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Abstract

In this paper, we introduce and study the notion of rough Z,-lacunary statistical
convergence of double sequences in normed linear spaces. We also introduce the
notion of rough Z,-lacunary statistical limit set of a double sequence and discuss
some properties of this set.
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1 Introduction

Throughout the paper, N and R denote the set of all positive integers and the set of all
real numbers, respectively. The concept of convergence of a sequence of real numbers has
been extended to statistical convergence independently by Fast [1] and Schoenberg [2].
This concept was extended to the double sequences by Mursaleen and Edely [3]. Lacunary
statistical convergence was defined by Fridy and Orhan [4]. Cakan and Altay [5] presented
multidimensional analogues of the results presented by Fridy and Orhan [4].

The idea of Z-convergence was introduced by Kostyrko et al. [6] as a generalization of
statistical convergence which is based on the structure of the ideal Z of subset of the set
of natural numbers. Kostyrko et al. [7] studied the idea of Z-convergence and extremal
Z-limit points. Das et al. [8, 9] introduced the concept of Z-convergence of double se-
quences in a metric space and studied some properties of this convergence. A lot of devel-
opment have been made in area about statistical convergence, Z-convergence and double
sequences after the work of [1, 2, 10-28].

The notion of lacunary ideal convergence of real sequences was introduced in [29]. Das
et al. [30, 31] introduced new notions, namely Z-statistical convergence and Z-lacunary
statistical convergence by using ideal. Belen et al. [32] introduced the notion of ideal sta-
tistical convergence of double sequences, which is a new generalization of the notions
of statistical convergence and usual convergence. Kumar et al. [33] introduced Z-lacunary
statistical convergence of double sequences. Further investigation and applications on this
notion can be found in [34].

The idea of rough convergence was first introduced by Phu [35] in finite-dimensional
normed spaces. In another paper [36] related to this subject, Phu defined the rough conti-
nuity of linear operators and showed that every linear operator f : X — Y is r -continuous
atevery pointx € X under the assumption dim Y < co and r > 0, where X and Y are normed
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spaces. In [37], Phu extended the results given in [35] to infinite-dimensional normed
spaces. Aytar [38] studied the rough statistical convergence. Also, Aytar [39] studied that
the rough limit set and the core of a real sequence. Recently, Diindar and Cakan [11, 40],
Pal et al. [41] introduced the notion of rough Z-convergence and the set of rough Z-limit
points of a sequence and studied the notion of rough convergence and the set of rough
limit points of a double sequence. Further this notion of rough convergence of double se-
quence has been extended to rough statistical convergence of double sequence by Malik
et al. [42] using double natural density of N x N in the similar way as the notion of conver-
gence of double sequence in Pringsheim sense was generalized to statistical convergence
of double sequence. Also, Diindar [43] investigated rough Z,-convergence of double se-
quences. The notion of Z-statistical convergence of double sequences was introduced by
Malik and Ghosh [44] in the theory of rough convergence.

In view of the recent applications of ideals in the theory of convergence of sequences, it
seems very natural to extend the interesting concept of rough lacunary statistical conver-
gence further by using ideals which we mainly do here.

So it is quite natural to think, if the new notion of Z-lacunary statistical convergence of

double sequences can be introduced in the theory of rough convergence.

2 Definitions and notations
In this section, we recall some definitions and notations, which form the base for the
present study [6, 10, 11, 23, 32, 33, 35, 38, 40, 42—46].

Throughout the paper, let r be a nonnegative real number and R” denotes the real n-
dimensional space with the norm || - ||. Consider a sequence x = (x;) C R”.

