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Abstract
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1 Introduction

In 1969, the idea of warped product manifolds was initiated by R.L. Bishop and B. O’Neil
[1] with manifolds of negative curvature. These manifolds are natural generalizations of
Riemannian product manifolds. This is an extremely interesting and innovative research
topic for geometers. Several papers are available in literature. Many significant physical
applications of warped product manifolds have been found (for example [2, 3]). Geome-
ters are attracted to work on warped product manifolds. On the other hand, B.-Y. Chen [4]
has introduced the notion of a CR-warped product submanifold in a Kaehler manifold and
established a general inequality for a CR-warped product submanifold in the same ambi-
ent manifold. He also has discussed the classification of CR-warped products in complex
Euclidean [4], complex projective and complex hyperbolic spaces [5] which satisfy the
equality case of the derived inequality. Moreover, he has established many geometric in-
equalities for the second fundamental form for different warped product submanifolds of
different ambient in terms of a warping function. Inspired by his work, many distinguished
geometers have studied and obtained several sharp inequalities for warped product sub-
manifolds in almost Hermitian manifolds and almost contact metric manifolds (see the
monograph [6] and the references therein).

Our work is outlined as follows: In Sect. 2, we review some basic concepts and ad-
dress the study of bi-slant submanifolds of nearly trans-Sasakian manifolds. In Sect. 3,
we prepare lemmas to use in proving the main result of this paper. In Sect. 4, we define
an orthonormal frame for warped product bi-slant submanifolds of an arbitrary nearly
trans-Sasakian manifold and then we establish a sharp inequality for the second funda-
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mental form in terms of a warping function. The equality case is also discussed. Finally,
in Sect. 5, we investigate the triviality of warped product bi-slant submanifolds in nearly
trans-Sasakian manifolds and some non-trivial examples are also provided.

2 Nearly trans-Sasakian manifolds and their submanifolds
An odd dimensional smooth manifold M has an almost contact metric structure (¢, £, v, g)
if there exist on M a tensor field ¢ of type (1,1), a structure vector field £, a dual 1-form

v, and a Riemannian metric g such that [7]

P’ =-I+v®E,  @ok=0, vE)=1  v(X)=g(X,§),
geX,Y) =—g(X,0)), gloX,0Y) =g(X,)) —v(X)v(}),

oY)

for any X,) € I'(TM). An almost contact metric structure (¢,£,v,g) on M is called a
nearly trans-Sasakian structure [8] if

(Va9)Y + (Vye)X = 1(28(X, V)E —v()X - v(X)Y)
- n(VV)eX + v(X)pY) 2)

for some smooth functions A and w on M, and we say that the nearly trans-Sasakian

structure is of type (A, ). The covariant derivative of the tensor field ¢ is given by
(Va@)V =VapY - ¢VaY 3)
for any X,) € I'(TM).

Remark 1 A nearly trans-Sasakian structure of type (A, u) is
(i) nearly Sasakian [9],if A =1, =0;
(i) nearly Kenmotsu [10],if A =0, u = 1;
(iii) nearly cosymplectic [11],if A = u =0.
Every Kenmotsu manifold is a nearly Kenmotsu manifold but the converse is not true.
Also, a nearly Kenmotsu manifold is not a Sasakian manifold. On the other hand, every
nearly Sasakian manifold with dimension greater than five is a Sasakian manifold.

We consider a Riemannian submanifold M isometrically immersed in an odd dimen-
sional almost contact metric manifold (ﬂ, ¢,&,v,g) withinduced metric g. We denote the
Lie algebra of vector fields in M and the set of all vector fields normal to M by I'(T M)
and T'(T+ M), respectively. Let V be the Levi—Civita connection on M and V be the in-
duced connection on M. Then the Gauss and Weingarten formulae are respectively given
below [12]:

