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1 Introduction
Certain inequalities shall be considered, which involve combinations of gamma and psi
functions of one positive variable 8 and one parameter x greater than unity. The ba-
sic functions involved are particular values of the hypergeometric function F(a, b, c;s) [1,
9.122.1], namely:

A(,B;x)=F(1 1 x ) [/ )

8 B ) T TG-DBr =+ 1P

By LI, [R) @

2 2
=0 y\) =0 y\)

1 1 x+1 I2((x+1)/B)
B(Bix)=F\ =5, —p—il) =
(%) (,3 8B ) P &/B)((x +2)/B)
=i +2) ™ (1 1 )
En0nrD) R (1.2)
s v | \Geese

where I'(s) is the gamma function, y, =vB8 +x, v =0,1,2,..., with 8 € (0,00), x € (1,00)
throughout. The product representations of A(8;x) and B(B;x) are given is [1, 8.325.1].
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Associated with these functions is their product

CB:x) = A(B:x)B(Bsx) = F(l 2 «x 1>_ C(x/B)T((x +1)/8)

BB B) T T(-DIAT(+2)Ip)

L[]0 D02 ﬁ(l_#). w3
V=0 y( +1) V=0 y( +1)

Since a + b — ¢ < 0 for each of the hypergeometric functions in (1.1), (1.2), and (1.3), each of
their series expansions converges throughout the entire closed unit circle of the complex
plane [1, 9.102.2], and the gamma function expressions are justified [1, 9.122.1].

For the sake of simplicity we shall from now on omit the arguments g and x whenever
there is no chance for confusion, keeping in mind, however, that g in the actual indepen-
dent variable, and that x is a parameter. If we attach an argument to a symbol of a depen-
dent variable, it will be a particular value of 8. For example, A(1) = A(1;x). Furthermore,
derivatives will always be with respect to § and will be denoted by a prime.

The functions A, B, and C satisfy the inequalities
0<C<A<B«<l1. (1.4)

The infinite product representations of A, B, and C show that

AL0, BLO, CL0 asBlo, (1.5a)
and
-1 x(x+2) (x—1((x+2)
AYT o =Ae BY T eBe G TR eCa (1.5b)

as B 1 oo. (The down-arrow means that the function at its left decreases toward the value
at its right as its argument decreases. The up-arrow indicates the opposite.) We note the

particular values

A== py-—*,  cw-"=L (1.6)
X x+1 x+1
The B-derivatives of A, B, and C are
=2AS, B =2BT, C'=2C(S+T), (1.7)
with
S(B;x) = 2—}32[(96— Dy — 2% + (2 + 1) 3], (1.8)
T(B;x) = 27 [xwz 20x + 13 + (x + 2)¢a], (1.9)

Yo =¥ ((x+v=-2)/B8),v=1,...,4,%¥(s) being the ¥ function, ¥ (s) = dlogI'(s)/ds [1, 8.360].
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If we consider instead of (1.1), (1.2), and (1.3) the more general function

F(or, 0nr 05 1) = [(p3)T (3 — 91 — 2)
1,%2,¥3, =
I3 — 1) (@3 — @2)

with differentiable functions ¢, = ¢,(8), v = 1,2, 3, then

F' = (050 (@3) + (93 — 01 — 02) ¥ (03 — 01 — 92)
— (3= 01) ¥ (g3 — 1) — (@3 — 92) V(93 — ) |F,
provided that Re(¢; + ¢ — ¢3) < 0 in some region R of the complex -plane. For ¢; = 1/8,

@2 = —1/B, g3 = x/B this formula reduces to A" = 2AS with S given in (1.8).
Related to S and T is the function

QB = 5(S +21) (1.10a)
= 6%32 [(x = 1)y = 3(x + D)3 + 2(x + 2)a]. (1.10b)

The series expansion of the psi function [1, 8.362, 1],

1 &1
K[f(s):—)’—;"'szlm,

where y is Euler’s constant, leads to the series representations of 7, Q, and S,

) S T BT o S (1.11)
o1 Pv o1 Pv o1 Pv
pv(ﬂ;x)=(yv_1)yu(yv+1)(yv+2)’ yw=vB+x>1,

=B + a1 (VB)® + (VB2 + as(VB) + s, V=1,2,...,

a1(x) =2(2x + 1), ar(x) =6x(x+1) -1, az(x) = 2(2x3 +3x2 —x— 1),

1.12)

og(x) = (x - Dax+ 1D)(x+2) = x(x3 +24% —x - 2), x> 1.

