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Abstract

This paper is concerned with a class of quaternion-valued cellular neural networks
with discrete and distributed delays. By using the exponential dichotomy of linear
systems and a fixed point theorem, sufficient conditions are derived for the existence
and global exponential stability of pseudo almost periodic solutions of this class of
neural networks. Finally, a numerical example is given to illustrate the feasibility of the
obtained results.
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1 Introduction

Since Chua and Yang proposed cellular neural networks (CNNs) in 1988 [1], various dy-
namical behaviors of CNNS, such as the existence and stability of the equilibrium, periodic
solutions, anti-periodic solutions, almost periodic solutions, and pseudo-almost periodic
solutions, have been studied by many scholars [2—-15].

On the one hand, quaternion-valued neural networks (QVNNS), as an extension of the
complex-valued neural networks (CVNNS), can deal with multi-level information and re-
quire only half the connection weight parameters of CVNNs [16]. Moreover, compared
with CVNNs, QVNNs perform more prominently when it comes to geometrical transfor-
mations, like 2D affine transformations or 3D affine transformations. 3D geometric affine
transformations can be represented efficiently and compactly based on QVNN:S, espe-
cially spatial rotation [17]. Since the multiplication of quaternion is not commutative due
to Hamilton rules: ij = —ji = k, jk = —kj = i,ki = —ik = j,i®> = j2 = k? = ijk = -1, the analysis
for QVCNNs becomes difficult. However, with the continuous development of the theory
of quaternion, there are some results about the dynamics of QVNNSs. For example, the au-
thors of [18, 19] studied the existence and global exponential stability of equilibrium point
for QVNN:Ss; the authors of [20] investigated the robust stability of QVNNs with time de-
lays and parameter uncertainties; the authors of [21] considered the existence and stabil-
ity of pseudo almost periodic solutions for a class of QVCNNSs on time scales by a special
decomposition method; the authors of [22, 23] investigated the existence and global -
stability of an equilibrium point for QVNN:Ss; the authors of [24] dealt with the existence
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and stability of periodic solutions for QVCNNSs by using a continuation theorem of co-
incidence degree theory; the authors of [25] studied the almost periodic synchronization
for QVCNNE. Although non-autonomous neural networks are more general and practical
than the autonomous ones, up to now, there have been only few results about the dynamic
behaviors of non-autonomous QVNNS.

On the other hand, it is well known that the periodicity, almost periodicity, pseudo al-
most periodicity, and so on are the very important dynamics for non-autonomous systems
[10, 12, 26]. Moreover, the almost periodicity is more general than the periodicity. In ad-
dition, the pseudo almost periodicity is a natural generalization of almost periodicity. In
the past few years, the pseudo almost periodicity of real-valued neural networks (RVNN5s)
has been studied by many authors [13-15, 27-34]. Besides, as we all know, time delay is
universal and can change the dynamical behavior of the system under consideration [3,
5,29, 30, 35, 36]. Therefore, it is important and necessary to consider the neural network
model with time delay. However, to the best of our knowledge, there is no paper published
on the existence and stability of pseudo almost periodic solutions for quaternion-valued
cellular neural networks (QVCNNS) with discrete and distributed delays.

Motivated by the above, in this paper, we are concerned with the following QVCNN
with discrete and distributed delays:

%,(8) = —cp (D), (8) + Z“pq(t)fq(xq(t ~ Tpq(1)))

g=1

+) byglt) /0 Ko ()gy (%(t — 1)) dut + u (2), (1)

g=1

where p € {1,2,...,n} := A, x,(t) € Q is the state vector of the pth unit at time ¢, c,(¢) >
0 represents the rate at which the pth unit will reset its potential to the resting state in
isolation when disconnected from the network and external inputs, a,,(t), by,(t) € Q are
the synaptic weights of delayed feedback between the pth neuron and the gth neuron,
f28; : Q — Q are the activation functions of signal transmission, 7,,(t) > 0 denotes the
transmission delay, u,(t) € Q denotes the external input on the pth neuron at time £.