The sequence x = (x;) is said to be r-convergent to x,, denoted by x; R X4, provided
that

Ve>03i,eN:i>i, = |xj—x<r+e.
The set
r
LIM x := {x* eR" 1 x;, — x*}

is called the r-limit set of the sequence x = (x;). A sequence x = (x;) is said to be r-
convergent if LIM x # . In this case, r is called the convergence degree of the sequence
x = (x;). For r = 0, we get the ordinary convergence. There are several reasons for this in-
terest (see [35]).
A family of sets Z C 2" is called an ideal if and only if
(i) deZ,
(ii) for each A,BeZwehave AUB€cTZ,
(iii) for each A € 7 and each BC A we have Be 7.
An ideal is called non-trivial if N ¢ 7 and a non-trivial ideal is called admissible if {n} € 7
for each n € N.
A family of sets F C 2N is a filter in N if and only if
(i) veF,
(ii) for each A,B € F wehave ANB e F,
(iii) for each A € F and each B2 A we have B € F.
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If 7 is a non-trivial ideal in N (i.e., N ¢ 7), then the family of sets
F@Z)={MCcN:3AeI:M=N\A}

is a filter of N and it is called the filter associated with the ideal Z.

A sequence x = (x;) is said to be rough Z-convergent (r-Z-convergent) to x, with the

r-Z
roughness degree r, denoted by x; — x, provided that {i e N: |lx; —x.|| > r + ¢} € Z for

every ¢ > 0; or equivalently, if the condition
Z-limsup ||lx; — x|l <71 (1)

r-Z
is satisfied. In addition, we can write x; —> x, iff the inequality |lx; — x,|| < r + & holds for
every ¢ >0 and almost all i.
A double sequence x = (Xy,,) i, menxn Of real numbers is said to be bounded if there exists

a positive real number M such that |x,,,| < M, for all m,n € N. That is

%[l oo = sUp [ | < 00.

mn

A double sequence x = (x,,;,) of real numbers is said to be convergent to L € R in Pring-
sheim’s sense (shortly, p-convergent to L € R), if for any ¢ > 0, there exists N, € N such

that |x,,,, — L| < &, whenever m, n > N,. In this case, we write

lim x,, = L.
m,n— 00

We recall that a subset K of N x N is said to have natural density d(K) if

K(m,
AK) = Tim omn)

m,n— 00 m.n

where K(m,n) = [{(j,k) e Nx N:j <m,k <n}|.
Throughout the paper we consider a sequence x = (x,,;,,) such that (x,,,) € R".

Let x = (%) be a double sequence in a normed space (X, || - ||) and r be a non-negative

real number. x is said to be r-statistically convergent to &, denoted by x ﬂi g iffore>0
we have d(A(g)) = 0, where A(e) = {(m,n) € N x N: ||x,,, — €]l = r + ¢}. In this case, & is
called the r-statistical limit of x.

A non-trivial ideal 7, of N x N is called strongly admissible if {i} x N and N x {i} belong
to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Throughout the paper we take 7, as a strongly admissible ideal in N x N.

Let (X, p) be a metric space A double sequence x = (x,,,) in X is said to be Z,-convergent
to L € X, if for any ¢ > 0 we have A(¢) = {(m,n) € N x N: p(x,n, L) > €} € I. In this case,

we say that x is 7,-convergent and we write

I>- lim x,,=L.

m,n— 00
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A double sequence x = (x,,,) is said to be rough convergent (r-convergent) to x, with

the roughness degree r, denoted by x,,, N x, provided that

Ve>03k,eNomn>k, = |[xum—xsll <r+e, 2)
or equivalently, if

lim sup || %y, — %« || < 7. (3)

A double sequence x = (x,,;,) is said to be r-Z,-convergent to x, with the roughness de-

r-Z.
gree r, denoted by x,,,, = x, provided that
{m,n) € N X N ||y — x|l =7+ 6} €D, (4)
for every ¢ > 0; or equivalently, if the condition

To-limsup ||x,, — x4 || < ()

is satisfied. In addition, we can write x,,,, Ei x4 iff the inequality %, — x|l < 7 + € holds
for every ¢ > 0 and almost all (1, ).

Now, we give the definition of Z,-asymptotic density of N x N.