(Cancellation of the respective factors y, + & (¢ = -1,0, 1,2) in (1.11) would not bring any
advantage. In fact, it would hamper comparison of equally numbered terms of these series
and related expressions.)

Under the restrictions on 8 and x, each of the series in (1.11) is positive, and

0<T<Q<S. (1.13)

Therefore, the derivatives A’, B, and C’ in (1.7) are positive, i.e., the functions A, B, and
C are strictly monotonically increasing for g > 0 and, by (1.5a), (1.5b), bounded. (This
belatedly justifies the direction of the arrows in the limit relations (1.5a), (1.5b).)

We now introduce the gamma function combination

A(1-B)
1-A

o(B;x) = , B €(0,00),fixed x € (1,00), (1.14)
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with A and B defined in (1.1) and (1.2), respectively. The main objective of this paper is to
establish the inequality

0 <Q/S, Be(0,00),fixedx e (1,00). (1.15)

It is a crucial prerequisite to an efficient numerical solution routine of the four-parameter
hyper-gamma density estimation problem for a given statistical data set (observations) [2,
Chap. 9.3]. The hyper-gamma distribution has important applications in chemical, biolog-
ical, and physical processes. The four parameters of the distribution are shift, scale, initial
shape x > 1 (in the statistical four-parameter case x > 2), and terminal shape 8 > 0. The sta-
tistical parameters 8 and x are to be determined from a set of two simultaneous equations
[2, (9.33), (9.34)]. These are derived from the first four moments of the four-parameter
hyper-gamma probability density function [2, (9.3.1)], which are defined by combinations
of gamma functions as they appear in (1.1) and (1.2). A considerable computational cost
advantage is achieved if it is known that for every fixed value of x, say, one of these equa-
tions has exactly one solution 8. This will be the case if (1.15) holds. (See [2, Chaps. 9.2,
9.3], equation (9.3.34) and the discussion preceding (9.3.36).)

2 Approximating sequences for Q/S and T/S
The series (1.11) and their -derivatives converge (absolutely and) uniformly as functions
of B on every closed subinterval [a, ] C (0, 00) for any fixed x > 1. To show this, we look
at Q, for example,

Q= qu(ﬁ;x), gy =v[n =D + 1)y + 2)]_1, Yy =VB +x.

v=1

(Here the common factor y, in numerator and denominator has been canceled.) We have
0<q, <1/v283 < 1/v%a®. Thus, by the Weierstraficriterion,

11 1
0<Q<E;§=ﬂ—3§(2),

where ¢(s) is Riemann’s zeta function [1, 9.522.1]. The terms of the B-derivative Q" of Q

are

q, = v (1 + Yau + V30), (2.1)
with

yiv = [n = D200 + DOw +2)] 7,
yau = [0 = D + 120 +2)]
yao = [0 = D + D +2)2]

Now, 0 <y, < 1/v*8% 1 =1,2,3,v=1,2,..., and, hence, |7, | < 3/a*v?. Therefore, |Q'| <
3¢(2)/a%, i.e., the series Q' = Y_ ¢, is absolutely and uniformly convergent on [, b]. Since



Lehnigk Journal of Inequalities and Applications (2018) 2018:253 Page 5 of 17

Q' <0, Qis strictly monotonically decreasing as 8 increases. The second derivative of Q is
positive. This follows immediately from (2.1). Thus, with Q” > 0, the function Q is concave
from above, and |Q'| is strictly monotonically decreasing. Corresponding facts are true for
T and S. Note that 7, Q, and S 1 co (monotonically) as 8 | 0, and that 7, Q,and S | 0
(monotonically) as 8 1 oo.

