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Abstract

We prove a priori estimates up to their second order derivatives for solutions to the
obstacle problem of curvature equations on Riemannian manifolds (M”, g) arising
from conformal deformation. With the a priori estimates the existence of a C'"'
solution to the obstacle problem with Dirichlet boundary value is obtained by
approximation.
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1 Introduction
Let (M", g) be a compact Riemannian manifold of dimension # > 3 with smooth boundary
dM, M := M U M. In conformal geometry, it is interesting to find a complete metric g €
[¢], the conformal class of g, with which the manifold has prescribed curvature. In general,
such conformal deformation can be interpreted by certain partial differential equations.
See [8, 13, 22, 25, 26] for more details.

In [8], Guan studied the existence of a complete conformal metric g of negative Ricci

curvature on M satisfying
f(-Mg'Ricg)) =¥ inM, (1.1)

where Ric; is the Ricci tensor of g, and A@‘lRiC§) = (A1,...,Ay) are the eigenvalues of

& 'Ricg. The transformation formula for the Ricci tensor under conformal deformation

g = eg is given by

1 1 A
— Ricg = —Ric, - Vu - <—”2 ¥ |Vu|2>g+ du ® du,

where Vu, V2u, and Au denote the gradient, Hessian, and Laplacian of u with respect to
the metric g, respectively. When f is homogenous of degree one, it is easy to verify that

equation (1.1) is equivalent to the following form:

A Ri
f<k<g‘1 |:V2u 2 e \VulPg - du @ du— —£ D) _ Y@ (1.2)
n-2 n-2 n-2
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In this paper, we study the obstacle problem of equation (1.2). More generally, let
t
Tlu]:=Viu+sdu@du+ ()/Au - §|Vu|2)g + X,

where yx isasmooth (0, 2) tensor, y > Oisa constant, and s, t € R. We consider the following

equation:

max{u—h,—(f(k(g_lT[u])) —Iﬁ[u])} =0 inM (1.3)
with the Dirichlet boundary condition

u=¢ ondM, (1.4)

where 1 € C3(M), ¢ € C*@OM), h > ¢ on M, Y[u] = Y(x,u) is a positive function in
C3(M x R).

Equations as (1.1) and (1.3) are the Hessian equations, which were well studied by many
authors such as [2, 7, 9-12, 23, 24]. Generally, f € C2(I") N C°(T") is a symmetric function of
% € R”, defined in an open, convex, and symmetric cone I' & R”, with vertex at the origin,
which contains the positive cone: I} := {A € R" : each component 1; > 0} and satisfies the
following fundamental structure conditions:

of

ﬁEa—)\'>O lnF,lflfl’l, (1.5)
1

f is a concave function, (1.6)
and

f>0 inT, f=0 onadl. (1.7)

Here, for convenience, we also assume that
f is homogeneous of degree one. (1.8)

We observe that by the concavity and homogeneity of f,

D AM) =fW)+ Y AMA-2)=f(L,...,1)>0 inT. (1.9)

Important classes of f are the elementary symmetric functions and their quotients, i.e.,

1

0=t (X wen ) 1sken

1<ij<-<ig=<m

and
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Let F be defined by F(r) = f(A(r)) for r = {r;} € S"" with A(r) € T', where §"*” is the set
of n x n symmetric matrices. It is shown in [2] that (1.5) implies F is an elliptic operator
and (1.6) ensures that F is concave.

A function u € C*(M) is called admissible at x € M if A(g”' T[u])(x) € T, and we call it
admissible in M when it is admissible at each x in M. In this paper, we prove the existence
of an admissible viscosity solution of (1.3) and (1.4) in C'(M) (see [1, 3] for the definition
of viscosity solutions).

Many authors have studied various obstacle problems. In [6], Gerhardt considered a hy-
persurface bounded from below by an obstacle with prescribed mean curvature in R”. Lee
[17] considered the obstacle problem for the Monge—Ampere equation (i.e., f = (o) %) for
the case that T[u] = D*u, ¥ =1, and ¢ = 0, and proved the C*! regularity of the viscosity
solution in a strictly convex domain in R”. Xiong and Bao [27] extended the work of Lee to
anonconvex domain in R” with general ¢ and ¢ under additional assumptions. Bao, Dong,
and Jiao treated a class of obstacle problems in [1] assuming that T[u] = V2u + A(x, u, Vu),
under a certain technical assumption. Because of the term y Au (y > 0), here we only need
a minimal amount of assumptions. For other works, see [4, 14, 15, 18-21].

Our main result is the following theorem.