A subset K C N x N is said to be have Z,-asymptotic density dz, (K) if

K(m,
dz,(K) = Tp- lim [KGm, ml
m,n— 00 m.n
where K(m,n) = {(j,k) e N x N:j <m, k <n;(j,k) € K} and |K(m, n)| denotes number of
elements of the set K(m1, n).
A double sequence x = {x;;} of real numbers is Z,-statistically convergent to ¢, and we

write xzistf;‘, provided that for any ¢ >0 and § >0
1
{(m,n) eNx N:%H(i,k): ok — €1l > &,j < m,k <n}| 28} eD.

Letx = {x} be a double sequence in a normed linear space (X, || - ||) and r be a non-negative
real number. Then x is said to be rough Z,-statistical convergent to & or r-Z,-statistical
convergent to £ if forany e >0and § >0

1
{(m,n)ENXN:%H(]‘,/()me,kﬁn: i — €l zr+s}| 28} eD,.

In this case, £ is called the rough 7,-statistical limit of x = {x;} and we denote it by
r-Iy-st
X = £.

A double sequence 6 = 6, = {(ky, L)} is called a double lacunary sequence if there exist
two increasing sequences of integers (k,) and () such that

ko =0, h,=k,—k,.1— o0 and [y=0, hy=1l,—lg_1 — 00, u,s— oo.
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We will use the notation ks := ks, Hys = h,hs and 6, is determined by

Jus = {(kJ) tky1 <k <kyand g <[l < ls},

- /(u -—
Q= o=

u-1

and Gus = %6_15«

Throughout the paper, by 0, = 0,5 = {(k,, [;)} we will denote a double lacunary sequence of
positive real numbers, respectively, unless otherwise stated.

A double sequence x = {x,,,} of numbers is said to be Z,-lacunary statistical convergent
or Sy, (Z3)-convergent to L, if for each ¢ >0and § >0,

{(u,s)eNxN: hiH(m,ﬂ)G]us: n — L| > €} 28} eT,.

In this case, we write %,,, — L(Sp,(Z2)) or Sp,(Z2)-1imy, s 00 X = L.

3 Main results

Definition 3.1 Letx = {xj} be a double sequence in a normed linear space (X, || - ||) and r
be a non-negative real number. Then x is said to be rough lacunary statistical convergent
to & or r-lacunary statistical convergent to £ if for any € > 0

1
lim ——|{(,k) € Jus Il €1 = 7 +e}| =0.

us—o0 h,

In this case £ is called the rough lacunary statistical limit of x = {x} and we denote it by
r-Se.
X —3 .

Definition 3.2 Letx = {x;} be a double sequence in a normed linear space (X, || - ||) and r
be a non-negative real number. Then x is said to be rough Z,-lacunary statistical conver-
gent to & or r-Z,-lacunary statistical convergent to & if for any ¢ >0 and § >0

{(u,s)eNxN:hi|{(j,k)e]m: o =&l =7 +e}] za} € D,.

In this case, £ is called the rough 7,-lacunary statistical limit of x = {x} and we denote it
r»Igz -st

byx — &.
Remark 3.3 Note that if 7, is the ideal
79 = {A C N x N:3m(A) € N such that i,j > m(A) = (i,j) ¢ A},

then rough Z,-lacunary statistical convergence coincides with rough lacunary statistical

convergence.

Here r in the above definition is called the roughness degree of the rough Z,-lacunary
statistical convergence. If 7 = 0, we obtain the notion of Z,-lacunary convergence. But our
main interest is when r > 0. It may happen that a double sequence x = {xj} is not Z,-
lacunary statistical convergent in the usual sense, but there exists a double sequence y =
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{yjx}, which is 7, -lacunary statistically convergent and satisfying the condition ||xjx —yix || <
r for all (j, k). Then x is rough 7,-lacunary statistically convergent to the same limit.