The following particular values of these functions for 8 = 1 are of interest:

1 3x+1

I)=57—=, Q)= e D)

1
2+ 1) S(1) = T (2.2)

They are obtained from (1.9), (1.10a), (1.10b), and (1.8), respectively, and from the func-
tional relation [1, 8.365.3] of the psi function.
We now define the sequence {F,,(8;x)} with elements

_ QuB%)
Sn(ﬁ;x) ’

n=1,2..., (2.3)

n

where Q, and S, are the partial sums of Q and S,

n

) 1
Qu= ; Upyv =B [%74(8;%) + Bpa(B52)], (2.4a)

(@ +2)r(B52) + Bpa(B3%)], (2.4b)

~ - vy +2) 1
R D WL

with
Tw= P2 Put 20103 Put - H AP Pyt T1=1
Pn=p2 Pu+ 22p1p3 Pyt 1L put, pL=1,

An=p1""" Pps (2.5)

T'n < Pns nry > Pus

Frsl = TP + (M + 1Ay, Pni1 = PnPn + (n+ l)zkm n=12,....

We observe that r, and p, (both polynomials in 8 of degree 4(n — 1)) can be expressed as

2

n n
v v
rn = )Vn E uv(ﬁ;x)’ Pn= )\‘}’l E Vv(,B;x): u, = ,0_’ Vy = p_r (26)
v=1 v=1 v v

and that the positive series

Xn:uv and Xn:vv (2.7)
v=1 v=1

converge uniformly (for any x € (1,00)) on every interval [a, b] C (0, 00). This follows im-
mediately by the Weierstraficriterion since

v 1 V2 1
Uy=—< —, Vy=— < —, € [a,b], 2.8
=< Weo<oam, Belad 2.8)
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so that
Zuu<;g(3), ZVV<E§(2), B € [a,b].
v=1 v=1
Furthermore,
;P . vy
CETR T 29)
so that
4 4
/ 7
|uV| < 503 |Vu| 2 B € la, b,

and, consequently,

oo , 4 oo ) 4
;]uv\ <), §|vv| <—t@), pelabl

The series
oo o0
Z u, <0, Z v, <0, (2.10)
v=1 v=1

converge absolutely and uniformly on every interval [a,b] C (0,00). Note that the series
(2.7) are strictly monotonically decreasing functions of 8 € (0, 00).
We return to the functions F,, defined by (2.3) and show that

Fn<%, n=12,..., Q:iqv(ﬁ;x), S:isv(ﬁ;x), (2.11)
v=1 v=1
i.e., that
QS, - 5Q, > 0. (2.12)
By (1.11)

o0
S:Q+22uv,
v=1

u, given in (2.8), so that (2.12) may be replaced by

QSn - <Q+2Zuv)Qn:Q(Sn_Qn)_2QnZuv>0-

v=1 v=1
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Here we replace S, — Q, by 2 "_, u, and obtain, after dropping the common factor 2,

QZ”U _anuv = <Qn + Z fh) Zuv _Qn(zuv + Z uv)
v=1 v=1 v=1 v=1

v=n+l v=n+1

() (35e)- (e ()

Comparing equally numbered terms of the two infinite series, we get

qn+k (Z uv) - (qu)un+k: k= 1L2,..., (213)
v=1 v=1
or, with In+k = (n+ k)yn+k/pn+k and u,. = (}’1 + k)/pn+k:
n v n VY,
YVn+k Z - - Z I

o Py g Py

This difference is positive since y,,,x >y, for v =1,...,n. Therefore, (2.13) is correct, and,
consequently, (2.11) holds. With this result, and

F1:g=7x+ﬂ <9<1,
S x+2+B8 S
we see that
Q
S 1, asB oo (2.14)

(the upward arrow will be justified in Sect. 3), and that

Q x
E an(O) = m as ﬂ \L 0. (2.15)

Next, we show that
F,.1>F, n=12,.... (2.16)

By means of (2.4a), (2.4b), the rational functions F, defined in (2.3) can be written as

Foo TntPPa o (2.17)

C (x+2)r, + Bpa
With this expression for F,, inequality (2.16) changes into r,p,.1 > 11, The recurrence
relations for r, and p, in (2.5) lead to (n + 1)r,, > p,,, which is correct. Thus (2.16) holds.
The facts established so far show that {F,} is a positive, increasing, bounded above se-
quence that converges for every 8 € (0,00) and any fixed x € (1,00) as n 1 co. We want to
show now that it converges to Q/S uniformly on every subinterval [4, b] of (0, c0).
Observing (2.12), we have to show that for every ¢ > 0 there exists 7y = ny(¢) such that