VaY=VaY+1(X,)), VaV=-Ap(X) + V3D,
forany X, € (T M)andV € I'(T+ M). Here ¢ and A are the bilinear symmetric second

fundamental form of M in M and the shape operator of M, respectively. Both are related
as g(¢(X, ), V) =g(Ap(X),Y) forany X, Y € ['(TM) and V € T (T+M).
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We assume that dim(M) = m and dim(M) = 21 + 1. Let {&y,...,Ey) be a local or-
thonormal frame of T, M and {£,,41,...,&41} be a local orthonormal frame of T;-/\/l,
g € M. Then the mean curvature vector H of a submanifold M at g is given by H =
% Yo C(EnEr). Also, we set ¢f =2 E)E) bje (L,...,m)re{m+1,...,2n+1},and
”; ”2 = Z:r}lzlg(g (5,‘,51‘), ;(5”51))

Definition 1 ([12]) A submanifold M of M is said to be
(i) totally umbilical if its second fundamental form satisfies ¢ (X, ) = g(X, V)H for
any X, € I'(T M), where H is the mean curvature vector of M in M;
(ii) totally geodesic if ¢(X,Y) =0 for any X,) € I' (T M);
(iii) minimal if H = 0.

For any X € T'(TM) and V € T'(T+ M), respectively, we put pX = PX + FX and
@V = BV + CV, where PX and FX are the tangential and the normal components of
X, respectively. Similarly, BY and CV are the tangential and the normal components of
@V, respectively. For their geometric relations, see [12].

Definition 2 A submanifold M of an almost contact metric manifold (M, ¢,&,v,g) is
said to be invariant if F =0, that is, X € I'(T M), and anti-invariant if P = 0, that is,
X € T(T+* M) for any X € T(TM).

Definition 3 ([13]) Let M be a submanifold of an almost contact metric manifold
(M, @,&,v,g). If, for each non-zero vector X € ToM —{£,} and p € M, the angle ¥ (X))
between ¢ X" and T, M is constant, then M is called a slant submanifold, and ¥ is called
the slant angle of M.

For slant submanifolds, the following facts are known [14]:

P2AX) = cos? 19(—.)( + U(X)E),
gPX,PY) = cos’ 9 (g(X, ) - v(V)v(X)), (4)
g(FX,FY) =sin’ ?(g(X,Y) - v(Y)v(X)),

for any X, € I'(T'M), where ¥ is the slant angle of M.

There are some other important classes of submanifolds which are determined by the
behavior of tangent bundle of the submanifold under the action of ¢ of M. A submanifold
M of M is called [15, 16]:

(i) a contact CR-submanifold of M if there exists a differentiable distribution

D:p — D, C Ty, M such that D is invariant with respect to ¢ and the orthogonal
complementary distribution D, is anti-invariant with respect to ¢. The tangent
bundle T M has the orthogonal decomposition TM =D & D, @ {§}, where {§} is
a 1-dimensional distribution which is spanned by &.

(ii) a semi-slant submanifold of M if there exists a pair of orthogonal distributions D
and Dy such that TM =D @ Dy & {£}, where D is invariant with respect to ¢ and
Dy is proper slant.

(ili) a pseudo-slant submanifold of M if there exists a pair of orthogonal distributions
D, and Dy such that TM =D, @ Dy @ {€}, where D, is anti-invariant with
respect to ¢ and Dy is proper slant.
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Definition 4 ([17]) A submanifold M of an almost contact metric manifold (M, ¢, &, v,g)
is said to be a bi-slant submanifold if there exists a pair of orthogonal distributions Dy,
and Dy, on M such that
(i) The tangent space T M admits the orthogonal direct decomposition
TM =Dy, ®Dy, ®{£};
(ii) PDy, L Dy, and PDy, L Dy,;
(iif) Each distribution Dy, is slant with slant angle ¢; for i = 1, 2.

Remark 2 A bi-slant submanifold M is called proper if its bi-slant angles ©; # 0, 7, for
i = 1,2. Otherwise,
(i) when ¥, =0and ¥, = 7, then M is a CR-submanifold;
(ii) when @, = 0and ¥, #0, 7, then M is a semi-slant submanifold;
(iii) when ¥, = 5 and ¥, #0, 7, then M is a pseudo-slant submanifold.
For a bi-slant submanifold M of an almost contact metric manifold (H, v,€,v,g), the

normal bundle 7+ M is decomposed as
T*M = FDy, @ FDy, ®v, (5)
where v is a ¢-invariant normal subbundle of M.

