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Abstract

Let {X, X, }nen be a strictly stationary p~-mixing sequence of positive random
variables, under the suitable conditions, we get the almost sure central limit theorem

koo
for the products of the some partial sums ((lk_[j)}ifﬁ)ﬁvk ,where 8 > 0 is a constant, and

E(X) =, S = Yo X=X 1 <0<k VE= 300 06— ).
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1 Introduction and main result

In 1988, Brosamler [1] and Schatte [2] proposed the almost sure central limit theorem
(ASCLT) for the sequence of i.i.d. random variables. On the basis of i.i.d., Khurelbaatar
and Grzegorz [3] got the ASCLT for the products of the some partial sums of random
variables. In 2008, Miao [4] gave a new form of ASCLT for products of some partial sums.

Theorem A ([4]) Let {X, X, },en be a sequence of i.i.d. positive square integrable random
variables with E(X1) = , Var(X;) = 02 > 0 and the coefficient of variation y = % Denote
the Si =Yy Xj—Xi, 1 <i < k. Then, for Vx € R,

1 N1 [ Ty Sux \ 77
lim Z—I 2kt Omk )7 <x|=Fx) a.s.,
N—oo logN ~'n (m—1)"u"

where F(-) is the distribution function of the random variables e”* , V is a standard normal
random variable.

For random variables X, Y, define

Cov(f(X),g(Y))

p (X, Y)=0Vsup T
(Varf(X))2 (Varg(Y))

17
2

where the sup is taken over all f,g € € such that E(f(X))? < oo and E(g(Y))? < 00, and € is
a class of functions which are coordinatewise increasing.
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Definition ([5]) A sequence {X,X,},en is called p~-mixing, if
p~(s) =sup{p~(S,T);S, T CN,dist(S, T) > s} - 0, s— o0,

where

COV{f(Xiri € S)’g()(}r] € T)}
V/Var{f(X;,i € S)} Var{g(X),j € T)}

o (S, T):O\/sup{ ,f,gE‘ﬁ},

% is a class of functions which are coordinatewise increasing.

The precise definition of p~-mixing random variables was introduced initially by Zhang
and Wang [5] in 1999. Obviously, p~-mixing random variables include NA and p*-mixing
random variables, which have alot of applications, their limit properties have aroused wide
interest recently, and a lot of results have been obtained by many authors. In 2005, Zhou
[6] proved the almost central limit theorem of the p~-mixing sequence. The almost sure
central limit theorem for products of the partial sums of p~-mixing sequences was given
by Tan [7] in 2012. Because the denominator of the self-normalized partial sums contains
random variables, this brings about difficulties to the study of the self-normalized form
limit theorem of the p~-mixing sequence. At present, there are very few results of this
kind. In this paper, we extend Theorem A, and get the almost sure central limit theorem
for self-normalized products of the some partial sums of p~-mixing sequences.

Throughout this paper, a, ~ b, means lim,,_, o Z—Z =1,and C denotes a positive constant,
which may take different values whenever it appears in different expressions, and logx =
In(x V e). We assume {X, X,,},cn is a strictly stationary sequence of p~-mixing random
variables, and we denote Y; = X; — .

For every 1 <i <k < n, define

Yyi = =v/nl(Y; < =v/n) + YiI(1Yi| < V/n) + /nl(Y; > v/n),
k n n

Tk,n = Z Ym‘: Vn2 = Z Yizf V;f = Z Yr%i’
i=1 i=1 i=1

n n
‘_/}3,1 = Z YslI(Yl Z 0): ‘_/3,2 = _iI(Yl < 0),
i=1

i=1

o2 = Var(T,,), 82=E(Y2),  &a =EYAI(Y1>0), &.,=EY,I(Y1<0),

n

apparently, 82 = 82, +82,, E(V?) = n82 = né2, + ns?,.

Our main theorem is as follows.