0<QS,-SQ,<e foreveryn=>ngon [a,b] C(0,00). (2.18)
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Now,

QSy —SQ, = (Qn + i qv)Sn - (Sn + i Sv)Qn

v=n+l v=n+l
=S, i qv —Qn i Sy.
v=n+l v=n+l

Since g, < s, = v(y, +2)/p,, we have

QSn = SQu < (Su = Q) i Su- (2.19)

v=n+l

Here

The right-hand side of this inequality is strictly monotonically decreasing as stated earlier
in connection with (2.8) and (2.10). Thus

Sy

pv(a) §I<, ﬁ S [d, b]

Therefore, we may continue inequality (2.19) as follows:

o0
QS,—SQu <K Y s,

Uniform convergence of S on [a, b] implies that, given ¢/K, there exists ny = ny(¢) such
that

QS, - SQ, <1<% —¢ onl[ablifn>n

This proves (2.18). So {F, } is a uniformly convergent approximating sequence for Q/S from
below, and

Q o0
i F + ;(Fv -F,.).

This shows that (Q/S)(0) = F1(0) = x/(x + 2), so that (2.15) may be sharpened to

Q X
3 | F.(0) = 12 B10. (2.20)

(The downward arrow will be justified in Sect. 3.)
Along the same lines analogous results can be established for the function 7'/S and its
approximating from below sequence
Tn (x_ l)rn +/3pn

G,=—=—-""" "7 =1,2,....
Sy (x+2)r, + Bpy "
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Note that
T -1
21G0=2"2 asplon=12,..., (2.21)
S X+2
and
T
3 A1 asfB 1 oo. (2.22)

3 Monotonicity of Q/S and T/S
The functions Q/S and 7'/S are strictly monotonically increasing for 8 € (0, 00). It is suffi-
cient to show this for Q/S since, by (1.10a), T'/S = (3Q/S — 1)/2.

We introduce the rational functions

fn(,B;x)=;—”, n=12,..., fi=1, (3.1)

n

r, and p, defined by (2.6). Note that f,,1 < f, because {u,/v,} = {1/v} is a decreasing se-
quence [3, p. 10, Problem 28]. The approximating functions F), in (2.17) can now be written
as

F - PtB 1o B0 (3.2)
x+2

T+ 2f+ B

The B-derivative of F, is

’_ 2 _ / _

o Gragepp e ) =120 3
and

sy 2(2n+1) _

Fn(O)—W>O, 71—1,2,..“

This immediately shows that F,, > 0 for small positive values of 8. We want to show that
F, >0 for B € (0, 00). But first we must establish certain facts about the rational functions
fu =Tulpn. By (2.5) and with p, = (VB +x—1)(vB +x) (VB +x + 1)(vB + x + 2) the constituent
terms of r, and p, are products of n — 1 Hurwitz polynomials, each of degree 4, so that
each of those terms is a Huwitz polynomial of degree 4(n — 1). The B-derivative of f, is

1
P2

(B9 Gl

Using (2.8) and (2.9) in (3.4b), we arrive at

£ (v,pn = 1uD),) (3.4a)

n 2 n
(Z Vv) fi= > M(mm —0,Pv)- (3.5)
v=1

2 12
1<u<v<n p“p"
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Here

pupy = prpy = (v = ) {Pvieg B+ 2%V (1 + V) B°
+ [Buv (1 + v + )ats + 2 s 6
+[4(0* +07) (1 + V) + 20 (1 + V) s B
£ B2 + v+ v)orcts + pvansas] B
2

+2(u +v)a2a4,3+a3a4}>0 B €(0,00),xe(l,00),1<pu<v=<n,

the positive functions o, (v = 1,...,4) being defined in connection with (1.12). Thus, by
(3.5),f; >0, B >0, x> 1. This establishes strict monotonicity of the functions f;, defined in
(3.1). Note that 0 < f,, <1, n> 2, 8 >0 and

