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O?i‘t?:eiiiff&”CTZ’CE';;OU;’VXGE? Throughout this paper, we mainly consider the parabolic p-Laplacian equation with a
China weighted absorption u; — div(|VulP?Vu) = —A|x|°‘x{u>o}u‘ﬁ in a bounded domain

2 CR" (n > 1) with Lipschitz continuous boundary subject to homogeneous
Dirichlet boundary condition. Here A > 0 and a > —n are parameters,and B € (0,1) is a
given constant. Under the assumptions ug € Wg’p(Q) N L®(2), ug > 0 a.e.in , we can
establish conditions of local and global in time existence of nonnegative solutions,
and show that every global solution completely quenches in finite time a.e. in 2.
Moreover, we give some numerical experiments to illustrate the theoretical results.
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1 Introduction
In this paper, we mainly study the following initial-boundary value problem for the p-

Laplacian equation

g = Apu = =1x|" xusou™F, x€Q,t>0,
u=0, x€dQ,t>0, (1.1)

u(x,0) = uy, x € Q,

where @ € R” (n > 1) is a bounded domain with Lipschitz continuous boundary 9€2,
Apu = div(|VulP2Vu), 1 <p<oo,and 0< B <1, A >0, @ > —1; X(us0) is the characteris-
tic function on {u > 0}, i.e.,

1, u>0,
X{u>0} = (1.2)
0, u<O0.

In the present paper, we suppose that u, satisfies the following assumptions:

up>0 ae inQ and upe Wol’p(Q) NL®(R). (1.3)
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For convenience, let x;,-0;## = 0 whenever u = 0, and define Q7 = Q x (0, T), ['7 = 9Q x
0, T).

When p =2 in (1.1), the semilinear parabolic equations with singular absorptions have
been extensively studied, we refer to [23-25, 31] and the references therein. Guo et al.

[26-28, 38] studied the weighted singular parabolic problem

A
Ur — Au = (1{(:))2; QT!

u(x, t) =0, Lz, (1.4)
M(x, 0) =Uy = 0’ Qy

where @ C R” (n > 1) and A > 0 is a parameter. When # = 1 or 2, (1.4) models a sim-
ple electrostatic Micro-Electro-Mechanical-System (MEMS) device consisting of a thin
dielectric elastic membrane. In this model, the dynamic solution u characterizes the dy-
namic deflection of the elastic membrane. When a voltage A is applied to the surface of
the membrane, the membrane deflects towards the ceiling plate and a snap-through may
occur when it exceeds a certain critical value A* (pull-in voltage). This creates a so-called
“pull-in instability,” which greatly affects the design of many devices. In order to achieve
better MEMS designs, the material properties of the membrane can be technologically
fabricated with a spatially varying dielectric permittivity profile f(x). We refer to [17, 38]
and the references therein for more detailed discussions on MEMS devices. Guo et al.
[18, 21] studied the stationary problem (1.4), and gave the existence and some properties
of the pull-in voltage A = 1*.

Moreover, Guo [26] studied the problem (1.4) for f(x) = |x|*, « > 0, and 2 being the unit
ball in R” (n > 2). Under certain conditions of A, #n and o, Guo showed the stability of the
minimal compact stationary solution and the instability of the singular stationary solu-
tion of (1.4), respectively. Guo and Wei [29] studied the Cauchy problem with a singular
nonlinearity u;, = Au — u™” with v > 0 and proved that the problem has a global classical
solution, and studied the properties of positive radial solutions of the steady state. More
generally, Castorina et al. [5] studied the p-MEMS equation —A,u = A/(1 - u)? in a ball
and proved the uniqueness of semi-stable solutions and stability of minimal solutions for
l<p=<2.

For the p-Laplacian equation with absorption

12 :Apu_ﬁuqr ,3;61>0, (15)

we known that near u = 0 the absorption is strong when g < 1, and the absorption is weak
when g > 1. This problem appears in the theory of quasiregular and quasiconformal map-
pings, stochastic control and non-Newtonian fluids, etc. In the non-Newtonian theory,
the quantity p is a characteristic of the medium. Media with p > 2 are called dilatant fluids
while those with p < 2 are called pseudoplastics. If p = 2, they are called Newtonian fluids.
For example, we refer to [6-8, 20].