3 Warped product bi-slant submanifolds

Definition 5 ([1]) Let (M, g1) and (M3, g,) be two Riemannian manifolds and / be a pos-
itive differentiable function on M;. Let o : M x My — Mjand o : M; x My — M,
be the canonical projection maps on M; x M, defined by o(gp,t) =  and o(gp,t) = ¢
for any (p,t) € M; x M,. Then the warped product M = M; x; M, is the prod-
uct manifold M; x M, equipped with the Riemannian structure such that g(X,)) =
81(0+X,0:)) + (h 0 0)%gy(04X,0,)) for any X,) € T'(TM), where * is the symbol for
the tangent maps. The function /4 is called a warping function of M.

Remark 3 ([1, 5]) A warped product manifold is said to be trivial if its warping function
is constant. In this case, the warped product manifold is a Riemannian product manifold.
For the trivial warped product manifold M = M; x;, M,, submanifolds M; and M, are
totally geodesic and totally umbilical of M, respectively.

Here we define the notion of warped product bi-slant submanifolds of a nearly trans-
Sasakian manifold:

Definition 6 A warped product M; x; M, of two slant submanifolds M; and M, with
slant angles ¥, and 9, respectively, of a nearly trans-Sasakian manifold (M, ¢, &, v,g) is

called a warped product bi-slant submanifold.
Now, we recall the following general result for warped product manifolds:

Lemma 1 ([1]) For a warped product manifold M = M xj, My with a warping function
h, the following formulas hold:
(i) VaY € TMy isthelift of VY on My,
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(i) V¥ Z2=VzX=(XInh)Z,

(i) VzW = VY2W - g(Z,W)VInh,
for any X,Y € T(TM,) and Z,\V € T(TM,), where V and V2 are the Levi-Civita
connections on M and My, respectively.

For a differentiable function / on a Riemannian manifold M of dimension #, the gradient

of i1, Vh, is defined by
g(Vh, X) = Xh, (6)

forany X € I'(TM). Asa consequence, we have || VA||> = Y7 | (§;(h))? for alocal orthonor-
mal frame {&;,...,&,} on M.

We consider the warped product bi-slant submanifold M = M; x;, M, of a nearly
trans-Sasakian manifold (M, ¢, &, v,g) such that the structure vector field £ is tangent to
M. The following lemma plays a crucial role in our main result.

Lemma 2 Let M = My xj, My be a warped product bi-slant submanifold of a nearly
trans-Sasakian manifold (M, ¢,&,v,g). Then
(i) ¢lnh)=p,

(i) g(¢(X,2), FZ)=g(t(Z,2), FX) - [M(X) + (PXInh)]|| 2|,

(iii) g(¢(X,PZ),FPZ)=g(t(PZ,P2),FX)-[Av(X)+ (PXInh)]cos®> % Z|?,

(iv) g(¢(PX, 2),FZ)=g(t(Z,2), FPX) + [(X Inh) cos® 91 — uu(X) cos? ]| 2|12,

) glc(PX,P2),FPZ)=

g(PZ,P2),FPX) + [(X Inh)cos® ¥ — pv(X)cos? #1] cos? o | Z||%

(vi) g(¢(X,PZ),FZ)=-g(t(X,2),FPZ) = :[~(XInh) + pv(X)] cos’ | Z|?,

for X e T(TMy) and Z € T(TM,).

Proof The proof of assertion (i) follows from Lemma 3.1(i) in [18]. In order to prove as-
sertion (ii), we consider

g(;(XrZ),]:Z) =g(vZX»<PZ _PZ) :g(vZX’WZ) _g(vZX’PZ)
for X, e I'(TM;) and Z € I'(T M,). From (2) and Lemma 1(ii), we derive

2(E(X,2), FZ) = (X, (Vz9)Z) - g(X,¢Vz 2)
= (2P - (PX W) ZI? +g(¢ (2, 2), FX),
or
22X, 2), F2) =g(¢(2,2), FX) - [Lv(X) + (PX ]| Z|*.
This is assertion (ii). If we replace Z by PZ for Z € I'(TM,;) and X by PX for X €
['(T M) in assertion (ii), we can easily get assertions (iii) and (iv). Thus, assertion (v) can
be obtained by replacing Z by PZ for Z € T'(TM;) and X by PX for X € I'(TM,)

simultaneously in (ii). Now, consider for X,) € I'(TM;) and Z € I'(T M,) we have

g (X, P2),FZ) = —g(PZ,VxFZ)=-g(PZ,VxpZ)+g(VxPZ,P2).
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From (3), (2), and Lemma 1(ii), we obtain