Theorem 1.1 Assume that (1.5)—(1.8) and either the following condition

lim ¥ (x,z) = +00, VxeM, (1.10)
Z—>+00
or
2s — nt
<2 (1.11)
1+ny

hold, where A1 is the first eigenvalue of the problem

Au+Atrx)'u=0 onM,
u=0 on oM

(1.12)

(A = +00 iftr x < 0). Then there exists a viscosity solution u € C*'(M) to (1.3) and (1.4), if
there exists a subsolution u € C°(M) N CY(Ms) for some § > 0 such that

fOE'Tw)) = ¥[u], nM,
=g, on M, (1.13)
u<h, inM,

IR

where M = {x € M : dist(x, M) < 8}. Moreover, we have that u € C>*(E) for any o € (0,1),
and f(Mg ' T[u])) = ¥ [u] in E, where E := {x € M : u(x) < h(x)}.

Remark 1.2 (1.10), as well as (1.11), is used in Lemma 3.2 to derive an upper bound for
u. Assumption (1.13) is just applied to derive a lower bound for # on M and V,u on dM,

where v is the interior unit normal to dM.
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Remark 1.3 We can construct some subsolutions of (1.2) satisfying (1.13) as in [15] fol-
lowing ideas from [2] and [7] since

|Vu|’g — du ® du
is positive definite and that we can obtain a priori upper bound of any admissible function
(Lemma 3.2) under additional conditions that there exists a sufficiently large number R > 0
such that at each point x € M,

(Kl,...,K,,_l,R) erl, (114)
where k1, ...,k,_1 are the principal curvatures of dM with respect to the interior normal,
and that for every C > 0 and every compact set K in I" there is a number R = R(C, K) such
that

f(RA)>C forall A e K. (1.15)

We use a penalization technique to prove the existence of viscosity solutions to (1.3) and
(1.4). We shall consider the following singular perturbation problem:

SO Tu])) = ¥ [u] + Bs(u—h) inM,
Uu=¢ on M,

(1.16)

where the penalty function 8, € C*(R) satisfies

Be, BB >0 onR,B(z) =0, whenever z < 0;
(1.17)
B.(z) > 0o ase — 0%, whenever z > 0.

An example given in [27] is

0, z<0,
Be(2) = (1.18)

2Ble, z>0,

for ¢ € (0,1). Observe that u is also a subsolution to (1.16).
Let

U = {us|u£ € C*(M) is an admissible solution of (1.16) with #, > u on 1\_/1}
We aim to derive the uniform bound

|ttelc2iin < C (1.19)
for u. € U, where C is independent of ¢. After establishing (1.19), the equation (1.16)

becomes uniformly elliptic by (1.7). By Evans—Krylov [5], [16] theorem, we can derive
the C*> estimates (which may depend on ¢) of u.. Higher estimates can be derived by
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Schauder theory. Following the proof as in [8] or [1], we can prove there exists an admis-
sible solution u, to (1.16). Then we can conclude by (1.19) that there exists a viscosity
solution u € CV(M) to (1.3) and (1.4), see [1, 27].

Thus, our main work is focused on the a priori estimates for admissible solutions up
to their second order derivatives. In Sect. 2, we achieve the estimates for second order
derivatives. Finally, we end this paper with gradient and C° estimates in Sect. 3.

2 Estimates for second order derivatives
In this section, we prove a priori estimates of second order derivatives for admissible so-
lutions. From now on, we drop the subscript ¢ when there is no possible confusion.

Theorem 2.1 Assume that f satisfies (1.5)—(1.8) and u € C*(M) is an admissible solution
to (1.16). Then

sup|V2u| < C(l + sup’VzuD, (2.1)
M oM

where C depends on |u|c1 iy and other known data.

Proof Set

Wi(x) = EeTr:lA/%lzl(Vggu +5|Veul*)e?, xeM,
where ¢ is a function to be determined. Assume that W is achieved at an interior point
%9 € M and a unit direction & € T,;;M. Choose a smooth orthonormallocal frameey,...,e,
about xy such that & = e;, V;ej(xo) = 0 and that Tj;(x,) is diagonal. We write G = Vi u +
s|V1u|%. Assume G(xg) > 0 (otherwise we are done).