3 1+1/22+---+1/n®  d,
Sod o— aspl0,  fu? =— aspf1oo,

2n+1 1+1/22+.--+1/n%2 e, (3.6)
Jfuloo) = élef,, 4 ¢(3)/¢(2) =0.730763... asn? oo.
We also note the following facts about f;, which follow from (3.4a),
a3(n* +m—2
mew asfl0, 10 asf1too. (3.7)

o4(2m + 1)2

Furthermore, (2.5) together with (1.12) and with the notation used in (3.6) shows that

Tp= (n!)4dnﬁ4(”_1) + lower order terms,

Pn = (n!)4enﬂ4(”_1) + lower order terms,
so that

¥, = 401 - 1)(n)*d, 4D 1

P, =4(n - 1)(nl)te,pH0 D1 4
Consequently,

FoPn — Tuply = cnﬁg(”‘l)‘2 + lower order terms,
where ¢, is a positive constant. Since

po= (Vl!)sef,ﬁs(”‘l) + lower order terms,

we see that f as given in (3.4a) behaves like 872 as B 1 co. In other words, f, and B2 are
asymptotically proportional. Consequently,

Bf, 10 asp 1 oo. (3.8)
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We now remember the fact that the polynomials p, are Hurwitzian and that, conse-
quently, the constituent terms of the polynomials r, and p, in (2.5) are Hurwitzian. By
Theorem IV of [4] (in conjunction with the specification of terminology concerning circu-
lar regions and circles on p. 164 of [4]) the sum of any two of these constituent polynomials
of degree 4(n — 1) is Hurwitzian. Thus, r, and p,, are Hurwitz polynomials. Their zeros are
located in the open left-hand half of the complex B-plane, which we denote by L. By an-
other theorem [5, p. 115], all zeros of f; (and all its poles) are located in L. In other words,
fi >0 for real B >0, a fact which has been established earlier already by direct means.
Applying the theorem of [5] again, this time to the rational function f, we arrive at the
result that £ has all its zeros (and poles) in L, i.e., f,’ # 0 for real 8 > 0. Limit relation (3.7)
shows that f, decreases somewhere in the interval (0, 00). Thus, the S-derivative f of f;,
must be negative somewhere. Since f;/ # 0 for 8 > 0, if follows that f;' < 0 for all 8 > 0. In
other words, f;,, defined by (3.1) is concave from below on 0 < 8 < 00, i.e., the tangent at
any point (8o,f.(Bo)), Bo > 0, lies above the graph of f, for every 8 >0, B # fo.

Since, by (3.2), F,(0) > 0, if follows that F’ > 0 at least for small positive values of 8. This
means that f, — Bf; > 0 for small positive values of 8 as can be seen from (3.3). This can
also be verified by means of (3.6), (3.7), and (3.8), respectively. By (3.6) and (3.8) we see
that £, — Bf, > 0 also for large values of B, so that F, > 0 for large 8. Suppose now that
fu— Bf, <0 at some point 8 > 0. Then there exist points $; and f;, 0 < ;1 < B, such that

fn(,Bv) = ﬁufn/(ﬁv)) v=12, (39)

Ji—Bf,>0for0< B < pyand B, < B <00, and f, — Bf;, <0 for B; < B < By. Consequently,
there would exist a continuous function «(f8) such that «(8,) =0, v =1,2, a(8) >0, B; <
/3 < ﬁZ) and

1
fn/—Efn—O‘:O» B1<B < Ba.

This inhomogeneous linear differential equation has the unique solution

fo= (ﬂ;pil))ﬂ B @dt, p1 =B <P (3.10)

with initial condition (81, f,(81)). Its derivative is

f,:=ﬁ“f£1) +/ﬂ] “(f)d «(B), PL<B<pn

Observing (3.9) for v = 2 and noting that «(5;) = 0, we have at 8,

(3.11)

B2
F(B) = Ju(B1) / 1) jo _SulBo) | fulBr)
B

B1 . T B2 B1

since the integral is positive. Now, the tangent to the integral curve defined by (3.10) at the

point (B1,£,(B1)) is given by y(B) = £,(B1) + (B — B1)f,,(B1) with £, (B1) = f.(B1)/B1 by (3.9).
Thus,