2(c(X,P2),F2)= —g(PZ,¢Vx2)-g(PZ,(Vxp)Z)
+ (X 1Inh)cos? 9, Z|?
= -g(PZ,(Vxp)Z) +g(¢ (X, 2)FPZ)
=g(PZ,(Vz9)X) + pu(X)cos® 92| 2|°
+2(¢(X, 2), FPZ2). )

Again using (2), we derive g(PZ,(Vzp)X) = g(X,(Vpz)Z). For X,Y € I'(TM;) and
Z eT'(TM,), we have g(VpzpX, Z) = g(VpzeX, Z). This gives

0=(pXInh)g(PZ,2) = g(X,¢VpzZ)
:g(X,VngZ) +g(X,sz}—Z) —g(X, (VPZQD)Z)
=—g(VpzX,PZ)-g(X,ArzPZ)-g(PZ,(Vz9)X), (8)

or
2(PZ,(Vz9)X) = —(X1nh)cos® 01| Z|* - g(¢ (X, PZ), FZ),
where we have used (3), (2), and Lemma 1(ii). Plugging (8) into (7), we have the following:

Zg(g(X,PZ),}'Z) = — (X 1nh)cos? 9| Z||? + pv(X) cos 9, || 2|
+g(¢(X, 2), FPZ). 9)

Also, we deduce

2(PZ,(Vxp)Z) = (X Inh)cos® | Z)* + g(¢ (X, PZ), FZ)

~ nu(X) cos’ 0| 2| (10)
Replacing Z by PZ in (10), we get

2(PZ,(Vxp)Z) = (X Inh)cos® | Z|* - g(¢ (X, 2), FPZ)

~ nu(X)cos® 0| 2| (11)

Combining equations (10) and (11), we arrive at
2t (X, PZ),FZ) =-g(¢(X, 2), FPZ). (12)
Hence, (9) and (12) give assertion (vi). This completes the proof of our lemma. a

4 Bounds for the squared norm of the second fundamental form

Let M = M; x;, M3 be a warped product bi-slant submanifold of a nearly trans-Sasakian
manifold (M, ¢, &, v,g), where M; and M are proper slant submanifolds with slant an-
gles 191 and 19, respectively. Further, we assume that dim(M) = 2x + 1, dim(M;) = 2a + 1,
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dim(M;) = 2b, and dim(M) = m = 2a + 2b + 1. Let D; and D, be the tangent bundles on
M; and M, respectively. We assume that [19]
(i) {&1,..., €4, Epi1 =secHPEL, ..., E0, =secth PE,, Eruy1 = €} is alocal orthonormal
frame of D;.
(i) {Erav2 =EFs- s Ernibir = &} Erarbrr = Efyy = e PES, ..., E = Erarapi = &5, =
sec ), PE;} is alocal orthonormal frame of D,.
(iii) {Eprr =& = cSCIFEL s Emra = Ea = cSC 1 FEny Epprant = Eart =
csc t sec FPEL ..., Emsza = Eaa = CSC U SEC HhFPE,} is alocal orthonormal
frame of FD;.
(V) (Emszast = E1 = cSCOFES, .., Emszary = Ep = SC 02 FES, Emrrarnir = Epsr =
csc ¥y sec D FPES, ..., 1 = &, = csc ¥y sec ¥, FPE;} is alocal orthonormal
frame of FD,.
V) {Ewms--.»Erns1} is alocal orthonormal frame of v.
Now, we prove our main theorem of this paper.