Galaktionov and Vazquez [20] systematically studied the properties of several equations,
such as complete or incomplete blowup and extinction. Firstly, they studied the problem
u; = Au™ + u?, with m > 1, ¢ > 1. Assuming that p > 1, m > (n — 2)/n, and n > 2, they
proved that when p + m < 2 incomplete blowup always occurs; when p + m > 2, the radially
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symmetric solutions always blow up completely. Secondly, they studied the equation
w=AMu+ul, p>1,qg>1,

and showed that blowup is always incomplete if ¢ < 1/(p — 1), and complete if 1/(p — 1) <
q < qs(p,n) = [n(p - 1) + p]/(n — p)*. Lastly, assumed that the initial function ug = uo(r) is
strictly positive, bounded away from zero and has an inverse bell-shaped form. Then they
studied another kind of singularity of the equation u; = Au™ — ™7, withm > 1, ¢ > 0, and
proved that extinction is complete if and only if g + m < 0. They also studied equation with

the p-Laplacian operator
u=Au—u, p>1,q>0.

Under the given assumptions on u(r), they showed that extinction is complete if and only
ifg>1.

There are some recent works on local and global existence, gradient estimates, blowup
and extinction of the p-Laplacian equations. We refer to [32, 35, 44, 45] for the nonlin-
ear absorption and source, nonlinear gradient absorption or source, and [9, 10, 22] for
singular absorptions. Also, we refer to [46, 47] for the semilinear equations with an expo-
nential source. When « = 0, equation (1.1) is known as a limit model of a class of prob-
lems arising in Chemical Engineering corresponding to enzymatic kinetics and heterge-
neous catalyst of Langmuir—Hinshelwood type, see [3, 9, 12, 15, 22, 39, 43] and references
therein. Under the Dirichlet boundary condition, problem (1.1) of p = 2 has been studied
by many authors, we refer to [14, 19, 30] and the references therein. The Cauchy prob-
lem for equation (1.1) was studied by Phillips [39]. Winkler [42] studied the nondivergent
parabolic equations with singular absorption. Under certain conditions, Giacomoni et al.
[22] showed that problem (1.1) has a global in time bounded weak solution. Moreover,
every weak solution u# completely quenches in a finite time T, i.e., u(:,£) = 0 a.e. in  for
all £ beyond T.

Due to the singular absorption, the solution « of (1.1) may quench in finite time on one
set with nonzero measure, even if the initial datum is strictly positive (see [11-13, 37]).
Davila and Montenegro [11-13] have studied the semilinear problem (1.1) with p = 2 and
a = 0 under the assumptions g > 0 a.e. in  and uy € L*°(2) N C(£2). Moreover, under
certain stronger conditions on 1, Montenegro [37] showed that the solution # of (1.1)
with p = 2 and & = 0 may quench completely.

Motivated by the above analytic results and observations, our interest is to study the
weighted problem (1.1) with 1 < p < oo and «a # 0. We first show that the weak solution
exists in an arbitrary time interval under the conditions « > max{-n(p + 8 — 1)/p, —n/2},
A < Apl/(1 - B), where A; is the first eigenvalue of the Dirichlet problem for the p-Laplace
operator (see [36]):

A= inf{/ IVvIPdx:ve Wol’p(Q),/ V| dx = 1}. (1.6)
Q Q

Next, we show that the global solution completely quenches in the finite time T, and then

estimate T, through ||ugllco.@, #0205 7, P, @, A and A;.
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To prove the main results, we organized the paper as follows: We give the definition of
weak solutions and main results in Sect. 2. In Sect. 3, using Faedo—Galerkin method, we
prove that weak solutions exist globally in time. Finally, we prove that the solution is uni-
formly bounded under conditions (1.3). In Sect. 4, we show that the global solution com-
pletely quenches in finite time, which is based on the analysis of an ordinary differential
inequality satisfied by the function ||u(x;, £)||2,¢. In this section, we make use of Gagliardo—

Nirenberg interpolation inequality with weights (see Lemma 4.1 below or [33])

l-a
L1’

|121” D], < e[ el D™ w7, |11  u

where the constants y, j, r, @, m, a, p, B and g are restricted to certain ranges. In Sect. 5,

we verify the correctness of theoretic results through numerical examples.

2 Definition of weak solutions and main results
Define

U = {veL™(0,T; W, () N L¥(Q)|v, € L*(Qr)}.