At the point xy, where the function log G + ¢ (defined near x,) attains its maximum, we

have
v,G
+Vip=0, i=1,...,n, (2.2)
G
and
ViG _ (ViG)* Vi <0 (2.3)
- + Vi@ < U. .
G G
By (2.3) we have
F (VG + GV — GIVi$|*) <0 (2.4)
and
AG+GA¢ - G|V|* <0. (2.5)

Since y > 0, we obtain

F'(ViG+yAG+ GV + yGAP - G|Vip|* - yG|V[*) <0. (2.6)
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By calculation, we get

VG = Viniu + 2sViuVi u, (2.7)
and

ViG = Vi + 25(|Vaul® + ViuViu). (2.8)
Recall the formula for interchanging order of covariant derivatives

Viikv = Vigv = Ry Vi, (2.9)

and

VitV = Vi = R Vimv + ViRV v + R Vv
+ Rj’Z(Vlmv + R Vion + VkRj’ZVm V. (2.10)
It follows from (2.10)

ViG> Viu+ 28(|V,‘1M|2 + Vluku) -C(1+G), (2.11)

and

Vl'l'G + ]/AG > Vlliiu + 2S(|V[1M|2 + Vlth-,-u) + )/VH(AM)

+2sy (IVaul* + ViuVi(Au)) = C(1 + G). (2.12)
Differentiating equation (1.16) once at x,, we obtain for 1 <k <n,
ViE = F'N Ty = Yo + Y, Vit + Vi Be(u — h). (2.13)
It is easy to see that
F'Vy(Viu + y Au) = F'V, (Tii[u] - s|Viu|* + §|V14|2 - Xii)
> V\F = 25F"VuVyu + tViuVyu Y F =) " FF (2.14)
i i
and that

.e i t
F'Vi1(Vyu + y Au) = F*'V1, (Tii[”] ~s|Viul* + 2 IVuf* - Xtt)
> FN Tylu) - 2s ii(viuvmu + |V1,«u|2)

+t Y (ViuViyu+ |Vyul®) Y FP-CY F (2.15)
k i i
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With (2.9) we see

2sV;uViu < ZSV,'M(VZ‘G - 2sViuViyu) + C

<-4s*VuViuVau + C(1+ G|Vg)), (2.16)
and similarly
tViuViu > =2stViuViuViqgu — C(1 + G| V). (2.17)
With (2.12), (2.14)—(2.17), and the concavity of F, we derive

Fi(ViG +yAG) > Vi F +2sViuViF + (2sy +8) Y [Vyul> Y F"
k

—C<G+ G|V¢| +Z|vjku|> (2.18)
ik

> Vi1 F +2sViuViF - C(G* + G|Vg)).

By (1.9) and B! > 0 it follows from (2.6) and (2.18) that

Fi(Vigp - [Vip|*) + v (Ap — [Vo[*) Y F*

<C(G+|Vel) Y F'+ (g - 1),3;(u —h). (2.19)
Let
-1/2 \v4 2
¢:=n(w) = <1—%> , w= | 2”' ,

where a > sup,, w is a constant to be determined. We have

3 2
3
15’7<\/§’ n/:n_’ 7]//: n
4a n
and
2 / " 2 2 /
Vi = [Vip|* = n'Vaw + (" = n?)|Viw|* = 0/ Vyw. (2.20)

Next, by (2.14)
Fi(Vyw +y Aw)
= Fii(z Vaul>+y Y |V/<zu|2> + FV (Vi + y A(Viw))
7 ol
> Fiivlll(vliiu +y Z Vlkk”) +(r@-Ca) ZFﬁ
&

>-Cplu-h)+(yG*-CG) Y _F~. (2.21)
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Combining (2.19), (2.20), (2.21), and |V¢| < Cn’'G, we have
. iy C
n(yG*-CG)Y F'<C(G+n'G)Y F'+ (5 —1+ cn’)ﬂ;(u —h). (2.22)

We could assume that G > 2C. When a > 2C, the coefficient of B (u — &) is negative. Then
we can derive G < %. O

To derive the boundary estimates for V>, we note that tr(sdu ® du — £|Vul|>’g + x) < C

on M, where C is independent of &, though it may depend on |u|c1 ;). As in [1, 4], let H
be the solution to

(1+ny)AH+C=0 inM,
H=¢ on IM.

Then we have u < H in M by the maximum principle and B;(u —h)=0in Ms={x e M :
dist(x, 9M) < 8}, where § is sufficiently small. Thus,

fOlg Tul) = y[u]l inM;,

(2.23)
u=¢ on oM.
By the same arguments of Sect. 4 in [8], we obtain that
sup‘Vzu’ <C, (2.24)
aM

where C depends on |u|c1 3y and other known data.
Combining (2.1) and (2.24), we therefore get the full estimates for second order deriva-

tives.