Theorem 1 Let {X, X, },cn be a strictly stationary p~-mixing sequence of positive ran-
dom variables with EX = u > 0, and for some r > 2, we have 0 < E|X|" < co. Denote
Sk,i = ZJILIX,» -X,1<i<kandY =X — u. Suppose that

(a1) Ev(Y?I(Y > 0)) >0, E(Y?I(Y <0)) >0,

(a2) of =EX}+2) 32, Cov(X1,Xk) >0, Yz | Cov(Xy, Xi)| < 00,

(as) of ~ B*ks3, for some B > 0,

(ag) p~(n) = O(log™ n), 38 > 1.
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Suppose 0 < a < %, and let

exp(log® k) -
di= =5 D= Y di (1)
k=1

then, for Vx € R, we have

.1 ¢ l'[ﬁ Sk,i e
lim — E dil| [ =220 =F .Se) 2
Fae D, & k [((k_l)kﬂk> 5xi| (x) as (2)

where F(-) is the distribution function of the random variables e’ , N is a standard normal

random variable.

Corollary 1 By [8], (2) remains valid if we replace the weight sequence {dy,k > 1} by any
{df, k > 1} such that 0 < djf <d, Y po, djf = o0.

Corollary 2 If{X,,n > 1} is a sequence of strictly stationary independent positive random

variables then one has (az) and 8 = 1.

2 Some lemmas

We will need the following lemmas.

Lemma 2.1 ([7]) Let {X,X,}uen be a strictly stationary sequence of p~-mixing ran-
dom variables with EX; = 0, 0 < EX} < 00, of = EX} + 2) 2, Cov(X1,Xx) > 0 and
Y ks |Cov(Xy, Xk)| < 00, then, for 0 < p < 2, we have

Lemma 2.2 ([9]) Let {X, X, }uen De a sequence of p~-mixing random variables, with
EX, =0, E|X,T<00, Vn>1,q>2,

then there is a positive constant C = C(q, p~(-)) only depending on q and p~(-) such that

n n g
E(lmax |Sj|q> < C:ZE|Xt|q + (ZEX12> }
=j=n i=1 i=1

Lemma 2.3 ([10]) Suppose that fi(x) and fo(y) are real, bounded, absolutely continuous
functions on R with |f(x)| < Cy and |f;(y)| < Cy, then, for any random variables X and Y,

|Cov(fi(X), (V)| < CLCa{-Cov(X, Y) + 80~ (X, V)X lI21 1Y ll21},

where || X||21 = [, (P(1X] > x))? dx.
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Lemma2.4 Let{£,&,},en be a sequence of uniformly bounded random variables. If 35 > 1,

p~(n) = O(log™ n), there exist constants C > 0 and ¢ > 0, such that

k &
|E&c&| < C<p‘(k) + (7) > 1<2k<l,
then
li 1 idé 0
im — =0, a.s.
n—00 Dn = ksk

Proof See the proof of Theorem 1 in [7].

Lemma 2.5 If the assumptions of Theorem 1 hold, then

1 & Tix — E(T;
lim —del[ kx — EC kk)_ ]:CD(x) a.s.,Vx € R,

n— 00 Dn Pt ﬁsk\/—

1 ¢ Vi Vi
lim — Y d Ef( XL ) =0 as,i=1,2
ot D, ; k[f<152 ) f(kag,[)] .

®3)

(5)

where dy and Dy is defined as (1) and f is real, bounded, absolutely continuous function

on R.