For convenience, we denote u(¢) := u(x, £) a.e. in 2, and use z = (x, t) for the points of Q7.

First, we give the definition of weak solutions of problem (1.1).

Definition 2.1 The function u(x, ) is called a weak solution of (1.1) if it satisfies
1. ue % NC(0, T L*()), u > 0 a.e. in Qr;
2. || xus0)# P9 € LY(Qr) holds for every test function ¢ € %, and

/8tu~¢dz+/ |Vu|p_2Vu~Vg0dz+k/ |x|°‘x{u>0}u_ﬁg0dz=0;
Qr Qr Qr

3. u(x,0) = up a.e. in Q.
Next, we give the main results of this paper.

Theorem 2.1 If uy satisfies conditions (1.3), then there exists a T* > 0 such that for every
T < T* equation (1.1) has at least one weak solution, which satisfies the following energy

relations:

1 2 1 2 2 2 o, 1-p
—Hu(tz)”zg——Hu(tl)”29+/ /|Vu|”dz+)»/ /|x| u"dz=0 (2.1)
2 ’ 2 ’ n JQ h JQ

forevery ty, t; € [0, T], and

A
1-8

1 A s
< L\Vuol g+ / WUl dx 2.2)
p -l

1
||8,u||§Q + - ||Vu(t) H;’Q + / lx|%ut* (£) dx
p ' Q

for almost every t € (0, T).
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Theorem 2.2 Let the assumptions of Theorem 2.1 be satisfied. Problem (1.1) has a
bounded global weak solution u € % provided that

nip+p-1) n} rMp
7, A<

o >maxy —
{ p 2 1-8

Moreover, every weak solution u completely quenches in finite time, i.e., there exists a
T, > 0, depending on p, n, |2, A, A1 (defined as (1.6)), ||uollo,q, |¢t|lco,q, Such that

Vi>T,, u(t)=0 ae inQ.

3 Global weak solutions

For problem (1.1) with « = 0, the existence of local in time weak solutions can be obtained
by studying the regularization equation and proving the uniform gradient estimates, and
then passing the parameter to a limit. We refer to [9, 10, 22] for the details of proof, and
Theorem 2.1 can be derived in a similar manner to [22, Theorem 2.1] (see also [10, The-
orem 2] for the degenerate case of p >2 and n = 1).

Here we are mainly interested in the asymptotic behavior of nonnegative and global
solutions of the weighted problem (1.1). However, the equation is singular at x = 0 for
—-n < a < 0. In fact, the solutions can be approximated, if necessary, by those satisfying
the regularized equation u; — A,u = —A(|x| + €)* X{u>0}l¢_ﬁ with the same initial-boundary
value conditions and taking the limit ¢ — 0*.

To prove Theorem 2.2, under weaker assumptions on the data, we first consider the

weaker regularity on the solutions and define the function space
W= {vel?(0,T; Wy (Q))Iv: € L7 (0, T; W/ (), 1/p + 1/p = 1}.

Theorem 3.1 Assume ug € L*(Q), then (1.1) has a global in time weak solution if a >
max{_w Iy h < B
p ' 2b A< 1ge

Proof We use the classical Faedo—Galerkin method for the parabolic equations (see [2,
34]) to prove this theorem. Here we just give a brief proof.
Assume that {;} is an orthonormal basis of L*($2), which is composed of the eigenfunc-

tions of the operator

1 1
(Vo W@ = M(Wio whae,  Yw € Hy(R),s =1+ ”(5 - ;)

Then the solutions of (1.1) can be written as

u"(2) =Y " (Ov), (3.1)

k=1

where c,((m)(t) are defined by the following equality:

(00, ) = ~(| V90, = () 7, ) 32
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k=1,...,m. From the above relations we obtain

1
2,

t=1
+ / [’Vu(’") ‘p + A|x|°‘(u(’"))l_ﬁ] dz=0.
t=0 Qr

So we can derive the following inequality, by using Young’s inequality:

1

t=1
i la) o [ jvur)as
2 =0 JOQr
1 9 t=t 18
< —||u('”)||29 +/ |Vu(m)|pdz :/ A|x|°‘(u(m)) dz
2 =0 JQr Qr