Throughout this paper, we denote by BC(R, R"), the set of all bounded continuous func-
tions from R to R”.

The initial value is given by
%p(8) = Pp(s), se(-00,0],p €A,

where ¢, € BC((—00,0],Q).

Our main aim in this paper is to study the existence and global exponential stability of
pseudo almost periodic solutions of (1). The main contributions of this paper are listed as
follows.

(1) To the best of our knowledge, this is the first time to study the existence and stability
of pseudo almost periodic solutions for QVCNNs with discrete and distributed
delays.

(2) The stability of QVNNSs with distributed delays has not been reported yet.
Therefore, our result about the stability of QVNNSs is new, and most of the existing
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results about the stability of QVNNSs are obtained by using the theory of linear
matrix inequalities but ours are not.

(3) The method that we use to transform QVNNSs into RVNN:s is different from that
used in [18, 20-23].

(4) QVCNN (1) contains RVCNNs and CVCNNEs as its special cases.

Throughout this paper, R"*”, Q"*” denote the set of all # x n real-valued and quater-

nion-valued matrices, respectively. The skew field of quaternion is denoted by
Q:={x=a"+ix' +jx’ +ka"},

where %%, x/, x/, xX are real numbers and the elements i, j, and k obey Hamilton’s multi-
plication rules.

For the convenience, we will introduce the notations: / = sup;cg |A(8)], k= infier |A(2)],
where k(t) is a bounded continuous function.

This paper is organized as follows. In Sect. 2, we introduce some definitions, make some
preparations for later sections. In Sect. 3, by utilizing Banach’s fixed point theorem and dif-
ferential inequality techniques, we establish the existence and global exponential stability
of pseudo almost periodic solutions of (1). In Sect. 4, we give an example to demonstrate

the feasibility of our results. This paper ends with a brief conclusion in Sect. 5.

2 Preliminaries
In this section, we shall first recall some fundamental definitions, lemmas which are used

in what follows.

Definition 1 ([37]) A function u € BC(R,RR") is said to be almost periodic if, for any € > 0,
it is possible to find a real number / = [(¢€) > 0, for any interval with length /(¢), there exists
anumber 7 = 7(€) in this interval such that |u(¢ + ) — u(t)| < € for all £ € R. The collection
of such functions will be denoted by AP(R, R").

Let

PAPy(R,R") = { f € BC(R,R")

Y
rgrpw;f_rwn dt=o},

Definition 2 ([38, 39]) A function f € BC(R,R") is called pseudo almost periodic if it can
be expressed as f = fi + f5, where fi € AP(R,R"”) and fy € PAP(R,R"). The collection of
such functions will be denoted by PAP(R, R").

From the above definitions, it is easy to see that AP(R, R") C PAP(R,R").

Definition 3 A quaternion-valued function x = x® + ix/ + j’ + kx® € BC(R, Q") is called
a pseudo almost periodic function if, for every € {R,1,],K} := E, x' € PAP(R,R").

Definition 4 ([38, 39]) The system

X (2) = A(t)x(2) (2)



Meng and Li Journal of Inequalities and Applications (2018) 2018:245 Page 4 of 17

is said to admit an exponential dichotomy if there exist a projection P and positive con-

stants «, 8 such that the fundamental solution matrix X (¢) satisfies

|X@)PX T (s)| < pe™, t>5,

X@®)I -P)X 7 (s)| < B, t<s.
Consider the following pseudo almost periodic system:

x(2) = A()x(t) + f(2), (3)

where A(¢) is an almost periodic matrix function, f(¢) is a pseudo almost periodic vector

function.

Lemma 1 ([38, 39]) Ifthe linear system (2) admits an exponential dichotomy, then system

(3) has a unique pseudo almost periodic solution:

x(t) = /t X(6)PX(s)f (s) ds — /+OOX(t)(I—P)X‘1(s)]’(s) ds,

where X(t) is the fundamental solution matrix of (2).