Proof Firstly, we prove (4), by the property of p~-mixing sequence, we know that

{Yyiln=1i<n is a p~-mixing sequence; using Lemma 2.1 in [7], the condition (a,), (a3), and

B>0,8; — EY? >0, it follows that

Tk — E(Twk) 44 ko ool
/35k\//?

hence, for any g(x) which is a bounded function with bounded continuous derivative, we

have

Tri —E(T,
E(k,k (Thi)

Eg(V), Kk ,
,35/@/% )—)g() k — 0o

by the Toeplitz lemma, we get

Bl s,

On the other hand, from Theorem 7.1 of [11] and Sect. 2 of [12], we know that (4) is

equivalent to

n

1 Tk —E(Tix)
nlLHQOD_nkXI:dkg< FI ) E(g(.1)) as.,
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hence, to prove (4), it suffices to prove

1 Tk — E(Tik) Tk — E(Tik)
lim — a’k|:g(’4’) —E(g’—')] =0 as, (6)
=00 Dy ; Bk Bk
noting that

& :g( Tix — E(Tk,k)) ~ E(g( Tk —E(Tik) >)
B8k Bk ’

for every 1 < 2k < [, we have

Cov(g( Tik — ETk,k)’g< T, -ETy )) ‘
BNk BVl
Cov(g( Tk — ETik ),g( Ty - ETz,z) —g< T1y = ETy; — (Toxs — EToks) >) ‘
Bk BoN1 BaV1

Cov (g( Tik— ETk,k) g( Ty —ETy; — (Toks — EToxs) )) ’
vk ) BsVI

= 11 +12. (7)

|E&x&)| =

<

+

First we estimate /;; we know that g is a bounded Lipschitz function, i.e., there exists a

constant C such that

g(x) - g(»)| < Clx -y

for any x,y € R, since {Y;},>1,<» also is a p~-mixing sequence; we use the condition 812 —

E(Y?) < 00, [ — 00, and Lemma 2.2, to get

E|To5 ;- ET: E(Tox; — ETorp)?
L<cC | Tox,g okl _ c (Toks 2%,0)

8)

Next we estimate I,; by Lemma 2.2, we have

Tkk—ETkk> C

Var| ——== ) < — Var(Tix — ET )

(/381(«//? X ko Kok
C< C< C
<= Eu-EYu)?<=) EXu’<=-k<C
_k;(k k)_kZ(k)_k<_

i=1
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and

T, —ET;; — (Tox; — ET: C
Var( & = (Toky Zk'l)) < — Var(Ty; - ETiy = (Taxs — ETox1))
BiV1 l

A

=l Q

1 !
_ _ C _
,E E(m—Em)257<§ EY,%)
i=2k+1

i=1

-l<C.

A

=l Q

A

By the definition of a p~-mixing sequence, EY? < 0o, and Lemma 2.3, we have

Tex—ETix Ty —ETy - (Tors— ET.
L < (—Cov( Tk wk T 10— (Toks 2k,l)>

Bk BVl
Y. ( Tik —ETir Tiy—ETy — (Toxg - ETZk,l))
Bovk o/l
Tk — ETyk T1y —ET}; — (Toks — EToxs)
. B&ivk 2 . H B8/1 2,1)

1 1
Trvi —ET, 2 T, —ET;; — (Tox; —ET: 2
<Cp ) <Var< Tk k,k)) -(Var( 10 10— (Toks 2k,l)>)
Bk B&N/1

Tk —ETix | H Ty —ETy — (Toxg — EToxy)
Bk llan B1/1

+8p (k) - ” :
2,1

By | X|lo,1 < r/(r—2)IX|l;, 7 > 2 (see p. 254 of [10] or p. 251 of [13]), Minkowski inequality,
Lemma 2.2, and the Holder inequality, we get

” Tix —ETix r H Tix —ETix
Bovk o T r=21 B&vEk I,
_ "l (BT —ETul)
STV Kok Kok
c k k r/2\ 1/r
< — E| Vil + EYZ
o 1/r
< —(k+k7)" <,
ﬁ( )
similarly
H Ty —ETy — (Toxy — EToxy)
<C.
B81\/1 2,1
Hence
L < Cp~ (k). 9)

Combining with (7)-(9), (3) holds, and by (a4), Lemma 2.4, (6) holds, then (4) is true.
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Secondly, we prove (5); for Vk > 1, ni :f(‘_/1<2,1/(k51%,1)) - E(f(\_/,f'l/(ké,il))), we have

