

3 Proofs of theorems

First proof of Theorem 1.1 A simple calculation gives

oK) _ V() (eé ~1)= eV _ i@

= Vkrk) _ pu()

£ 5k(x)
and

8 (x) = ey (x) — KWy ()

£ (e + k) — ().

Using Lemma 2.2, we easily obtain

14, (0) = D[ (Y1) + ¥ ®)] > 0.

This implies that the function ji4(x) is strictly increasing, and so §;(x) > 0 on (0,00). As a
result, the function e?®) is also strictly increasing on (0, 00). Considering Lemma 2.3, we

have
Ink -
lirgl dr(x) = ey and lim ¢(x) = 0.
x—0t X—> 00
The proof of Theorem 1.1 is completed. d

Second proof of Theorem 1.1 It is easily observed that §; (x) > 0 is equivalent to
1 ’ /
ex Y (x + k) — i (x) > 0. (3.1)

Considering Lemma 2.4, we only need to prove

1 1 1 1

¢ k(x+ k) Tk w2
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Taking the logarithm to both sides of (3.2), we prove

x+k
Z+ln- +1 1 . 33
xR T T ke (33
So, we only need to prove
1 k
(®) = = —Ink —In(x + k) — In 2= 5 0, (3.4)
x kx?
Since k < 1, we easily get
—2kx® + (1-k)x+ k(1 -k
P P Gl A Sl Y (3.5)

kx?(x + k)

This implies that the function Ax(x) is strictly decreasing on (0, 0o) with lim,_, o A¢(x) = 0.
Hence, we have Ax(x) > 0. The proof is completed. O
Third proof of Theorem 1.1 Direct calculation results in

1

eéex
bp(x) = Y () = ———— (3.6)
¢ : (eolc —1)2x2
and
1 : o
, ex e x+
() - dplx + k) = — — — +— (3.7)
X (ex —1)a?  (exk —1)(x + k)2
with lim,_, ;o ¢} (x) = 0.
In order to prove ¢, (x) — ¢;(x + k) > 0 for x > 0, it suffices to show
K(e¥ —1) > (x+ k)?(1 - e o). (3.8)
So, we only need to prove
[o¢]
1/ 1 (-1)"
l_k+;a(w+(x+k)”2)>0' (39)

which is valid. By using Lemma 2.1, we can conclude that ¢, (x) > 0. Hence, the function
¢x(x) is strictly increasing on (0, 00). a

Proof of Theorem 1.2 Using formula (3.7), we have

DL (@) — P (x + k) = (B (x) — P x + k)

~ eoc%k[1+2k+2x—2(x+k)ex%<] (1—2x)evlc +2x

(¥ — 1)2(x + k)* (e% —1)2xt

For x > 0, the fact ¢/ (x) — ¢/ (x + k) < 0 is equivalent to

(ex —1)2 . (x + k) (1 -2x)ex +2x

1 4 1 - (3.10)
extk — extk [1 + 2Kk + 2% — 2(x + K)ex+k
( 1) x [1+ 2k + 2x — 2(x + k)ex+k]
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Applying inequality (3.8), we need to prove
Ar(x) = 2k + 1 + 2% — 2keF — (1 + 2x)ex 5% < 0. (3.11)
An easy calculation yields

[4(1 = K)o + (2 + 4k — 2k%) % + (2k + 2k%)x — 2x* + kz]e%"ﬁ

A =
() x2(x + k)2
2keﬁ 5
+——+
(x + k)2
and
L 1,1
Af(x) = gn(x)ewk + ry(x)ex "k

x*(x + k)4

with lim,._, oo A} (%) = 0, where
Gn(x) = —4kx® — 2k(1 + 2k)x*
and

() = 4(k — 3)x° + 2(2k2 — 13k - 2)x4 — 4k (2 + 7k)x®

— 8K (1 + 2k)x* — 4k3(1 + k)x — k™.
For 0 < k <1, we easily obtain
qn(x) <0, ry(x) < 0.

This implies that A} (x) is strictly decreasing and Ag(x) is strictly increasing on (0, c0).
Using limy_, oo Ag(x) = —4 < 0 and Lemma 2.1, we complete the proof. O

Proof of Theorem 1.3 Using (1.1) and (1.2), we get

lk
wk(x+/<):m<x>+1 ey, (

nk  nk+ x)

By the mean value theorem for differentiation, there exists a number oy, = o4 ,(x) such
that 0 < oy, <x and

1 1 B X
nk  nk+x  (nk +og,)?

Hence, we find

Oxn =/ nk(nk + x) — nk.



Yin et al. Journal of Inequalities and Applications (2018) 2018:249 Page9o0of 13

It is well known that the function oy, is strictly increasing in k on [1, +00) with

o1 = Vk(k + %) k,
X

Okoo = lim O, =
n—00 2

Therefore, we get

> 1 Ink—y > 1
—_— k) — S
* ; (nk + 04 ,00)? <Ylx+ k) k <% ; (nk + ox1)?