Lemma 2 ([38, 39]) Let c,(t) be an almost periodic function on R and

1 t+T
Mlcy] = Tll)n;o ?/; cp(s)ds>0, peA.
Then the linear system
«/(£) = diag(—c1(2), —a(2), ..., —¢u () x(2)
admits an exponential dichotomy on R.
In order to decompose the quaternion-valued system (1) into a real-valued system, we
need the following assumption:

(S1) Letx, = xR +ix], + juc, + kack, x € R,/ € E. Then the activation functions f;(x,) and

g4(xg) of (1) can be expressed as

Saloeg) = £ (8, 2, 2
A (o e ) ] o ] ) K o ) ),
AR ACAR A A A R ACHE A AN R ACAEALALA)
gl (8 1),

where]iq’,gflzR‘L—)R,peA,leE.
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Under assumption (S;), system (1) can be decomposed into the following four real-

valued sub-systems:

n

(R®) = —c, xR @) + Y _(ak ©f Xt 2] - ab, (Of [£,4]
gq=1

n

—a), (O)f)[t,x] — ap () (%)) + ) (hjjq(t) /0 Kpq(u)

q=1

ng;[t, U, x| du—bfgq(t)/:oqu(u)gfi[t, u,x) du
—béq(t)‘/ qu(u)gfl[t,u,x] du—bfq(t)/ Kyy(u)
0 0

X gg[t, u, x| du) + uﬁ(t), (4)

n

(xllg(t))/ = —cp(t)x;(t) + (agq(t)fql[t, x] + a;q(t)qu[t, x]
q=1

+a, (OfF[t,x] - al (O)f [t,%]) + Z(bj;q(t) /0 )
g=1

X g;[t, u,x] du + bﬁ,q(t) /prq(u)gf;[t, u,x] du
0
+b1’,q(t)/ qu(u)g;([t,u,x] du—bﬁq(t)/ Kyq(u)
0 0

X gg[t, u, %) du) + ullg(t), (5)

n

(@)®) = e, () + Y (ar,(O)f) [t,x] + @), () [t, 2]
q=1

- a;q(t)qu[t,x] + a;fq(t)f;[t,x]) + Z(bﬁq(t)/o Kyy(u)

q=1

X g{l[t, u,x] du + b;q(t) /ool(pq(u)gg[t, u,x] du
0

~0L,(®) /0 Kpq(u)gy [t 1,x] dut + by (£) /0 Kpq(a)

X gfl[t, u, %) du) + uﬁ,(t), (6)
(65 (8) = —cp(O)xh () + > (an, (O [t,x] + ay, ()X [t,4]
gq=1
+a, (0O [t,x] - a, (Of) [£,x]) + ) <h§q(t) /0 Ky ()

q=1

X g{f[t, u,x) du + bﬁq(t)A qu(u)gf;[t, u,x) du

+b11%1(t)/0 I(pq(u)g{{[t,u,x] du—béq(t)‘/o Kyq(u)
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X gfl[t, U, %) du) + uIIf (), (7)

where f1[t,x] = fl(xR(t = 1,4(0)), %Lt = 1pg (), %] (t — Tpg (1)), %5 (¢ — 14(2))), ghlt, %] =
SRt —w), (xl (£ - w)), (] (¢ — w)), (5 (¢ — w))), and

Apg(t) = aﬁq(t) + iallyq(t) +jaf,q(t) + kafq(t),
byy(t) = bﬁq(t) + ibj,q(t) + jb{,q(t) + kbllfq(t),

u,(t) = uﬁ(t) + iu;,(t) +ju£(t) + kuf(t).