(i = COV(f<&) f(v—’zl»‘
kst )" \ish
sz 1 ‘_/121 Zf—2k+1 )_/121‘1 (Y; >0)
< |C =)Ll =) - = ’
= Ov<f</<51%,1>f<1312,1> f( 1512’1 ))’

+

sz,l Zﬁ:zkn YELJ(Yi >0)
cOv<f<k8%1>,f< B ))‘

= ]1 +]2! (10)

by the property of f, we know

2k _ k
]1§C<E<; Yfil(nz()))/l) §C(7>. (11)

Now we estimate /5,

var( Vo1 ) _ o 2 YalYi= 0)
ar > =svar\ ——— 5
kdi ks,

C ) ko ko 2
- FE(Z Y2I(Y; > 0) - E(Z 210y, > o)) + E(X; 21(Y; > o)))
k 2
(Z(Yélm >0) - E(Yo1(Y; > 0))))
C k 2
+ —2< E(YZL(Y; > o)))
<< Y EVA(Y; 2 0) + € kE(T21Y, = 0)))°
= kit\ti = K2 k\41 =

C k
<5 ) BKY)’=C,

and similarly Var(Y"!,, ., Y21(Y; > 0)/(187,)) < C. On the other hand, we have

‘7](2,1 r C =9 r\1/r
Hﬁil e ~ E[VE])
C k ) . r k . r\ 1/r
=< (E Z(Y,iI(Y,« >0)-E(Y2I(Y; > 0))| + ZE(Y@I(Y,. >0)) )
i=1 i=1
o N _
=< (Z E[(YZ1(Y; = 0) - E(YZL(Y; = 0)))[
i=1
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i=1

X ri2\ 1/r
+ (Z E(Y21(Y; = 0) - E(Y2L(Y; > 0)))2) )

k

> E(Y2I(Yi = 0))

i=1

k k r/2\ 1/r
%(ZEW,@I(}Q >0)|" + (ZEW@I(Y,- > 0)|2> )
i=1

i=1

&
k

IA

C —
- E|kE(Yk211(Y1 >0)|
1/r

k k r/2

C

E(Zﬂﬁmu(ZﬂﬁYiF) ) +C1
i=1 i=1

%(/{1”/2 + k’)m +C <C,

IA

IA

similarly

l

3 PR = 0)/(i8})

i=2k+1

<C.

2,1

Thus, by Lemma 2.3, we have

1% ! Y21(Y; >0
]2 < cl_cov k2,1 , Zz:2k+1 121 ( = )
kdi 187,
g < Vil Yean VAU > 0)) H Vii H Yiooin VRI(Yi = 0) }
+ p » . .
k51§,1 1512,1 k(sl%,l 2,1 1512,1 2,1
V2 1/2 ! 721(Y, > 0)\ 12
<Cip (k) (Var( k2’1 ) - Var iz 4 (¥i=0)
kéjc, I8},
_ ; _
+ ,O_(k) . ” sz,l . H Zi=2k+1 )/IEI(K = 0) }
kdje 1 1121 157, 2,1
< Cp~(k), (12)
hence, combining with (11) and (12), (3) holds, and by Lemma 2.4, (5) holds. O
3 Proof of Theorem 1
Let Cy; = (k{%, hence, (2) is equivalent to
1 m k
HIEEO Fn ;dﬂ(m ;log Cr,; < x) =®(x) aus. (13)

So we only need to prove (13), for a fixed k, 1 < k < n and Ve > 0; we have

iU

m=k

X; )} . HXL'
>e = lim P{|—
k—00 k

m

ze} = lim P{|1X,| > sk} =0,
k—o00
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therefore, by Theorem 1.5.2 in [14], we have