Theorem 1 Let M = M, x;, My be a warped product bi-slant submanifold of a nearly
trans-Sasakian manifold (M, ©,&,0,8) such that My and M are proper slant subman-
ifolds with slant angles 91 and ¥, respectively. If M is D;-totally geodesic, then we have
the following:

(i) The squared norm of the second fundamental form ¢ of M satisfies

1
IZ11? > 4bcsc? 192|:<cos2 01+ 5 cos? 192) (I1VInkl* - %) + A2:|. (13)

Furthermore,
(a) For a nearly Sasakian manifold (M, ¢,&,v,g), ¢ of M satisfies

IZ11? > 4bcsc? ﬁg[(cosz 0+ %cosz 192) (IVInA|?) + 1}. (14)
(b) For a nearly Kenmotsu manifold (M, ¢,&,v,g), ¢ of M satisfies

I211? > 4bcsc? 9, (cos2 1+ é cos? 02) (IVInkl* - 1). (15)
(c) For a nearly cosymplectic manifold (M, ¢,&,v,g), ¢ of M satisfies

IZI1? > 4bcsc? 9, <c052 0+ % cos? 192) (IV1nk|?). (16)

(ii) If the equality sign holds in all four cases, then M is a totally geodesic submanifold
of M and M is a totally umbilical submanifold of M. In other words, M is a
minimal submanifold of M.

Proof The squared norm of the second fundamental form ¢ is defined by

2n+l m

1217 =" g(e(E ) cEn)) = . > gt &)

ij=1 r=m+1 ij=1
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From the assumed frames, the above equation can be written as

2n+l 2a+1 2n+1 2a+1 2b

12 =Y Y (e ELE) +2 Y Y Y g(¢e(&E)).€
r=m+1 ij=1 r=m+1 i=1 j=1
2n+1  2b

+ Z Zg 5* 5* (17)

r=m+1 ij=1

Using the hypothesis and leaving the first term on the right-hand side of (17) to introduce

the inequality, we obtain
2n+1 2a+1 2b

lelP=2 %" > e(¢(&&).€

r=m+1 i=1 j=1

Decomposing the above equation according to (5), we derive

2a+m 2a+1 2b .
||c||2>2[2 Y 66 (€.60).E)°

r=m+1 i=1 j=1

2b+2a+m 2a+1 2b 2n+1 2a+1 2b _
Y S e @) 3 3 Y e (60 E) } )
r=2a+m+1 i=1 j=1 r=2m i=1 j=1
Removing all the terms except for 7 D,-components, we arrive at
2b+2a+m 2a+1 2b
512
||¢||222< Yo DD ele(EnE)E) )
r=2a+m+1 i=1 j=1
(19)

2b 2a+1 2b .
or ||;||2>2<ZZZg (87).&)) )

r=1 i=1 j=1

Thus, by using the orthonormal frame fields of D;, D, and FD,, the above inequality

reduces to

||§||2>2|:csc ﬂZZZg (€:€) }‘5*)

i=1 j=1

a b
+csc? ¥y sec? ¥y Z Zg(; (& 5}*),]:775}*)2

i=1 j=1

a b
+csc? ¥y sec ¥y Z Zg(; (€. PE), ]—"é}*)2

i=1 j=1

a b
+csc? Py sec? Z Zg(g“ (Pé}, 5}*),]—“5}*)2

i=1 j=1

a b
+ csc? ¥y sec? ¥ sec? Oy Z Zg(; (P&, 735]»*), ]-'5/*)2

i=1 j=1
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a b
+ csc? ¥y sec? 9 sec? O Z Zg(g“ (PEs 5}*), ]:735,*)2

i=1 j=1

+ csc? ¥, sect ﬁzng é'l,’PE ]:796}*)2

i=1 j=1

+ csc? 9, sec® 1 sec ﬂgZZg (PE,PEY) .7:”P5*)

i=1 j=1

b
vesc iy Y g(¢(8,6), 7€)
j=1
b
+csc? 9y sec? ¥y Zg({ (& 5}*), chi}*)z
j=1
b
+csc? ¥y sec? ¥y Zg({ (S,PE].*), ]-'5}*)2
=1

b
+csc? 1 sect 19y Zg({ (&,P@*),IP&}*)Z},

j=1
Using Lemma 2, the hypothesis, and the fact that
IVInk|* =) (Enh)*+> " sec® 31 (P& Ink)* + (¢ Ink),
i=1 =1

we derive

a

Iz11? > 4bcesc? 9, (cos o+ = 5 cos 192) Z[||V1nh||2 —2uv(&E)(E; lnh)]

i=1

+4bcsc? 9y (k + Z V(P& In h))

i=1

In view of the assumed orthonormal frame, the 1-form v(&;) is identically zero for all
i€{l,...,2a}, the above expression can be modified as