According to (4)—(7), one can obtain that

X() = —cp()Xp(8) + Y Apg(£)F,[t,%]

The initial condition associated with (8) is of the form

Xp(s) = Cbp(s)!

where

p € A,s€(-00,0],

@, (s) = (BR(s), 1), (), 5 ()"

and ¢)(s) € BC((-00,0,R),p € A,l € E.

gq=1
+Zqu(t)/0 Koq(u)Gylt, u,x] du + U,(t), pe€ A, (8)
g=1
where
“gq(t) _“zlfq(t) _“éq(t) _“}I;q(t)
Ay (t) = ﬂéq(t) “}Ijq(t) _“gq(t) “ﬁﬂq(t) ,
MO a0 a0 a0 a0
iy (£) =), (1) apy(t)  ap,(t)
bl?q(t) _ljgl’q(t) —b,?(q(t) —bl;,ffq(t) ;ﬁ(t)
e e b B0 e
Bralt) = bZ:(t) hg(t) bﬁIZt) —gzq(t) o %0s xZ(t) ’
by, (8) =0, () by, (&) by, () xK(2)
1y (2) JAICEY & ltu,x]
_ I/ll (t) _ fl[t’ x] _ gl [tr u, x]
U,(t) = uz(t) , F,lt,x] = fzf[t,x] , Gylt, u,x] = gZ[t,u,x]
uy (¢) e gy [t,u,a]

Remark 1 Under assumption (Sy), it is easy to see that if X = (xf,af, &), 4%, ... a8 &l ¥/

y NNy

x)T € R¥ is a solution of system (8), then x = (X1, X, ..., X,,)T is a solution of system (1),

and vice visa, where X, = xﬁ + ixﬁ + jx{7 + kx;f ,p € A. Therefore, to find a solution for system
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(1) is equivalent to finding one for system (8). To study the stability of solutions of system
(1), we only need to investigate the stability of solutions of system (8).

3 Main results
In this section, we establish the existence and global exponential stability of pseudo almost
periodic solutions of system (8).

Let X = {f(¢) | f € PAP(R,R*")} with the norm ||f||x = sup,cg |f(£)]l, where [[f ()] =
maxi<p<anf|fu(£)|}, then X is a Banach space.

In the following, we assume that the following conditions hold:

(S2) There exist positive constants afl, ﬁzlz such that

TACH AR A
|+

X%y
\ gl *

<a ol = yi | + ol |al =yl |+ ol |2 -yl
|gq g xqu ) gq(yg’ﬂ’yiz’ysﬂ
= By lxg =gl + Bylxg =gl + Bly = gl + By | - 5|

and £1(0,0,0,0) = ¢/(0,0,0,0) = 0, where p € A, [ € E.

(S3) The function ¢, € C(R,R*) with M[c,] > 0 is almost periodic, U, € C(R,R**!),
Apg By € C(R,R*™*), and 1, € C(R,R*) are pseudo almost periodic, where p,q €
A.

(Sa) The delay kernel K, : [0,00) — R is continuous and integrable with 0 <
o 1Kpg(w)| dus < Kpg, where p,q € A.

(S5) There exists a constant « such that

O,k + it ®
max{max{u}}fx, max{—p}::p<1,

A leE A
PE € Ep PE gp

where
®p=Vp+Wp, pGA;

_ R =1 , =] K R, I, J K
V},—Z(apq+apq+a +upq)(aq+aq+aq+aq) PEA,

n
W, = kaq(éﬁq +l_7[19q +l_91{7q +l_7§q)(ﬁ§ +ﬁ; +,Bé +,3;<), pEA.

Theorem 1 Suppose that (S1)—(Ss) hold. Then system (8) has a unique pseudo almost pe-
riodic solution in the region X* = {¢ | ¢ € X, |l¢|lx < «}.