3 Gradient estimates, maximum principle, and existence
For the gradient estimates, we have the following theorem.

Theorem 3.1 Assume that (1.5)—(1.8) hold. Let u € C*(M) be an admissible solution to
(1.16). Then

sup |Vu| < C(l + sup |Vu|>, (3.1)
M aM

where C depends on |u|coip) and other known data.

$ _ Vu?
Proof Suppose that we?, where w = =

and ¢ = ¢(u) to be determined satisfying that
@' (1) > 0, achieves a maximum at an interior point xy € M. As before, we choose a smooth
orthonormal local frame ey, ..., e, about xo such that V,,e; = 0 at xy and {T;(xo)} is diago-

nal. Differentiating we? at x, twice, we have

Viw+wVp =0 (3.2)
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and
Viw = w(Vi$)* + wV¢p < 0. (3.3)
Differentiating w, we see

ViW = Z VkuViku, Viiw = Z(Viku)z + Z VkuViiku.
k k k

Using (3.2) it follows from (3.3) that

g ViuViu . - (Vip)?
Fii <5k, - k2W’ )Vikuvilu + PNV — wF (% - vl,»(p) <0 (3.4)
and
ViuViu w 9
Z 3/(1 - W V,»kuVﬂu + VkuA(Vku) - §|V¢| + WA¢ < 0. (35)
ikl

Note that the first term in (3.4) and (3.5) is nonnegative. Multiply y >_ F% to (3.5) and add
what we got to (3.4). Thus, by (2.9) we obtain

. w ..
F'Viu(Vigiu + y ViAu) — 5F”(|vi¢|2 +y|Ve|?)

+ WF(Vigp + y Ap) < C|Vul Y FF. (3.6)
Now we compute the first term in (3.6). Firstly, we have
Vig=¢'Viu, Vi =¢'Viu+ ¢ (V).
Using (3.2), we easily get that

FiNu(Vigiu + v Vi Au)
ii 2 t 2
=F VkMVk<Tii - s|Viul” + §|VM| - Xii)

= ViuVi(y + Be) + wp'F* (25| Viul? — t|Vul*) — F*ViuVi ;. (3.7)
By the homogeneity of F, we also get

F'(Vigp + y Ag)

y y ¢
=¢"F*(IViul® + y|Vul?) + ¢/F”<Tii —s|Vaul|* + §|VM|2 - Xii)

=¢"F'(IVaul* + y|Vul®) + ¢/ (F —sFVul* + EF”|Vu|2 - F”Xﬁ). (3.8)
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According to (3.7) and (3.8), it follows from (3.6)

1 . 1 .
y|vu|2(¢// _ §(¢/)2 _ %d)/) ZFII + <¢// _ §(¢/)2 +S¢/)Fu(viu)2

=< —¢/(1/f + Be —Fﬂ)(n') + CZPii - 7vkuvk(l/f + Be)

w
§_<¢/,38+M>+CZFH+C« (3'9)
w
Let
¢(u)=v", v=1-u+supu.
M

We have

Y =a,  ge=T
and

v Lo o fa+l av ¢'a
¢_§(¢) _¢< v 2v>221/>0

since v™* < 1. When |Vu(xo)| is sufficiently large, we see ViuVi(u — /) > 0. Hence we have
that the first term on the right-hand side of (3.9) is negative as 8, 8, > 0. From (3.9) and
(1.9) when a is sufficiently large, we then obtain that

/ v 2
¢'ay|Vul <C (3.10)
4v
from which we conclude that (3.1) holds. O

In order to prove (1.19), it remains to bound sup,, |«| + sup,,, | Vi|. We quote two lem-

mas in [8], the ingredients of whose proofs are the maximum principle.

Lemma 3.2 Ifeither (1.10) or (1.11) holds, then any admissible solution u of (1.16) admits
the a priori bound

supu < ¢o. (3.11)
M

Lemma 3.3 Ifu is admissible such that tr T[u] > 0 and |u|couy) < i, then
sup Vyu < ¢1(u), (3.12)
oM

where v is the interior unit normal to OM.

Now with the above two lemmas and the fact V,u > V,u on dM when u € U, we then
have the following.

Page 10 of 12
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Theorem 3.4 Suppose that (1.5)—(1.8), and either (1.10) or (1.11) hold. Then, for u € U,
(1.19) holds.

Therefore, the uniform estimates (1.19) ensure that there exist a subsequence {u,, } of
{u,} and a function u € C*'(M) such that u,, — u in M as g — 0. It is easy to verify that
u satisfies (1.3) and (1.4) and u € C>*(E) for any « € (0, 1). Consequently, Theorem 1.1 is
established.
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