X.
f—)O a.s. k — 00,

on the unanimous establishment of i.
By Lemma 2.1, for some % < p <2, and enough large k, we have

|[Cri—1] < ’Zl(l ‘+ Xi ‘+ 1
su i— < |—= sup | ——— -
liigk “ (k=1)n 15515)/( (k=Dpu| k-1
1
TR
S Ty e

by log(1 +x) = x + O(x?), x — 0, we get

k k
M w
S G- e (Cri-1
Bo/AE Ok = T pa /AL Ok i:l( b= 1)

Cu
= pavaze &

C 2
S—kkl3 'S0 as,k— oo,

and then, for § > 0 and every w, there exists ko = ko(w, §,%); when k > ko, we have

k
w
I{m;mﬁ—l) Sx—a}
i k
Slim;bgck,ifx}

k
%
Slimg(ck,i—l)§x+5}, (14)

under the condition |X; — u| < Vk, 1 <i <k, we have

Ski (k u
,U«Z(Ckz ~1)= Z o Z Y; = Z Yii = T (15)
furthermore, by (14) and (15), for any given 0 < ¢ < 1, § > 0, when k > kp, we obtain
M k
I — logC; <x

Tkl . )
= (Skﬂm ) +1(VZ > (1 +)ksy)
+I<U(|X"‘“| >ﬂ)): x>0,

i=1
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(,BV Zlogckz Ex)

Tkl . ,
: (5/(ﬂm—x+8) [(VE<(1-e)ksy)

k
<U|X M|>\/_) x<0,
i=1
u k
I{ — logCy; <x
(Fr )

Tkl - )
- <5kﬁm_ 8>_I(Vk<(1‘8)k3k)
k
_I(U(|Xi_,u|>\//—()), x>0,

i=1
u&
I — lo Ck,ifx
(Fir =)

Tk , i
= (Skﬂm_x 8) I(V? > (1 +6)ksy)
k
_1<U(|Xi—u|>ﬁ)), x<0.

i=1
Therefore, to prove (13), for any 0 < ¢ < 1, §; > 0, it suffices to prove

1 & Thi
lim — E dk1< k 5«/1:&89¢i81) =®d(WV1+ex+68;) as., (16)
n—=00 Dy o1 ,351(@

n k
lim —Zdﬂ(U | X; — | > \/_ ) a.s., (17)
i=1

Dy k=1
1 & _
lim D—del(\/kz >(1+e)ks}) =0 as., (18)
" k=1
lim — del Vk <(1 —8)/(5k) 0 as. (19)
" k=1

Firstly, we prove (16), by E(Y?) < 0o, we know lim,_, o x2P(|Y| > x) = 0, and by E(Y) =

it follows that
k -
E (Z Yki)
i=1

< k[E(Y1(1Y] > V&) | + K E((1Y] > V)
< VKE(Y?1(|Y] > VK)) + k2 P(|Y] > VK) = o(/k),

|E(Tw0)| = = [kEY|
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so, combining with §; — E(Y?) < oo, for any & > 0, when k — 0o, we have

Ty, —ETy;
1<k'7k’ <JV1tex+6, —oz)
Bk

Tk, )
< —=<V1xex=+$
(/%k«//? !

Tii—ETy;
§I<u <J1xtex+t6; +0l>,
Bk

thus, by (4), we get

)L‘&EZ”’k (55247

Tii— ETx;
hm—de< k k _«/1:|:8x:|:81—a>
“n—oo D o) ﬂk\/—

= O(JIEex+8 —a), (20)
li 1 En dil T <Alxex=xd
m — EX
n—oo D - k k\/_ 1

< Thi = ETki _
B&vk T

— d(V1tex+s +a) as., (21)

\/l:l:sx:l:81>

<nlirgo—nk2;dk 1ﬂ:sx:|:81+a)

letting o — 0 in (20) and (21), (16) holds.
Now, we prove (17); by E(Y?) < 0o, we know lim,_, o, x>P(|Y] > x) = 0, such that

k k
EI(U(|)G|>«/_> > P(1Yil > Vk) <kP(|Y| > Vk) - 0, k— oo,
i=1 i=1
by the Toeplitz lemma, we get
1 n k
lim o kZ;dkH(Ul(m > «/%)) -0 as., (22)
hence, to prove (17), it suffices to prove
k
ngn;o— de< <U Y:| > JE)) —E|:I(U(|Y,-| > ﬂ))}) -0 as., (23)
i=1 i=1
writing