Proof Let ¢ = ((pf,(p{,(p{,(pf, SR 0l 0], 0X)T € X. Obviously, (S1) implies that F,[¢, ¢]
and G,[t, u, ¢] are uniformly continuous functions on R for g € A. Set h(t,z) = ¢,(t — 2)
(g € A), where g (t—2) = (goq (t—2), goq(t 2), @y /(t—2), o X(t-z)). By Theorem 5.3 in [40] and
Definition 5.7 in [40], we can obtain that # € PAP(R x ) and / is continuous in z € K and
uniformly in ¢ € R for all compact subset K of Q C R. This, together with 7,, € PAP(R,R*)
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and Theorem 5.11 in [40], implies that
0q(t = 154(0)) € PAP(R,RY), p,q€A.
Again from Corollary 5.4 in [40], we have
E,[t,¢] € PAP(R,R™), gqe A,

which implies that

> Ap(OF,lt, ] € PAP(R,R*™), p,geA.

g=1
By a similar argument as that in the proof of Lemma 2.3 in [13], one can obtain that

n [

> By(t) / Kpg(u)Gy(0y(t — w)) du € PAP(R,R*), peA.
q=1 0
For any ¢ € X, consider the following linear system:

X,(£) = =cp()Xp(8) + Y Apg(D)F,[t, 0]

gq=1

+ Y Buy(t) /0 Kpy )Gy lt,u, ] du + U, (£), pe A. 9)

q=1

In view of Lemma 2, we can conclude that the linear system

X(6) = —c,(OX,(0), peA (10)

admits an exponential dichotomy. Furthermore, by Lemma 1, we obtain that system (9)

has exactly one pseudo periodic almost solution:
X = (X{,X5,...,XY%),

where

t . n
X4(0) = / e Js cplu)du (Zqu(s)Fq[s,go]

g=1

+ " Bug(s) fo Ky () Gyls, u, @] dus + u,,(s)) ds, peA. (11)

gq=1

Define a mapping T : X — X by setting (T'¢)(t) = X?(¢£), V ¢ € X. Obviously, X* is a closed
convex subset of X.
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Now, we prove that the mapping 7 is a self-mapping from X* to X*. In fact, for V¢ € X*,
we have
sup|(T@)(0)|
teR

= sup
teR

/' e_f; cp(u)du (Z(ﬂgq(s)ﬁf [s,] — a;,q(s)fq’ [s, 9]

gq=1

—a, ($)f)[s, 0] — al ()5, ¢1) + Y (bjjq(s) /0 Kyg()gF du

gq=1

—b;,q(s)/(; qu(u)gédu—b{aq(s)/o qu(u)gédu

_ bﬁq(s)/(; qu(u)gf du) + uﬁ(s)) ds‘

t n
t
< — [ cp(u)du -R =1 ~J -K
_sup/_we s E (G, + Gy + @y + @)

teR q=1

x (g g (5 = Tpa 6)) | + gl (s = T ) + gl (s = g ) |

+ otf;|<p5 (S - TPq(s)) |) + Z(Zgﬁq + leaq + B;q + ng)

q=1

x / |Kyaw)] (BRI (s — )| + BL|h(s — )] + B (s - )]

+ ﬁ;<|<p5(s—u)|)du+ﬁ§) ds

t n
— L cp(u)du Z “R =1 |, =] L =K\( R, I, ]
Ssup/ e Js (apq+upq+zzpq+apq)(aq+aq+aq
teR J -0 q=1

n
+ af;) lollx + Z[(pq(bﬁq + bf,q + béq + bfq) (,35 + ,3; + ﬁ;
g=1

+B) ol + aj;) ds

1 O,k + ik
< —(Vpk + Wpr + i) = ——L, peA. (12)
c c
= =r
In a similar way, we can obtain
Ok + it
sup|(To),(t)| < ——=, peA,l=1]K. (13)
teR ¢

=»