From the above definition it is clear that the rough 7,-lacunary statistical limit of a dou-
ble sequence is not unique. So we consider the set of rough 7,-lacunary statistical limits
of a double sequence x and we use the notation Z, -st- LIM, to denote the set of all rough
T,-lacunary statistical limits of a double sequence x. We say that a double sequence x is
rough 7,-lacunary statistically convergent if 7, -st- LIMJ, # 0.

Throughout the paper X denotes a normed linear space (X, || - ||) and x denotes the
double sequence {xj} in X.

Now, we discuss some basic properties of rough Z,-lacunary statistically convergence of

double sequences.

Theorem 3.4 Let x = {xji} be a double sequence and r > 0. Then Iy,-st-LIM], < 2r. In

particular if x is rough T,-lacunary statistically convergent to &, then

Ty,-st-LIM, = B,(),

where B,(§) ={y e X : |y —&|| <r} and so
diam(Zg,-st- LIM}) = 2r.

Proof Let diam(Zy, -st- LIM}) > 2r. Then there exist y, z € Zy, -st- LIM, such that ||y — z|| >

2r. Now, we select € > 0 so that ¢ < ”y—;Z” —r. Let
A={G,k) € Jus: llx -yl = r + €}

and
B= {(j,k) € Jus : 1%k — zll = r+8}.

Then

i}{(j,k)e]m:(j,k)eAUBH
1
|

Shi‘{(i!k)elusi(jyl<)€A}|+h {(j’k)e]usi(j,k)EB}

’
us

and so by the property of Z,-convergence

I,- 1imoohi|{(j,k) € Jus: (j,k) e AUBY|

<7,- lim hiH(j,k) € Jus G, K) € A|

U,s— 00 us
1
+Tp- lim h—m]{(/‘,k) € Jus : (j,k) € B|

=0.
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Thus,
1
{(u,s) eNxN: h—|{(,',/<) € Jus: (k) e AUB}| za} €T,
forall § > 0. Let

H= {(u,s)eNxN:hi|{(j,k)€]us:(j,k)eAUB}| >

|

N =

Clearly H € Z,, so choose (ug,59) € N x N\ H. Then

{0 € us: G0 € AUB)| < 2.

huoSO
So, we have
|{(jk)€] '(/'/)éAUB}|>1 1 1
Mugsy ' us VR =T 22

i.e., {(j,k) € Jus : (j, k) ¢ AU B} is a nonempty set.
Take (jo, ko) € Jus such that (jo, ko) ¢ AUB. Then (jo, ko) € A°NB° and so ||xjx, —yll <7 +¢
and ||xj,x, — zll <7 + . Hence, we have
1y =zl < %ok = VI + 1%joko — 2l
<2(r+eg)

=<ly-=zl,

which is absurd. Therefore, 7, -st- LIM/, < 2r.
If Zy,-st- LIM], = &, then we proceed as follows. Let ¢ > 0 and § > 0 be given. Then

A= {(u,s)eNxN:hiH(j,k)e]m: i — &1l > €} za} eT,.

Then for (u,s) ¢ A we have

1
—{G.K) € Jus s Il — €l = }] < 6,

ie.,
i|{(]‘:k)€]145:”xjk_S”<8}|21—5. (6)

us

Now, for each y € B,(§) we have
I =yl < e = ENL+ 116 =yl < Nz — &l + 7. (7)
Let

Bus =[G, k) € Jus : I — £l < €}
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Then for (j, k) € B,; we have ||x — y|| < r + . Hence, we have

Bys = {(];k) € Jus: ”xjk_y” < 7‘+8}.

This implies
|Bus| 1
A h_H(] k) € Jus : ik — yll <7+ €},
us us
ie.,

1
— (k) € Jus : o =yl <r + €} = 1 -8.

us

Thus, for all (j, k) ¢ A,

1
h_|{(i’k)€]us: o =yl = r+e}| <1-(1-9)

and so we have
1 .
{(u,S) eNxN: h—I{(J,k) € Jusi i =yl = r+ €} 28} CcA
us
Since A € 7,
1
{(u,s) eNxN: h—|{(]’,k) € Jus : 1% =yl Z}”+8}’ 28} el,.