= I(O(m > ﬁ)) —E|:I<LkJ(|Y,'| > «/%))}

i=1

Page 11 of 14
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for every 0 < 2k </, so by the definition of p~-mixing sequence, we have

Cov( (Q |Y|>f> (g(|n|>ﬂ)>)‘

< COV( (Cj |Y|>f> (O(|n|>ﬂ)>—1<lLlJ (m'”ﬁ)))‘

i=1 i=2k+1

" cOv(1<O(|n|>ﬁ)),I< LZJ (lYtl>ﬂ)>>

i=1 i=2k+1

E I(LIJ(|Y,«| >«ﬂ)> —1( LIJ (1vil >«ﬂ)>'

i=1 i=2k+1

+ p(k)J Var(I(lL;(IY;I > JE))) Var(l (isz;Jd(m > ﬁ)))
[ (L_kj (1vil > V1) )} +Cp~(k)

P(1Yi| > V1) + Cp™(k)

E|2 2| =

‘M*

I
—_

1

<kP(lY|> «/Z) +Cp~ (k)
< c(§ + p(k)),

so by Lemma 2.4, (23) holds. And combining with (22), we know that (17) holds.
Next, we prove (18); by E(V?) = k87, V= V2, + sz, E(V,fl) kég, and 87| <87, 1=1,2,

we have

I(VZ> (1 +e)ksy) = I(VE -E(V}) > eké})

IA

(VR —E(V})) > eksii2) + 1(VE, - E(VZ,) > eks}/2)
< I(V,ﬁl > <1 + g)ké,il) + I(\_/kzl2 > (1 + %)k(Siz),

therefore, by the arbitrariness of ¢ > 0, to prove (18), it suffices to prove

lim — de1<vk, > (1 + )ka,(,> =0 as./=1,2 (24)

when/ = 1, for given ¢ > 0, let f be a bounded function with bounded continuous derivative
such that

I(x>1+¢) 5f(x)§l<x>1+§), (25)
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under the condition
E(V2)=ké,  E(Y?)<oo,  E(Y’I(Y>=0))>0

by the Markov inequality, and Lemma 2.2, we get

P<V1<2,1 > (1 + %)k(Sf’l)
=p<vk'{l CE(2) > gka,il)

E(VE, - B2 _ 30 B > 0))?

= ¢ k2 - k2

<C

- k - k

because E(Y?2) < oo implies lim,_, ,, #*P(|Y| > x) = 0, we have

EY*1(0 <Y < k) = /OOP(|Y|I(0 <Y <vk) > t)ad dt

0

N/
< c/ P(|Y| = ¢)f dt
0

JE
= / o(1)tdt = o(1)k,
0
thus, combining with (26),

P<V1<2,1 > (1 + %)k(S,%yl) -0, k— oo

Therefore, from (5), (25) and the Toeplitz lemma

0< —deI<Vk1 (1+ %)/«sil)
Dy k=1

n

EVi1(Ya > 0) _ V0= < VE) + k2P(Y > k)

Page 13 of 14

(26)

D)
k&2,

1
<_
- D, (/«sgl)
=i" aslr(552)) 3 o) -+l
D, ks2,)) " D, k82,
<inE1v 1+ ks iidf‘_/lg’l g(r( Vi
= D, L\ ) ) )t b, W ez k82,

e 1 « %
1+ k2 )+ =Y d -
Soar(sh» (145 )i ) - . o (52

-0 a.s.,k—> 00,

)-£((7)))

hence, (24) holds for / = 1. Similarly, we can prove (24) for [ = 2, so (18) is true. By similar

methods used to prove (18), we can prove (19), this completes the proof of Theorem 1.
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