It follows from (12), (13), and (Hy) that

Tollx <,
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which implies that T¢ € X*. Therefore, the mapping 7 is a self-mapping from X* to X*.
Next, we show that T : X* — X* is a contraction mapping. In fact, for any ¢, ¥ € X*, we
have

su£|(T§0)§(t) - (Tl/f)ﬁ(t”

n

t
< sup/ o L cp) du (Z(‘ﬁq + @y, + @, + ) (on | @R (s = Tpg(s))
teR J -0 e

- ‘/’5 (5 - qu(s))| + O‘alz|‘/’clz (S - qu(s)) - ‘/’; (S - qu(s))|

+ aé|¢>{1(s — Tpq(s)) - 1//;(5 - tpq(s))| + oz,1;|<p5 (s = 7pq(s))
- w,f(s - rpq(s)) ’) + Z(l_aﬁq + l_yllgq + l_alqu + l_yfq) / ‘qu(u)’

q=1 0
x (B log (s —u) =g (s —w)] + Bylehls —w) = Yrj(s — )]
+ ﬁé‘(p{l(s— u) — lpé(s— u)’ + ,6;<|<p(1;(s— u) — I/f(f(s— u)|) du) ds

t
t
< — [y cp(u)du —-R P —J -K R 1
< sup/ e E (apq + Ay + Ay + apq) (aq +a,
—00

teR q=1

n

> (T 7 7 7 R, ol

+ aé +aé<)||<p - Ylx + Zl(pq(bﬁq + bllyq + b{,q + bllfq)(ﬁq + ﬁq
gq=1

+ B+ Bl - wnx) ds

2,

1
==Vt Wollle-vlix=—lle-¥lx. (14)
c c
=p =p
In a similar way, we can obtain
1 l ©p
sup|(T), (1) = (TY), (0] < Nl —Vllx, peAI=LK. (15)
teR Ep

It follows from (14), (15), and (H,) that

1T(0)-TW) |5 < ple-¥ix.

Hence, T is a contraction mapping from X* to X*. Therefore, T has a unique fixed point
in X*, that is, (8) has a unique pseudo almost periodic solution in X*. The proof is com-
plete. d

By Remark 1, Theorem 1, we have the following.

Theorem 2 Suppose that (S1)—(Ss) hold, then system (1) has a unique pseudo almost pe-
riodic solutionin X* = {p | ¢ € X, |l¢llx < «}.
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Definition 5 Let x = (x¥,x1, 4,25, ..., 48, L, 2/ ,xK)T be a solution of (8) with the initial
value ¢ = (¢, 01, 0], 01, ..., 08, 0L, 0, )T € C((~00,0], R*) and y = (/F, ¥, ¥, 5%, %,
¥, 9., ¥)T be an arbitrary solution of system (8) with the initial value ¥ = (W&, !, ¥, vK,
e YR YL AT KT € C((~o00,0], R™). If there exist constants A > 0 and M > 0 such that

|x(®) - y(®)| <Mllp —¥lle™, t>0,

where

%) = ()] = rl?ean{ | () = 3, (8) |, L € E},

_ _ Liey _ il
lo=vlo= max { sup_le}6) =30 |
Then the solution x of system (8) is said to be globally exponentially stable.

Theorem 3 Under the assumptions of Theorem 1, system (8) has a unique pseudo almost
periodic solution that is globally exponentially stable.

Proof From Theorem 1, we see that system (8) has a pseudo almost periodic solu-
tion X* = (X}, X;,...,X})T with initial value ®* = (¢7,93,...,¢:)7. Suppose that X =

n

(X1, Xa,...,X,)  isan arbitrary solution of system (8) with initial value ® = (¢1, ¢, ..., o)
and let Z = X — X*, then we have