This shows that y € Zy, -st- LIM. Therefore, Zy,-st- LIM’, D B,(£).

ly—&ll-r
2

Conversely, let y € Zp,-st-LIM., |y —&|| >rand & = . Now, we take

My = {G,k) € Jus: I =yl = 7 + &)
and

My = {(K) € Jus - Il — €1 = €.
Then

hius}{(],k) € Jus: (];k) e M; UM2}|

1

h—‘{(} k) € Jus: (. k) eM1}|+—|{(/ k) € Jus: (k) eMz}

and by the property of Z,-convergence
N T ,
Iz_u?i;noo _|{(/:k) e]us : (]:k) €M1 UM2}|

=Tp- lim —\{(/k € Jus: (k) € M|

MS*)OO

Page 8 of 16
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1
+Zp- lim [ {4 € s (K) € M)

=0.
Now, we let
M= {(u,s) eNxN: hiH(j,k):(j,k) € M; UM2}| >

I

Clearly M € 7, and we choose (1, s9) € N x N\ M. Then we have

N =

— {601 G,k) e My UM }| < 2,

upso
and so

1

{602 k) & My UML) =1 -

=

1
2

N

huOSO

i.e., {(,k): (j, k) ¢ My UMo,} is anonempty set. Let (jo, ko) € Jus such that (jo, ko) ¢ M; U M,.
Then (jo, ko) € M{ N M3 and hence [|xjx, — yll <7+ & and [[xjox, — &l < &. So

Y =& 11 < I%joko = VI + [Xjoko =1l =7+ 26 < lly =&,

which is absurd. Therefore, ||y — &|| < r and so y € B,(§). Consequently, we have

Ty, -st- LIM, = B, (€). 0

Theorem 3.5 Let x = {xj} be a double sequence and r > 0 be a real number. Then the
rough Ty-lacunary statistical limit set of the double sequence x, i.e., the set Ly, -st- LIM}, is

closed.

Proof 1f Iy, -st- LIM}, = §, then there is nothing to prove.

Let us assume that Zy,-st-LIM # #. Now, consider a double sequence {yi} in
1y, -st- LIM], with lim;z_, o yjx = y. Choose ¢ > 0 and § > 0. Then there exists i s € N such
that for all j, k > i¢

I <<
k=¥l < <.
Yik =Yl <5
Let jo, ko > is. Then yjok, € Zy,-st- LIM;. Consequently, we have

1
A:{(u,s)eNxN:h—

us

e
{(i,/<) € Juss 1%k = Yjoko | Z 7 + 5” =z 5} €D
Clearly M =N x N\ A is nonempty, choose (u,s) € M. We have

<

hus

&
{(;uk) € Jus I = Yl Z 7 + 5}
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and so

. £
{(J,k) € Jus * 1%k = Yjoko | <7 + 5” >1-46.

us

Put
) &
Bus = 1 (,K) € Jus : 1%k = Yjoko | <7 + 3
and select (j, k) € B,s. Then we have

”x]k —J’H = ”x/k — Yjoko ” + ||J’10k0 —J’”

e &
<r+—+ -

2 2
=r+e,

and so
Bus C{(ik) € Jus : ik —yll <7 + €},

which implies

Bus 1 .
152 25l DGR €t el < )|

Therefore,

1
h—]{(i,k)elus: Il —yll =r+ef|<1-(1-8)=6

us

and so we have

{(u,s)eNxN:hiH(j,k)e]us: i =yl =7+ e} 28} CAeD.

us

This shows that y € 7, -st- LIM7.. Hence, Zy,-st- LIM, is a closed set. O

Theorem 3.6 Let x = {x} be a double sequence and r > 0 be a real number. Then the
rough Iy-lacunary statistical limit set Ly, -st-LIM!; of the double sequence x is a convex set.

