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Abstract

In this paper, we obtain the Hermite—Hadamard type inequalities for s-convex
functions and m-convex functions via a generalized fractional integral, known as
Katugampola fractional integral, which is the generalization of Riemann-Liouville
fractional integral and Hadamard fractional integral. We show that through the
Katugampola fractional integral we can find a Hermite—Hadamard inequality via the
Riemann-Liouville fractional integral.
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1 Introduction
A function f : I — R, where I is an interval of real numbers, is called convex if the following

inequality holds:
Flta+(1-0)b) <tf(@) + (1 - )f (b) (1)

forall a,b € I and t € [0, 1]. Function f is called concave if —f is convex.
The Hermite—Hadamard inequality [4] for convex functions f : I — R on an interval of

real line is defined as

b
f(a;b) < %ﬂ/ f@dx <O ;f(b), (2)

where a,b € I with a < b.

Since the Hermite—Hadamard inequality has many applications, many authors gener-
alized this inequality. The Hermite—Hadamard inequality is also established for several
kinds of convex functions. For more results and generalizations, see [2, 6, 10-14]. The
Hermite—Hadamard inequality (2) is not only established for the classical integral but also
for fractional integrals (e.g., see [1, 7, 18, 22]), for conformable fractional integrals (e.g., see
[19, 21]), and recently for generalized fractional integrals (e.g., see [8, 9]).
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Definition 1.1 ([5]) Lets € (0,1]. A function f: I C R, — R, where R, = [0, 00), is called
s-convex function in the second sense if

f(ta+ 1 —-1)b) <tf(a) + (1 - t)°f (b) 3)
foralla,b el andt € [0,1].

Definition 1.2 ([3, 23]) A function f:[0,b] — R, with b > 0, is said to be m-convex if the
following inequality holds:

f(m +m(l - t)c) <tf(a) + m(1-1)f(c) (4)
forall a,c € [0,b] and ¢ € [0, 1] and for all m € [0, 1]. f is m-concave if —f is m-convex.

Definition 1.3 ([15]) Let @« >0 with n — 1 <a <n, n € N, and 1 < x < b. The left- and
right-hand side Riemann-Liouville fractional integrals of order « of function f are given
by

1

Jaf &) = m

/ - 0@ at,

and
o 1 b a-1
W = s [ a-orwa

respectively, where I'(«) is the gamma function defined by I'(«) = fooo et 1 dt.

Definition 1.4 ([16]) Let @ >0 with n — 1 <a <n, n € N, and 1 < x < b. The left- and
right-hand side Hadamard fractional integrals of order « of function f are given by

) 1[5 %\ f)
o= | (n3) e

and

1 b a-1
H‘b{f(x) = % / (ln £> h@ dt.

Definition 1.5 ([9]) Let [4,b] C R be a finite interval. Then the left- and right-hand side
Katugampola fractional integrals of order a(> 0) of f € X% (a, b) are defined by

pl—ot

TS =50 f x(xﬂ —t°) () de

and

l-a

b
Iy f (x) = ﬁ @ f (& - ") e f (2) dt,
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with @ <x < band p > 0, where X2 (a,b) (c e R, 1 < p < 00 ) is the space of those complex-
valued Lebesgue measurable functions f on [a, b] for which ||f]| x? < 00, where the norm
is defined by

b 1/p
Ifllxr = (/ |L‘Cf(t)’p%> <00

for 1 <p < o0, c € R and for the case p = oo,

!

IIfllxee = ess sup[tc

a<1§<
where ess sup stands for essential supremum.

Theorem 1.6 ([9]) Let o > 0 and p > 0. Then, for x > a,
1. lln1,0—>1 a+ f(x) ]ngf x)
2. hm/HOJr I f(x) = HS f (x).

Lemma 1.7 ([20]) ForO<a <1 and 0 < a < b, we have
’a"‘ —b"" <(b-a)*.

We recall the classical beta functions:

1
Bla,b) = f 11— ) d.
0

We introduce the following generalization of beta function:

1
Py (a,b) :/ (xp)“fl(l —xp)bflx”’l dx.
0

Note that as p — 1 then ?y(a, b) — B(a,b).

In this paper, we give the Hermite—Hadamard type inequalities for s-convex functions
and for m-convex functions via generalized fractional integral. Throughout the paper,
X(a,b) (c e R, 1 < p < 00) is the space as defined in Definition 1.5 and L;[a, b] stands
for the space of Lebesgue integrable over the closed interval [a, b] where a, b are some real
numbers with a < b.