Z,() = —c,(0Zy(0) + Y _ Apg(t)(Fy[t:2+ 67] - Fy[£,2%])
g=1

n 00
+ ZBM(L‘) / qu(u)(Gq[t, U,z + x*]
q=1 0
- Gq[t, u,x*]) du, peA. (16)
The initial condition of (16) is
Zy(8) = Yp(s) = Ppls) — dJZ(S), s € (—00,0],p € A.
For p € A, we define I',, as follows:
r,)=0 —c,t V},egqu +W,, peA.
From (Ss5), we have
[p0)=—-¢c,+V,+ Wy =-¢,+0©,<0
and I',(6) is continuous on [0, +00) and I',(#) — +00, as & — +00. Hence, there exists
£&,>0suchthatI',(§,) =0and I',() < 0 for 0 € (0,£,), p € A. So, we can choose a positive

constant 0 < A < min{minye &,, miny e {gp}} such that

I,(A) <0, peA.
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Let y, = V,e*™®1 + W, p € A. Then y, < ¢, — A, p € A. Take a constant M such that

C,— A
M > >1, peA,
Yy
which yields
1
——L<O, pEA.
M gp—)»

Hence, for any € > 0, it is obvious that

| < (lello +€) (17)
and

2O < (Iello + €)e™ < M(llgllo + €)™, Vit e (=00,0]. (18)
We claim that

|z®)| <M(ll¢llo +€)e™, Ve>o. (19)

Otherwise, there must exist some p € A and 1 > 0 such that

1Zy(m = 1Zm)]| = M(llgllo + €)e™",

(20)
IZ@ON < Mligllo + €)™, t<n.

Multiplying both sides of (16) by eloerdu gng integrating over [0, £], we get

¢ n
Z,(t) = Z,(0)e~ o pdu / e i eolwdu (Zqu(S) (Fy[s,z+4*]
q=1

0

_Fq[S, x*]) + X:qu(s)/0 I(pq(u)(Gq[s, U,z + x*]
q=1

-G, [s, u, x*]) du) ds.
From this and (20), we get

EAQI

n .
- ‘Zﬁ(o)e‘fon cplu)du / e I epla du (Z(uﬁq(S)qu[S,x -]
0

q=1

_ aéq(s)quI[S,x - x*] _ di,q(S)fZ[s,x _ x*] _ dgq(S)ﬁiK[s,x _ x*])

+ ;(z;jjq(s) /0 Kpg()gR[s,u,5 - x*] = b}, (s) /0 Kpq(u)
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xgé[s, u,x—x*] —b;q(s)/0 I(pq(u)gf;[s, u,x—x*]

blfq(s)/(; qu(u)ﬁf [S» U, x —x*]) du) ds‘

. n n
< (llgllo + 6)6"10”6”(”)‘1” +/ g K et (Z(éﬁq + Zz}qu

0 q=1

J =K \(R ek TR LTI
+aq+apq)(aq+aq+a +oz +E bq+bpq

by + ) (B + By + By + By) / T K)o du) ds
0
x M(llgllo +¢€)

. o
< (lgllo + €)e e o cot-ndu / e‘JsYCP(“)d“(
0

n

(@

q=1

“I =] o =K\(R )ekien
+upq+apq+apq)(a +a +a +a + E qu

+ 13;,,1 + B{,q + 131{;)(,3;e + B+ B+ ﬁ,f)) dsM(llgllo +€)e™"

1- e(kfgp)n

< (lpllo + €)e e o cotir-ndu -
C —

(Ve
+ Wo)M(llello +€)e™"
_ 1 Y, - Y,
(= __ P (A=c,)n »
< Miolo + e (5 gp_k)e e 2]
M(llgllo +€)e™, (1)

where f/[s,x — x*] £ 1[5, x] — f'[s,x*], gL [s, e, — x*] 2 gh[s,u, %] - gl s, 0, 5"].
Similarly, we can get

’zll,(n)| <M(||(p||0+e)e_’\'7, I=1],K. (22)
It follows from (21) and (22) that
|1Z,(m)] < M(ligllo + €)e™"

which contradicts the first equation of (20). Hence, (19) holds. Letting € — 0%, from (19),

we have
|z®| < Mlglloe™, Vit>o.

Therefore, the pseudo almost periodic solution of system (8) is globally exponentially sta-

ble. The proof is complete. d
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By Remark 1, Theorem 3, we have

Theorem 4 Suppose that (S1)—(Ss5) hold, then system (1) has a unique pseudo almost pe-
riodic solution that is globally exponentially stable.