1
IZ 1> > 4bcsc? 192|:<cos2 H + 5 cos? 192)(||V1nh||2 - uz) + A2].

This is the required inequality (i). Now, we discuss the following cases:
(a) For A =1and u =0, we have

1
z11? > 4bcsc? 192|:(cos2 0+ §cos2 192>(||V1nh||2) + 1]
(b) For A =0and u =1, we have

1
IZ1I? = 4bcsc? 192(0052 0+ 5 cos? 192)(||V1nh||2 -1).
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(c) For A =0and u =0, we have
2 2 2 1 2 2
IZ11* = 4bcsc® 9, cos ﬁ1+§cos % ) (IIVInAl?).

If the equality holds in (13), then from (17) and the hypothesis of the theorem, we find that
¢(D1,Dy) =0 (20)
and
$(Dy, D) = 0. (21)
Similarly, from (18), we get {(D;,D;) L FD; and (D1, D;) L v, which further give
$(D1,Dy) C FDs. (22)

Let ¢ be the second fundamental form of M, in M, then for any X € I'(D;) and
Z,W € ['(D,), we have g(52(Z, W), X) = g(V=W, X) = -gOWV, V= X). Thus, we derive
from Lemma 1(ii) and (6) that g(¢2(Z, W), X) = —g(Vh, X)g(Z, W), or

&(Z,W) = -Vhg(Z,W). (23)

By (20) and Lemma 1(i) (M; is totally geodesic in M), we conclude that M; is totally
geodesic in M. On the other hand, both (21) and (23) say that M, is totally umbilical in
M. Furthermore, relations (20), (21) and (22) imply that M is a minimal submanifold of
M. Hence, our assertion (ii) is proved. O

Remark 4 The purpose of taking ¢ (D5, D;) = 0 in Theorem 1 is to maintain the inequality
and to get the required result when the equality holds in the derived inequality. One can
obtain another inequality in Theorem 1 by assuming M is mixed totally geodesic.

5 Some geometric applications and examples
The Hamiltonian H in a local orthonormal frame at a point g is defined by

n n

H(VIp)= 3 S (@) = 3 S (§0)’ = S 1Vl (1)

Jj=1 Jj=1

An optimal inequality (13) in terms of the Hamiltonian of a warping function In/ at a

point g € M takes the following form:
1
IZ11? = 4bcesc? 9, |:<cos2 H + 5 cos? 15‘2) (2H(V Inh, ) - Mz) + Az],

where we have used (24). Similarly, we can easily find inequalities (14), (15), and (16) in
terms of the Hamiltonian of a warping function at a point .

In the case of inequality, we prove the triviality of warped product bi-slant submanifolds,
which is as follows.
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Theorem 2 On a compact oriented warped product bi-slant submanifold M = My x, M,
of a nearly trans-Sasakian manifold (M, ¢,&,v,g). If the following inequality

1
12117 < 4bA2 csc? 9y — (419 csc? 9y <0052 ™+ 5 cos? 192)) (25)

holds, then M is a Riemannian product manifold.
Proof Suppose that the inequality holds in Theorem 1(i), we obtain

2112 — 4B22% csc? oy

2> | Vink|™.
4b csc? ¥y(cos? V1 + § cos? ¥) +1* = [Vinh|

From the integration theory on manifolds, we derive

2 4bA? csc? ¥
/ ||Vlnh||2dV§f ( ¢l e T +u2) dv.
M M\ 4bcsc? ¥5(cos® ¥ + 5 cos? B)

On account of hypothesis (25), we find that fM [VInk||2dV < 0. From this, we say that
[VInk||?2 <0, but 0 < ||VInk|2, which further implies that || VIn#| = 0, that is, 4 is a
constant function on M. Thus, M is a Riemannian product manifold of two proper slant
submanifolds M; and M, with slant angles ¢; and %, respectively. This completes the
proof of the theorem. d

We provide some non-trivial examples of nearly trans-Sasakian manifolds and their

warped product bi-slant submanifolds.
Example 1 Consider a 7-dimensional differentiable manifold
M = {(w1,91,%2,¥2,%3,73,2) € R7|z #0}.