A A _
< —/ %> dz + —/ (u(”‘))z(1 P dz
2 Qr 2 Qr

& 2 g, g 2 gy 4+ B
52/(;T|x| dz+2(l ﬁ)LT(u )dz+ 2|£2|. (3.3)

We can now use Gronwall’s inequality to estimate the function ||z (-, ) ||§,Q, if « satisfies
the condition o > 7.
On the other hand, we can obtain the following inequality, by using Holder’s and Young’s

inequalities and the definition of A;:

/ )lel"‘(u(”’))l_ﬂ dz
Qr
A -1 « Al -
S/ Mlgﬂpﬂf—l dZ+/ M(u('ﬂ))pdz
Qr Qr

p p
A -1 <, Al -
< p+B ) |x|1’+/f*1 dz + ﬂ (Vu(’"))p dz. (3.4)
p Qr Mp Qr

Using Gronwall’s inequality again, we obtain a priori estimates of ||V, t)||;9, if o, A

pf;iI > —n, M8 1.0 & and A need to satisfy the conditions of

AP
-1 2
a> max{—%,—%}, A< %.

Since the sequence of functions {#™} is uniformly bounded about a priori estimates,

satisfy the conditions
applying the compactness results of [40], we can extract a subsequence which converges

to a weak solution u of the problem (1.1):

u™ =y in LP(O, T; W/Ol’p(Q)), u" = u ae.inQr,
du™ — B in L7 (0, T; W (),

|Vu(m) |P—2Vu(m) —~ |Vul*Vu in U’/(QT),

as m — 00. Here we refer to Barbu [4, Lemma 4.1 and Theorem 4.2] (or [34]) for the
continuous embedding # < C([0, T]; L*(R)). Also, for vi,v, € #/, t1,t; € [0, T, we get

2
/ 1 (ta)vats) dx — / v (vl dax = / / (vadhvr + idpvs) dz.
Q Q an Ja
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In particular, when v; = v, we have

1 2 1 2 f2
@ la-5In@ e [ [ nond 0
1

Theorem 3.2 Assume that ug € L™, uy > 0 a.e. in Q, then there exist M >0 and T* >0
such that a solution v of (1.1) satisfies 0 <v <M a.e. in Qg for T < T*.

Proof Suppose v is a solution of the problem (1.1). First, we prove v is nonnegative. Define
the test function ¢_ = min{0, v} and substitute in the integral formula of Definition 2.1. We
can obtain

1
2 ”9"—“)”;9 = _/Q (IVo_I? + A%l X >0y90-F) dz < 0
t

in Q; = (0,£) x Q for every ¢ < T*, through the definition of g , and ¢_. Then v> 0 a.e. in
Q, for every t < T*.

Next, we prove v < M. By Theorem 3.1, problem (1.1) has a local in time solution v, then
dv— Ay < 0in L7 (0, T; W (Q)). Define the function W(¢) = Kef, where K = ||u | co.0-
It’s easy to see that

W — AW =Ke' >0 in(0,T] x %,
V> |luglloo,e  in €2, U>0 onT.

(3.5)

For every ¢ € L?(0, T; W, ”()), we have

/ {0.(v= W) + (|VVIP2Vy - [VUP2VU) - Vol dz < 0.
Qr

Letting ¢, := max{0,v— W} € L?(0, T; Wol’p(Q)) and using the inequality
(151725 = 1mi"2n) - (€ =) = 0,

we derive
“len@l2g <o

so ¢, =0 a.e. in Qr. Choosing L = 1 + ||up||0,, and fixing T by the relation

1
L>¥(T) < T:ln(l+7>,
|40l 0,2

we have 0 < v(x,t) < La.e.in Q for every ¢ € [0, T']. Then, taking v(x, t) for the initial datum
and repeating the comparison procedure with the new function

Vo) = D] L= 1+ D) g

we extend v(x,£) to Q x [T, T'], where T” and L’ can be obtained by the above arguments,
and conclude that 0 < v(x,¢) < L' for a.e. x € Q and ¢ € [T, T']. We continue this process
until (0, 7*) is exhausted. This completes the proof of Theorem 3.2. g
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Theorem 3.3 Let the conditions of Theorem 3.2 be satisfied. Then the solution v of (1.1)
is global in time. Moreover, for every T > 0, v satisfies 0 <v <M a.e. in Qr, where M =

M, lluollso,20 A1) > 0.