4 An example
In this section, we give an example to illustrate the feasibility and effectiveness of our

results obtained in Sect. 3.

Example 1 Consider the following quaternion-valued system:

2
%,(8) = —c (D), (£) + Z“pq(t)ﬁz(xq(t ~ Tpq(1)))
g=1
2

+ Z byq(2) /0 Ky (u)gy (x4t — u))du +up(t), (23)

q=1

wherep=1,2,x, = xg + ixfy + jacj7 + kxf € Q, and the coefficients are taken as follows:

c1(8) = 4 + cos(v/28), ¢ (t) =5 —sint, Kyy(u) = |sin ule™,

Salxg) = %sirﬂ(xs +x{1) + i‘xf] +x{;| +j% sinx{z +k%(|x§ + 1’ + ’xfﬂ -1),

g4(xg) = tanxg + i% sin? (xf; + x;) +j|x{l| + ki sin(ﬁx{;),

a11(t) = an(t) = 0.032cost +i0.03 sin(+v/2¢) + j0.028 sint + k0.045 cos t,

a1 (£) = azy(t) = 0.04sin(+/2t) + i0.05 sin(~/3t) + j0.036 cos(~/2t) + k0.06 sin ¢,
b11(t) = b1a(t) = 0.4sin¢ + i0.2 cos(\/it) +j0.3 sin(\/gt) + k0.25cos t,

by1(2) = byy(2) = 0.5 cos(v/3t) + i0.45sin £ + j0.35 cos ¢ + k0.6 sin(+/2¢),

711(8) = |sin(2t)|, 715(¢) = cos® ¢, 701(¢) = \sin(ﬁt) , Too(t) = sin’ t,

u1(t) = uo(t) = cos t + isin(2t) +jsin(\/§t) + kcos(v/2t).

By a simple calculation, we have

_ 1
¢ =3 ¢ =4 K,y = 7 »q9=12,
1 I_ K_ aR_ o [ ok _ L
e~ %"y ag=0a, =B =p=1 'quﬂq:l

af =af,=0032, &, =a,-003 &, =4a,=0028,

ak =ak, =0045 & =a¥ =004,  a =a,=005
a, = al, =0.036, ak = ak, =0.06, bR =BR =04,

b=bl,=02,  b,=b,=03 b =bK=025

bR =18 =05~ bl =Bl =045 B, =D, =035 BN =DK =06,
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Figure 1 Transient states of four parts of QVNN (23) in Example 1

~R =] SR _ 2l _ =) = _ _
k=il =i, =l =l =ul = ué uk =1, Ty =1, p,q=12.

Take « = 2, then we have

’ ’ ’ ’

20, + iR 20+ 20, + i 20, +iX 20, +uk 20, + b
max ) )
4] (4] (4] 4] (&) S

20, + ity 20, + ik

} ~ {1.8327,1.9955} =1.9955 <« =2
(%)

%)

and

®; O,
maxy —, — ¢ ~{0.7492,0.8728} =0.8728=p < 1.
4] ()

It is easy to check that all the assumptions in Theorem 4 are satisfied. Therefore, we obtain
that (23) has a pseudo almost periodic solution that is globally exponentially stable (see
Fig. 1).

Remark 2 The results obtained in [13-15, 21, 27-34] cannot be applied to obtain that
system (23) has a unique pseudo almost periodic solution that is globally exponentially
stable.

5 Conclusion

In this paper, we have established the existence and global exponential stability of pseudo
almost periodic solutions of QVCNNSs with discrete and distributed delays. An example
has been given to demonstrate the effectiveness of our results. This is the first time to study
the pseudo almost periodic oscillation for QVCNNSs with discrete and distributed delays.
Furthermore, the method of this paper can be used to study other types of quaternion-

valued neural networks.
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