We choose the vector fields

d d 0
Si=et—, &S=eF—, &G=eT—, E=e T —,
! € 3961 2=¢ 8_)/1 3= ¢ 0 2 4= 8y2

d 0
Es=e"—, Eo=e"—, E=t=—.
0x3 ays3 0z

Let g be the Riemannian metric defined by
g=e"(dx} +dy} +dxl + dxﬁ +dx + dy3) + dz>.
Then we find that g(&;,&) = 1 and g(6,E), VY i,j = 1,...,7. Hence, {&1,...,&7} is an or-

thonormal basis. Thus, the 1-form v is defined by v(X) = g(X, &) for any X € ['(TM).
Now, we define the (1, 1)-tensor field ¢ as

2\ 9 9 9 AV
— )= — )=, — =0, ij=1,...,6.
Now) oy Noy) " 7o oz /
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By using the linearity of ¢ and g, we have (1). Hence, (M, ¢, &, v,g) is an almost contact
metric manifold.

Let V be the Levi—Civita connection with respect to g. Then we have
[gi»gj] =0, [51’E] = [gi:g7] :£i Virj:1:~~’6:i7{]‘o
By using the Koszul formula for g, we calculate

Vgigi =& =&, Vgigj = v‘g/& =0, vgi(‘:} = vgifj =&, V&& = VES,» =0

Vi,j=1,...,6,i #].
Forany X,) € ['(TM), we have

X =[J181 +[J282 +[J353 +p454 +p555 +P656 +p7r§,
Y =q1&1 + @22 + 4383 + qués + 4585 + qeEs + 78,
OX = p1E — pr&i + p3&a — palis + psE — pes,

0Y =q1E — @261 + q3E4 — a3 + 45E6 — 465,
where p;,q; € R, i=1,...,7. Now, we check equation (2). For this, we calculate

(Va@)V + (V)X =VxpY —9pVa + VypX —pVyX

= (=192 + P2q1 — P3qa + Paqs — P5q6 + Peq5)
—q7(p1&2 = pa&1 + p3€a — pas + pss — pels)
— (=P1q2 + P2q1 — P3qa + Paqs — P5qe + Peqs)E
=07 @1& = 261 + @34 — qu&s + q5E6 — q6Es)

= ~q7(01& — P21 + p3Ea — pas + psEe — peLs)
=071 @1& = 261 + @384 — qu&s + q5E6 — q6Es)

=—(VV)PX + v(X)g))

for any X,) € I'(TM). Hence, (M, ¢, £, v,g) is a nearly trans-Sasakian manifold of type
(0,1) or a nearly Kenmotsu manifold (see Remark 1).

Example 2 The best example of a nearly cosymplectic manifold defined on a non-
Euclidean space is S°. Following Remark 1, we say that S” is a nearly trans-Sasakian man-
ifold of type (0,0).

Example 3 Let R® be the Euclidean 9-space equipped with the Fuclidean metric tensor g,

the real global coordinates (x1,y1,%2, ¥2, X3, ¥3, X4, ¥4, Z), and the canonical structure ¢ given

by
2\ @ 8 5 AV
— )=, — )=, —)=0, 4ij=1,...,4.
Now) "oy “oy) "o oz /
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We can easily prove that (¢, & = %, v=dz,g=vQ®u +e¥ Z?zl (dx; ® dx; + dy; @ dy))) is
an almost contact metric structure on R’. Also, it can be verified that R® is a nearly trans-
Sasakian manifold of type (0, 1) (see Example 1). Now, we consider a submanifold M in
R defined by the immersion f as follows:

f(u, v,w, p,q) = (u,vsinay, 0, vcosay, w, psinay, 0, p cos ag, q) (26)