(B1) fn(ﬁl)
B B

¥(B2) =fu(B1) + (B2 — B1) Ba.
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Since f, is concave from below it follows that

Ju(B1)

¥(B2) = 5

B2 > fu(Ba),

or

Jn(B2) <fn(ﬂ1)
B2 B

in contradiction to (3.11). Consequently, f, — Bf; > 0 for all 8 € (0, 00), and, hence, as (2.3)
shows, F/, > 0 for 0 < B < 0o, which means that F,, = Q,/S,, or F,, = (xf,, + B)/[(x +2)f,, + B] 7},
is a strictly monotonically increasing function of § € (0, 00). A corresponding result holds
for G,, = T,/S,.

We now show that the sequence {F;} converges uniformly on every closed interval
[a,b] C (0, 00). Differentiating F,, = Q,,/S,, we form

| n+k — Fr/1| = (SEIS;%H/()_l |Si (an+k5”l+k - Q"'*'kS;Hk) - SZH((Q:IS” - Q”S;q) | (312)

With Q=>"g,,S =) _s,, equation (3.12), after some manipulations, can be brought into

the form
IF .« —Fl
- (SZSnJrk) 1|(2’3+ﬁ+1 SV)( SZQ/ +2QnS S/ +SZ(Z:+£+1 qu
+ (01 80)2(QSn — QuS)) (3.13)

- (ZCI:£+1 Sv)(S%Q” + S%(Z:lzfnl qV))
(e  4)S2S, + (1 4)S2].

Here, we replace all negative terms between the absolute value bars by their absolute val-
ues. Since Q, |Q'], S, |S'| are series with positive terms, we increase the right-hand side
of (3.13) by replacing their partial sums by the entire series. Then we remember the fact
that these series are monotonically decreasing functions of 8. Therefore, we increase the
right-hand side of (3.13) further by setting Q, < Q < Q(a), |1Q,| < |Q'| < |Q'(a)l, S, < S(a),
IS/ | < |S'(a)| for B € [a, b]. We may also replace > _ g, by D _s, since 0 < g, <s,. Thus, there
exist positive constants K, (v = 1,...,5) such that equality (3.13) may be replaced by the
inequality

|E.., —ELl <(S2 M)-l{lqz”*k s+ (XK s )2+ K Y s

v=n+l v=n+l v=n+

L (3.14)
+ [<4 Zv n+1 Sy + K5 Zv n+1 |qvl}

Furthermore, by (1.11),

Susk>Su>S1=[(B+x-1)(B+x)(B+x+ 1)]_1
> [(b +x-1)b+x)b+x+ 1):|71 =B1'>0, Belab],

so that

(8282,) 7 < (SH ' < (sH < B Belabl (3.15)

nn+k

Page 12 of 17
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Now, since S, §’, and Q" converge uniformly on [a, b] € (0,00), given ¢ > 0 there exists a
number 7y (¢) such that each of the five finite sums in (3.14) is less than 3_4(211 K,) e
for every n > ngy and for all k > 1. Thus (3.14) together with (3.15) leads to |F,,, — F,| < ¢
for every n > ny and for all k > 1 on every [a,b] C (0,00). The final result is that {F)}
converges uniformly for 8 € [a, b] to the function (Q/S)’ > 0, and this means that Q/S is
strictly monotonically increasing. (This result justified the direction of the arrows in (2.14)
and (2.20), and in (2.21) and (2.22) for T'/S.)

4 Properties of o
The function

_A(-B)

o = ﬁ, ,3 S (0, OO), fixed x € (1, OO), (41)

together with (1.1) and (1.2), evidently satisfies the inequality 0 < o < A, 8 > 0 and by (1.5a),
(1.5b), the limit relations

x—1
ocl0 aspBlo, aimzaw as 8 1 oo. (4.2)

(The downward arrows in (4.2) will be justified momentarily.) Furthermore, observing
(1.6), we see thatat g =1

Ja—

o(1) = 00 = C(1) = i; > (4.3)