This completes the proof. O

Proof of Theorem 1.4 By (1.6) and direct computation, we have

(W ()"
Vi@V @ @ )

P n A n—-x 1
A n=0 ZA:O Zk:O Zi:O (i +2) 242 ((n—i)k+) 2 +2

- )

Y/ n A n—-xa 1
n=0 ZA:O Zk:o Zi:o (ik+x)2"M=2((n—i)k+x)2m+%

)4-

where A = (m—3)!(m—(1';!(m+l)!(m+3)!' Let us define sequences {ti}i>0, { Bm,i}i=0 and {@w,i}i>0 by
1
Ui = ,
T Gk + x)22 (1 = D)k + x] 22
B = 1
" ik + %)2m=2[(n — D)k + x] 24
and
. 4
Ui (n-ik+x
Wi = = —.
" B ik +x
It follows that

Omis1 _< [(n — i = 1)k + x](ik + x) )4
T\[G+ Dk +x][(n=Dk+x] )

Wi

[

It is not difficult to see that the fact = <1 is equivalent to

[(n—i— 1)k+x](ik+x) < [(i+ 1)k+x][(n—i)k+x]

& —nk? - 2kx<0.

So the sequence {w,;,};>o is strictly decreasing. This implies that the function ¢, ,«(x) is
strictly decreasing on (0, 00) by Lemma 2.5. From the identity

m!
xm+1

Vi oK) = (1) = ()" + Y, (0,

m!
(x + pk + kym+1

we easily obtain (1.14). Using Lemma 2.6, we get (1.13). This completes the proof. O
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Proof of Theorem 1.5 Using (1.4) and the functional equation (see [35])

pkx

7T ,
x+pk +k pi (%)

Lpilx+k) =

we obtain, after a direct computation, that

P
InT,x+ k) =In(p+ 1)+ (@+1)Ink + (x%k - 1) Inpk — Zln(x +(i+ l)k), (3.12)

i=0
X )2
InT, () =In(p+1)!+ (p+ 1) Ink + /—— 1) Inpk - Zln(x + ik), (3.13)
k
i=0

and

InT (x+k)—lnﬂ+lnr‘ (x) (3.14)

pk C x+pk+k pARE: '
Combining (3.12) and (3.13) with (3.14), we get
P .
pkx x+(i+ 1k

In——— =Inpk - In ———. 3.15

nx+pk+k npE ;n x + ik (3.15)
By the mean value theorem, we obtain

i+ 1)k K
PG, SR S Y (3.16)
x + ik ik + p(i)

Hence, identity (3.15) changes into

m—2% i Lnpk fln 1 (3.17)

x+pk+k \k p — " ik + p(i) ’ ‘

From identity (3.16), we conclude that

kK x
In(1+-£)

x+ik

(i)

Next, we show that p is strictly increasing on (1, co). Differentiating p(i), we observe that
p'(i) > 0 if and only if

%x+ik)(x+ik+k)< (x + ik + k) — (x + ik)

In(x + ik + k) — In(x + ik)’

which follows from the geometric-logarithmic mean inequality. A simple computation
yields p(1) = 1 K

increasing on (0, 00), we easily obtain that

— k and p(00) = lim;_, o p(i) = x + % Since ¥, and wp’}( are strictly

pkx

m <Ypk (P(OO))-

1
1;hp,k(lo(l)) < % In
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Hence we have
k 1 pkx k
— —k g —.
ln("x—’f’]f <wp'k<k nx+pk+k><x+2

k(p+1)eke
pk—ekx

Replacing x by here completes the proof. 0

4 A conjecture

Finally, we give a conjecture.

Conjecture 4.1 For p >0 and k > 1, the function

1__1
¢p,k(x) = Wp,k(x) + ln(e" wpkek 1)
is strictly decreasing from (0, 00) onto (—00, Yk (k)).

Remark 4.1 It is natural to ask whether the monotonicity result of Theorem 1.1 can be
extended to the digamma function ¥, x(x) with two parameters by using the method of
Theorem 1.1. Unfortunately, we failed to prove Conjecture 4.1. Alzer’s work shows that
the function ¢r(x) = Yr(x) + ln(e% — 1) is useful for studying harmonic numbers. This is
related to the formula (see [35, Remark 2.1])

Bpak) = 2 [I0k) ~ FH(p + ],

where H(n) is the nth harmonic number. So, it would be a meaningful result if anyone can

prove this conjecture.

Remark 4.2 The (p, k)-generalized Nielsen’s S-function can be defined as

L k)
x)= | ————+t"dt
b= [

00 1 _ g-2k(p+1)t
= / ———e™dt
0

i 1 1
— 2nk +x  2nk+k+x

() w3

where k € (0,1], p,x € (0,00), and lim,_. o Bpi(*) = Br(x). Analogously to Remark 1.1, if

Conjecture 4.1 holds true, we can estimate the upper and lower bounds of this function

IBp,k (x ) .

5 Results and discussion

Some monotonicity and concavity properties of the k and (p, k)-analogues of the digamma
and polygamma functions were deeply studied. In doing so, we established some inequal-
ities involving the generalized digamma and polygamma functions. Theorems 1.1-1.3 are
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extensions of some known results. Theorem 1.4 is not only a completely new result, it’s
even new for ¥ (x). In addition, the method of proof is also new. Theorem 1.5 gives an in-
equality for the inverse of the digamma function. At the moment, such results are very few.

In the end, we stated a conjecture involving the (p, k)-analogue of the digamma function.

6 Methods and experiment
Not applicable.
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