By Theorem 3.2, we easily conclude that Theorem 3.3 can be established. Also, by the
regularization arguments as when proving Theorem 3.4 in [22], we can derive the follow-
ing theorem of higher regularity of solutions to problem (1.1). Here we state these results
and omit the details (cf. [22]).

Theorem 3.4 Let the conditions of Theorem 3.2 be fulfilled. If we add the hypothesis u, €
Wol’p(Q), then u € % . Moreover, for a.e. t € (0, T*), we have

1 u(t)
ll0,ull3,, + = | VM(t)Hij +A f / %1% x(s>0y8F ds dx
V4 ’ QJo
1 » %0
< —IVuoll,q + A/ / %% x 55057 ds dx. (3.6)
p QJo

4 Complete quenching in finite time
In this section, following the idea of [16, 22] (see also the book [1]), we discuss the com-
plete quenching phenomenon by using the energy methods and give the proof of The-
orem 2.2. We here note that Diaz [16] has extended the energy method to the study of
the free boundary generated by the solutions of more general semilinear or quasilinear
parabolic problems of quenching type, which involve a negative power of the unknown in
an equation like (1.1).

Define the energy function J(¢) = ||u(t)||%'9. In the following, we first derive the energy
equality and ordinary differential inequality satisfied by J(¢).

From (2.1), we have the following equality for ¢, £, € [0, T]:

1 2 1 2 2 V4 o, 1-8
§||u(t2) ||2,Q - §||u(t1)||2,ﬂ +/t /Q(|Vu| +Alx*u'P)dz = 0. (4.1)
1

Letting t1 = ¢, t, =t + h with ¢, t + h € [0, T], we can rewrite (4.1) as

1 9 1 9 1 t+h a _
ﬂ”“(t‘*h)”zg_ﬂH”(t)Hz,Q + E/z /Q(|Vu|”+)»|x| ut ﬂ)dz:O.

Since u € % and it satisfies (2.1), we know that
/ (IVul + Alx|*u’P) dx € L1(0, T).
Q

Applying the Lebesgue differentiation theorem for a.e. ¢ € (0, T'), we have

t+h
lim 1 / (IVul + Alx|*u' ) dz = / (|Vu@®)[” + alx*u (2)) d.
h=0h J, Q Q

Using (4.1), we get the following energy equality for a.e. ¢ € (0, T):

d
L (0 + [ (TP + st H0) -0 @2



Zhu Journal of Inequalities and Applications (2018) 2018:248 Page 9 of 16

By the definition of (), we rewrite (4.2) in the following form for a.e. £ € (0, T):
1 / 2 o 1-B
5] () + (’Vu(t)’ +Alx|%u (t)) dx =0.
Q
Setting D = 2min{1, 1}, we get the ordinary differential inequality
J'(¢t)+D / (|Vu@®)|” + [x|*u*#(t)) dx < 0. (4.3)
Q

To prove the differential inequality satisfied by J(¢) in Lemma 4.2, we will make use of the
interpolation inequality with weights of Gagliardo—Nirenberg type (see [33]) as follows.

. . l o
Lemma4.1 Assumep,q,r,«, B8,y, a are real numbers, satisfying0 <a<1,p,q > 1, PRt
1,8 1,250,740, then
q n’r n

1-a
L1’

|||x|yl)’u

anym,, || B
v S|t ul 1217 u]
where j > 0, m > 0 are integers, j/lm < a <1, and m — j — n/p is not a nonnegative integer.

Lemma 4.2 Assume that u € % is a weak solution of problem (1.1) satisfying (2.1). Then
the function J (t) satisfies the differential inequality

J()+KJ%t) <0, aete(0,T),
J(0) = lluoll3 o

with the constants K = (c"\D? (DM~F)1-4)24, 4 = 2(ﬂ+117a) €(0,1), M = ||tt]l 00,0 -
p

Proof Setm=1,j=a =y =0,r=2,g=1. Then applying Lemma 4.1 we can derive that
fora.e. t€(0,7T),

D¥ (DM_ﬂ)l_a ””m ”29

< D (DM ) e Va5, | 1117 u ]

1% 1-a
:c<D/ |Vu|pdx> (D/ |x|“uM-ﬂdx)
Q Q
Iﬂ?+l—a
§C<D/ |Vu|1”dx+D/ %% uM* dx) . (4.5)
Q Q