The S-derivative of o is given by

, 2§ T
oc'=——\o-C—=. (4.4)
1-A S

This shows that o < Q/S whenever ¢’ is nonpositive. For, if 6’ < 0,theno < CT/S< T/S <
Q/S, if we observe (1.3) and (1.4). The function ¢’ is negative somewhere. To see this, we
note that for 8 = 1, (4.4) becomes

x-1 0
=—>0.
4(x + 1)2

/

(4.5)

Here (1.6) and (2.2) have been used. Continuity of o implies that o'(1 + ¢) > 0(1) = 0 at
least for sufficiently small values of ¢ > 0. Inequality (4.5) and the second limit relation
(4.2) show that o has a local maximum at some point * > 1. Suppose ¢ had more than
one maximum in (0,00). Let 0 < 81 < B, be points at which maxima are attained. Then o

must have a minimum at some point By, 81 < Bo < B2. We have

o(B1) > a(Bo), (4.6)
and 0'(B1) = 0'(Bo) = 0, so that, according to (4.4)

TP ) = g

o(B1) = C(B1) STAR S(Bo)
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Since C and T'/S are both monotonically increasing, it would follow that o (8;) < o (), in
contradiction to (4.6). Consequently, there exists one and only one point 8* at which o’ = 0
and at which o takes its maximum. We have ¢’ > 0 if 8 € (0,8*], 0/ <0 if 8 € (B8*,00).
In other words, o is strictly monotonically decreasing on (8*,00). (This result belatedly
justifies the direction of the arrows in the limit relations (4.2).)

We now turn to the relation between o given by (4.1) and C = AB defined by (1.3). By
(4.3), 0(1) = C(1). Furthermore, by (4.2) and (1.5b) 0 < C. Thus, o and C are not iden-
tical, and o < C for large values of 8 since o is strictly monotonically decreasing after it
reaches its single maximum at 8* > 1, and C is strictly monotonically increasing. More can
be obtained by comparing the derivatives of o and C at 8 = 1. Using the particular value
of C at 8 =1 given in (1.6) and those of S and T for 8 = 1 given in (2.2) and the definition
of C’ given in (1.7), we find that

, x-1)2x+1)

o4 6 ) PR A s

@) x(x +1)2

Comparing this with o’(1) in (4.5), we see that

2x+1

C'(1)=4 o'(1)>0o'(1).

+
x
This and (1) = C(1) imply that for sufficiently small ¢ > 0,

oc<C, Be(l,1+¢), (4.7)
and

o>C, Be(l-g1). (4.8)

We show first that (4.7) holds for B € (1, 00). Observing (4.1) and setting C = AB, we trans-
form the desired inequality (4.7) into

AB-2B+1<0. (4.9)

Here, weset A =«B,0 <k =k(B;x) <1, 8 € [1,00), x € (1,00), noting that « has a positive
B-derivative (by (1.7) and (1.13)),

k' =2k(S-T)>0,

so that « is strictly monotonically increasing, and by (1.6) and (1.5b),

x2—1 . Aoo (xz_l)(x+1)2
Koo =limKk=—= —F7+——

1)= B =
«() x2 Broo B x3(x +2)

Furthermore, since by (1.1) and (1.2), the factors of the infinite product for k = A/B go to
(x+13x-1)/x3(x+2) <1as B | 0, k diverges toward 0 as 8 |, 0.
With A = kB, inequality (4.9) takes the form

2 1
gB)=B>- =B+~ <0. (4.10)
K K
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The equation g(B) = 0 has the two roots,

Blziu—vl—m, O<k=AB'<1, By (k(1)) = B(1),
BQZ%(1+\/1—K),

0 < By <1< By. Since B < By, = x(x + 2)/(x + 1)> < By by (1.5b), the root B, is outside the
range of B. At By, g takes the negative value g(Bs) = —2[x(x + 1)]!. Consequently, as
stipulated by (4.10), g(B) < 0 for B; < B< By, i.e., for 1 < 8 < 00, and g(B) = 0 if and only if
B =1,1i.e., for B(1) = B;(x(1)). Thus (4.7) holds for g € (1, 00).

For B € (0,1) we have 0 < B < B(1) = By(«x(1)), and the function g(B) in (4.10) is posi-
tive, i.e., the inequality sign in (4.10) is reversed. This proves (4.8) for the entire interval
0<p<1.