Proof Let yo,y1 € Zy,-st-LIM/, and ¢ > 0 be given. Let
Ao ={(,k) € Jus : % = yoll = r + &}
and

A1 ={(,k) € Jus : i = 311l = 7 + ).
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Then by Theorem 3.4, for § > 0 we have

{(u,s) eNxN: him|{(,',k) € Jus: (k) € Ag U A }| 33} €D,.
Now, we choose 0 < 8; <1 suchthat0<1—-6; <8 and let

A= {(u,s)eN x N: himi{(i,k)e]m:(j,k)er UA}| > 1—81}.

Then A € Z,. For all (u,s) ¢ A, we have

1
_|{(]’k) e]us:(j;k) GAO UA1}| < 1—81

us

and so

iLHUj)GhﬂVJ?éAoUAJIz{l—u—ﬁn}:&.

us

Therefore, {(j, k) : (j, k) ¢ Ao U A} is a nonempty set. Let us take (jo, ko) € A5 N A and
0<u <1.Then

I%ioko — [ = )yo + pn || = || = )ik + ok — [ = )30 + iy ]|
< (1= wW)lxjore — Yoll + pllXjore — 11l

<A-w)(r+e)+ulr+e)=r+e.
Let
M= {(/',k) € Jus: ”x,»k - [(1 - W)yo + /Lyl]H >r+ s}.
Then clearly, A N A C M°. So for (u,s) ¢ A, we have
il

1
4 = —|{(i,k)€]usi(i»k)¢AoUA1}| = 7

hMS us

{0 6) € Jus 2 (i, k) & M|
and s0
hius|{(j,k) € Jus: (k) e M}| <1 -8 <38.
Therefore,
A°C {(u,s) eNx N: him|{(,’,k) € Jus : (i, k) € M}| <3}.
Since A¢ € F(Z,), we have

{(u,s)eNxN:hiH(j,k)e]usz(j,k)eMH <3} € F(Iy)
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and so
{(u,s)eNxN:hiH(j,k):(j,k)eMH 28} €D,

This completes the proof. 0

Theorem 3.7 A double sequence x = {xj;} is rough I,-lacunary statistical convergent to & if
and only if there exists a double sequence y = {yj} such that Ly,-st-y = & and ||xp — yi|l <1,
forall (j,k) e N x N.

Proof Lety = {y;} be a double sequence in X, which is 7,-lacunary statistically convergent
to & and |lxi — yjll <r, forall (j,k) € N x N. Then forany ¢ >0 and 6 > 0

A= {(u,s)eNxN:hiH(j,k)e]m: Iy =€l = e} 35} €D,.

Let (u,s) ¢ A. Then we have

1 1
_|{(j:k)e]us:||yjk_g||Zs}|<8 = h_}{(j’k)ejusznyjk_é”<8}|Zl_ac
Now, we let

Bus = {(]’k) e]us: ”yjk _%_” < 8}'
Then, for (j, k) € B,;, we have
i = &Nl < Nl = yixcll + llyjx =&l <7 + &,

and so

Bus C{,k) € Jus : e — €l <7 + &}

Bl _ 1y,
= o= 0 el =gl <r+e)]
1
= NGk et =€l <rre}[=1-5
1
= h_’{(f’k)efusi||xjk—éllZr+s}|<1—(1_5)=3.

Thus, we have
1
{(u,s)eNxN:h—H(j,k)e]m: o — €Il = 7+ e} 35} CA

and, since A € 7,

1

, N x N:
{(us)e X "

{(j:k)e]us: ”x/'k_E” ZV+8}| 25} EIZ-

Hence, Zy,-st-y = &.
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Conversely, suppose that Zy,-st-y = £. Then, for ¢ >0 and § > 0,

A= {(u,s)eNxN:hi}{(j,k)e/m:||x,k—s|| >r+el za} el,.

us

Let (u,s) ¢ A. Then we have
1 .
_|{(/1k) € Jus: ”xjk—%‘” 21"+8}| <é

us

and so

1
h_|{(j’k)6]us: g —&ll <r+e}|=1-86.