Since

/u(t)l"3 dsz’ﬂ/ u(t) dx,
Q

Q

we obtain

12 —B\1-a\2 V4 a,,1-B 2(1%+1—u)
(c'DP (DM™P) ™) J(1) < D/|Vu(t)| dx+/ || (¢) dx .
Q Q

We complete the proof by plugging this inequality into (4.3). O
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Proof of Theorem 2.2 Now we will complete the proof of Theorem 2.2, which can be
proved by the following lemma. O

Lemma4.3 Assume](t) is a nonnegative function satisfying inequality (4.4) with d € (0, 1).
Then

](t) =0, V¢t > T*r (4.6)
where T, = ]3‘”1 [K(1 - d)] ! with Jo = ](0) and K being defined in Lemma 4.2.

Proof Since (4.6) is surely true if J, = 0, so we just prove it for the case Jj > 0. There exists
an interval (0, 7) such that J(¢) > 0 for all ¢ € [0, T) if Jo > 0. For contradiction, we assume

&= sup{r >0:J() >0,Vt e [O,t)} > T

Dividing both terms of inequality (4.4) by J%(£), we obtain

LS IR,
m(] (t)) <-K.

Integrating it from 0 to ¢ with ¢ € (T, §), we get
JUe) < Ty - K(1-d)t.

Since (4.4) is established, so J'(£) < 0 for a.e. t and J(¢) is a nonincreasing function. On the

other hand, /(¢) is nonnegative and ¢t — ]&’d — K(1 - d)t is monotone decreasing in ¢, thus
VE>T,, 0<J@) <]y *-KQ1-d)t<0.

However, this is impossible unless T, > &. Thus, J(T,) = 0. O
5 Numerical experiments

In this section, we give some numerical experiments which illustrate our theoretical re-
sults.

We consider the case of one space variable and mimic the numerical scheme in [41],
and by the pdepe solver we convert equation (1.1) to ODEs using a second-order accurate
spatial discretization based on a fixed interval of specified nodes. We refer the interested
readers to [41], where the discretization method is described in detail.

We take €2 = [0,5] and 0 = x; <&y < --- <y = 5 with N = 10. By calling the pdepe func-
tion in Matlab, we can obtain the figures of numerical solution for p = 2 and p = 4, re-
spectively. We know the solution will be quenching completely in finite time, through
Theorem 2.2.

When g = 0.1, 1 = 0.2 and &, = #(5—x), we can get the corresponding figures (see Figs. 1—
8). When p = 2 and « = 0.66, we can get the three-dimensional map, and obtain the corre-
sponding sectional drawings for o = 0.66,0.6,—0.1 when ¢ ~ 3.94 (Figs. 1-4). From Fig. 2,
we know that the solution has been completely quenched in a small interval. According
to Fig. 1, the solution will be quenching completely as time ¢ passes. We can also get the
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figures when p = 4 (Figs. 5-8). Choosing the same 8, A, «, uo and a different p, we know
that the complete quenching time is also different. Figures 2—6 show that the complete
quenching time decreases as p increases.

Theorem 2.2 and Lemma 4.3 show that the complete quenching time depends on uy, o,
B, A, p and |2|. Assuming B and A remain fixed and choosing u, = 3x(5 — x), we can also
get the complete quenching time (see Figs. 9-16).

According to Figs. 1-16, we find that, as u gets larger, the complete quenching time will
be also longer. Moreover, from the figures of « = 0.1, 0.6, 0.66, we know that the complete
quenching phenomenon will occur when « increases to some critical value, for example,
a ~ 0.66 in above numerical experiments.
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Remark 5.1 In this section, we only show the complete quenching phenomenon of numer-
ical solutions by choosing some special parameters of A, 8, «, p and certain initial data. In
other words, the global weak solutions obtained in Theorem 2.2 are not unique, in general.
When p =2, A =1 and « = 0 are taken in equation (1.1), Winkler [43] has shown that, for
any # and 8, the nonuniqueness holds at least for some nonnegative boundary and initial
data. We suspect that similar results would still hold for the quasilinear equation (1.1). We

leave it to the interested readers as an open question.
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Figure 15 p=4,a =06 Solution at t=2.56
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