Our results are these:

C<o, Be(0,1)fixedxe(1,00),

o<C, Be(l,00), fixedx e (1,00),
and
o =C ifandonlyif B=1,fixedx € (1,00).
Finally, for 8 =1, g(B(1)) =0, i.e.,
C-2B+1=0, ifandonlyif g=1. (4.11)

5 Theinequality o < Q/S
We turn now to our main objective and prove the inequality o < Q/S, 8 € (0,00), fixed
x € (1,00). We know that o < Q/S holds for small positive values of g since, by (4.2),0 | 0
as B} 0,and Q/S > x/(x + 2) as B | 0 by (2.15). Furthermore, o < Q/S as 8 1 oo since
o decreases monotonically toward oo = (x — 1)/(x + 1) < 1 as B 1 co by (4.2), whereas
Q/S 1 1 by (2.14). (The fact that 0, < 1 also follows directly from 0 < A < Ay < 1 for
B € (0,00).) Therefore, if the desired inequality o < Q/S should not hold throughout, it
must be violated somewhere in the interval (0, 00).

Observing definition (4.1) of o and setting Q/S = z for simplicity, the proposed inequality
o <z can be transformed into

AB-(1+2)A+z>0. (5.1)
Here we set B=AA, A = A(B;x) > 1, B € (0,00), x € (1,00). A has a negative B-derivative,
AN ==2A(8-T),

so that A is strictly monotonically decreasing. By (1.6) and (1.5b),

2 B 3(x + 2
¥ e lima- Do X+

MO =57 froo A @ -Dx+1)?

)‘(1):
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and, by (1.1) and (1.2), the factors of the infinite product A = B/A = ™! go to x3(x + 2)/
(x+13x-1)>1as B |0,ie., A diverges 1 co,as 8 | 0.
With B = LA, inequality (5.1) takes the form

1
nA)=A2- %4+ %50, (5.2)
PR

Suppose /1(A) as function of 8 were negative somewhere in (0, 00). Then # would have

to be zero somewhere in that interval. The roots of the equation /2 = 0 are

1+z 1

/
Ay == d 7 220 - Dz 1] (5.3)
Here (1 + z)/21 < 1 because 1 + z< 2 and A > 1, and the radicant in (5.3)
jB) =2 221 -1)z+1=(z+1)* —4drz (5.4)

is negative as 8 | 0 since A 1 00, and, as 8 1 oo, by (1.5b) and with z 1 1,

2x+1

Joo = A w1 <0

Thus, for small and large values of 8, A;; would be nonreal.
Suppose j, given in (5.4), were positive somewhere in (0, 00). Then it must be zero some-
where in that interval. The equation j = 0 has the two roots

z1=2A-1)-2y/A(A=-1), O0<z<],
23=2A-1)+2/A(A = 1).

The second one is greater than unity since A > 1. It is outside the range of z = Q/S < 1.
Then, using the root z; for z in (5.3) and squaring the equality to get rid of the square root,
we arrive at the equality AA2 — 2AA + 1 = 0, or, if we replace AA by B and AB by C, at the
equality

C-2B+1=0,

which we have encountered before in (4.11). We know that it holds if and only if 8 = 1. But
forg=1,

aml Q) Bl
Tx+1’ S(l)_?)(x+1)>0

o(1)

~

This contradiction shows that s(A) cannot be negative or zero on the interval 0 < 8 < co.
Thus, (5.2) holds, and o < Q/S for 8 € (0, 00), fixed x € (1, 00).

6 Declarations

6.1 Results and discussions

Inequalities have been proved which involve various combinations of psi- and hyperge-
ometric functions. They add to the wealth of knowledge in the theory of these special
function classes of higher analysis.
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6.2 Conclusions
The main inequality of this paper guarantees uniqueness of the hyper-gamma parameter
estimation and its application. Usefulness of this approach has been demonstrated in [6].

6.3 Methods/experimental

The aim of the study is to prove an inequality made up of functions of higher mathematical
analysis. This inequality guarantees monotonicity of the first moment equation function of
the four-parameter hyper-gamma probability density estimation problem. Monotonicity
guarantees uniqueness of the numerical solution process. Standard analytical methods of
higher analysis have been employed to accomplish the proof.
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