Let
Bus = {(,K) € Jus : I — Ell < 7 + 6.

Now, we define a double sequence y = {y;} as follows:

{5’ if o — £l <7,
k= ke .
Xk + T g otherwise.
Then
by —£ { if e~ 1 <,
Yik — = ) £ .
%k — & + T Teegl I, otherwise,
1o if |l — &l <7,
lxx — &Il —r, otherwise.

Let (j, k) € B,s. Then we have

Iy —&Il=0, iflxx—&Il<r and |yx—§ll<e, ifr<lap—§ll<r+e
and so

Bus C { (k) € Jus : lyp — £l < £}

This implies

Busl _

o = {0 K) € Jus -l < 2}

&~
g

Hence, we have

1
{0 € Tus g —Ell <[ =1 -8
1

=
D

{G k) € sty — €l = €} < 1= (1-8) =4,

Page 13 0of 16
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and so

{(u,S) eNxN: h%SH(J}k) € Jus : i — €1 = e} 25} CA.
Since A € T, we have

{(u,s) eNxN: himl{(i,k) € Jus : I — 1| = €} za} eD,.

So, Zy,-st-y =&. O

Definition 3.8 A double sequence x = {x;;} is said to be 7y, -statistically bounded if there
exists a positive number K such that for any § > 0 the set

A= {(u,s)eNxN:hi}{(j,k)e]m:||x,k|| > K} za} el

The next result provides a relationship between boundedness and rough 7y, -statistical
convergence of double sequences.

Theorem 3.9 If a double sequence x = {x;} is bounded then there exists r > 0 such that
Zy,-st-LIM;, # Q.

Proof Let x = {xj} be bounded double sequence. There exists a positive real number K
such that ||xj || < K, for all (j, k) € /5. Let & > 0 be given. Then

{(j,k) € Jus : 1%k — Ol = K + 8} =0.
Therefore, 0 € T, -st- LIMX and so 7, -st- LIMX +#¢. O

Remark 3.10 The converse of the above theorem is not true. For example, let us consider
the double sequence x = {x;} in R defined by

. jk, ifj and k are squares,
e 5, otherwise.

Then Zp,-st- LIM? = {5} #{ but the double sequence x is unbounded.

Definition 3.11 A point A € X is said to be an Z,-lacunary statistical cluster point of a
double sequence x = {x} in X if for any & > 0

dz, ({G: k) € Jus : Il — Al < e}) #0,

where

1
dIz(A) =IZ—M1si—I>noo h_‘{(]’k) E]us : (]!k) GAH,

S,
if it exists. The set of Z,-lacunary statistical cluster points of x is denoted by Axe2 (Z,).



Kisi and DUndar Journal of Inequalities and Applications (2018) 2018:230 Page 15 0f 16

Theorem 3.12 For any arbitrary o € Aigz (Z») of a double sequence x = {x} we have
l€ —a|| <1, forall & € Iy,-st-LIM,.

S,
Proof Assume that there exists a point « € A2(Z,) and & € Zy,-st-LIM), such that
€ —all >r. Let e = 521~ Then

{(/’k) € Jus: ”xjk_%-” Z}’+8} ) {(]:k) €Jus: ”xjk_a” <8}' (8)
Since a € Aiﬁz (Z,) we have

dz, ({0G,k) € Jus « i — |l < £}) #0.

Hence by (8) we have

dz, ({6, k) € Jus : |l — || = 7 + £}) #0,
which contradicts that & € Zy, -st- LIM’.. Hence, || —«|| <. O

4 Conclusion

The rough convergence has recently been studied by several authors. In view of the recent
applications of ideals in the theory of convergence of sequences, it seems very natural to
extend the interesting concept of rough lacunary statistical convergence further by using
ideals, which we mainly do here; and we investigate some properties of this new type of
convergence. So, we have extended some well-known results.
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