for any constants «; and . We choose the tangent bundle of M spanned by

K] 0 0
E1=—, &y =sino; — +cosa; —, E=—oy,
0x1 N Y2 dx3
. B B] 0
&4 =sinoy — + cosog—, 5= —.
ays3 04 aq
Furthermore, we have
0 0 d d
p& = —, @&y = —sinw — —cosa; —, &3 = —,
0y1 9% 9x2 dy3
. K] 0
@&y = —sinay — — cosay—, 0E5 =0,
3963 8x4

and the distributions are defined by Dy, = Span{&;,&;} and Dy, = Span{&s, £,}. Then it
can be easily seen that Dy, is ¥;-slant with ¥; = arccos(sina;) and Dy, is ¥;-slant with
U = arccos(sinay). Also, & = £ is tangent to Dy, . Hence, f defines a proper 5-dimensional
bi-slant submanifold M with bi-slant angles {arccos(sin a1 ), arccos(sin o)} in R%. It is clear
that the distributions Dy, and Dy, are integrable. Also, we notice that Vg, & =0,V i,j =
1,...,4. From which we say that Dy, and Dy, are totally geodesic and hence minimal.

Example 4 We consider any submanifold M in a nearly trans-Sasakian manifold R” (see
Example 1)

f(u, v,w,q) = (ucosv,wcosv,usinv,wsinv,w — u, w + u, q). (27)

The tangent bundle of M is spanned by

a . 0 9
& =cosy— +siny— - — + —,
0x1 xy  Oxz  dy3

.9 0 N G]
&y = —usinv— + ucosv— — wsinv— + wcosv—,

X1 0%y I Y2
d 0 . 0 d
E3=— +CcOSV— +sinyv— + —,
8963 3_)/1 ayz 3}/3
B
Ex=—.
dq

Furthermore, we have

ad . ad
@& =cosV— +siny— - — — —,
8_)/1 3}12 8y3 8x3



Siddiqui et al. Journal of Inequalities and Applications (2018) 2018:265 Page 14 of 15

0
@&y = —usinv— +ucosv— + wsinv— —wcosv—,
3}’1 8y2 8x1 8962
a d .0 a
9E3= — —cosv— —sinv— — —,
8_)/3 8x1 8x2 8963
(p&; =0.

It is easy to check that @&, is orthogonal to TM. Then the proper slant and anti-
invariant distributions of M are respectively defined by D, = Span{&;, £} with slant an-
gle ¥ = arccos(%) and D, = Span{&;}. Also, &, = & is tangent to Dy. Hence, f defines a
proper 4-dimensional pseudo-slant submanifold (bi-slant submanifold with bi-slant an-
gles {arccos(%), 71 M in R’. It is easy to check that the distributions Dy and D, are
integrable.

Example 5 In the continuation of Example 3, we consider that M; and M, are respec-
tively the integral manifolds of Dy, and Dy,. Then it follows from Definition 5 and (26)
that the induced metric tensor g of the product manifold M of M; and M, is given by

g=du’ + (sin® ay +cos® a1 )dv® + dw? + (sin’ oy + cos® ap)dp® + dg’
=du® + dv* + dg* + dw* + dp*

=841 +t&2

where g1 = du? + dv? + dg® and g, = dw? + dp? are respectively the metric tensors of M;
and M. Consequently, M = M; x;, M, is a warped product bi-slant submanifold of R?
with the constant warping function, i.e., # = 1 such that £ is tangent to M. Thus, M is a

Riemannian product manifold.

Example 6 In the continuation of Example 4, we assume that M and M, are the integral
manifolds of Dy and D, respectively. Then it follows from Definition 5 and (27) that the
induced metric tensor g of M is given by

g= (C082 v+sin®v+ 2)du2 + (uz sin? v + u? cos® v + w? sin® v + w? cos? V) dv?
+ (0052 v+sin?v+ 2)dW2 +dg*

=3(du® + dw?®) + dq* + (i + w?)dv* = g1 + g,

where g; = 3(du® + dw?) + dgq® and g = (u® + w?)dv? are respectively the metric tensors
of M; and M. As a consequence, M = M; x;, M, is a warped product pseudo-slant
submanifold of R” with a warping function, i.e., # = v/u#2 + w? such that £ is tangent to
M.
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