2 Hermite-Hadamard type inequalities for s-convex function
In this section we give Hermite—Hadamard type inequalities for s-convex function.

Theorem 2.1 Let o > 0 and p > 0. Let f : [a”,b’] C R, — R be a positive function with
0<a<bandf e Xt (a’,b"). Iff is also an s-convex function on [a’,b"], then the following
inequalities hold:

o 1f<a0 +b0) - p%T (o +1) [P1.£(b) + P12 f (a”)]

= 2(bP +ar)e
fa®) +f(b°)
2

IA

[L +af(a,s+ 1)} ) (5)
a+s
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where the fractional integrals are considered for the function f (x”) and evaluated at a and

b, respectively.

Proof Let t € [0,1]. Consider x,y € [a,b], a > 0, defined by x* = t°a” + (1 — t*)b", y* =
t’b” + (1 - t”)a”. Since f is an s-convex function on [a”, b”], we have

f<x” ;y") Sf(x”);f(y”)'

Then we have

ZSf(ap . bp) <f(tPa’ + (1= 1t)b") +f(£°1° + (1-t")a’). ©)

Multiplying both sides of (6) by %71, « > 0 and then integrating the resulting inequality

with respect to ¢ over [0, 1], we obtain

28 (a" +bP

1 1
)5 [ eripwa s q-epyas [ e ey s (-v)a)a
ap 2 0 0

a/pp_ op\ %1 xP1
= o
_/b (bp_ap) S 2
b/ap _ g0\ 1 p-1
)y —a o Y
+/; (bp—a/’) f(y)bﬂ—apdy
p* T ()

= ——— [P0 f (V") + Iy f (a”) ] (7)

(bP +ar)”

This establishes the first inequality. For the proof of the second inequality in (5), we first

observe that for an s-convex function f, we have
f(tra” + (1=2)b") < (¢") £ (") + (1= ) f ()

and
feb+ (1=¢)a’) < ()£ (b°) + (1= 2°) f (a”).

By adding these inequalities, we get
f(tPa” + (1 =t°)b) +f(t°0" + (1= t")a”) < ((¢)" + (1= £)))[f(a”) +£(")]-  (8)

Multiplying both sides of (8) by %71, « > 0 and then integrating the resulting inequality

with respect to ¢ over [0, 1], we obtain

p* T ()
(b° +ar)”

: / () + (=) f (@) £ ()] . (9)

[P (b°) + "1 f(a")]
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Since

! 1
/ tap+sp—1 dt = ,
0 pla +3)

and by choosing the change of variable ¢” = z, we have

1
N ) 1
f tapfl(l_tp) dt = M
0 P

Thus (9) becomes

p* T ()

(br +ar)* oa+s

1 1
[ f(0) + 712 f ()] < & [— + Blas + 1)} (@) +£(5"). (10
0
Thus (7) and (10) give (5). O
Remark 2.2 By letting p — 1 in (5) of Theorem 2.1, we get Theorem 3 of [22].

Theorem 2.3 Let o« >0 and p > 0. Let f : [a”,b"] C R, — R be a differentiable mapping
on (a?,bP) with 0 <a < b. If |f’| is s-convex on [a”, b”], then the following inequality holds:

lf(a") +f(b?)  p°T(a+1)
2 S 20br + ar)®
b —a’ [ 1
<
- 2

P #) + 1)

+/3(a+1,s+1)]([f/(a”)|+[f’(bp)|). (11)

a+s+1
Proof From (7) one can have

p* T ()
(b* +ar)”

("2 (67) + 715 f (a")]
1 1

- / (0 a? + (1—1°)bP) dt + / (b + (1 t)a’) dt. (12)
0 0

Integrating by parts, we get

0 bP a—lr
e )oZOf( - (/l)ﬂ’ + a(PO;t)x ("I f (07) + "1 f(a")]

1
Y ;a” / PV (b + (1= t")a’) - f (P a” + (1 - ¢")b")] dt. (13)
0

By using the triangle inequality and s-convexity of |[f’| and the change of variable ¢t” =z,

we obtain
f@)+f@  p @), :
’ ap (P +ar) ("L (6") + "1y f(a")]
1
< b ;“” / @D (b + (1-t7)a’) —f'(tPa” + (1-¢°)b")]|dt
0
b’ —a?

[ e+ (1) e () e

o 0
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b —af

<P [Ceen ey @) - 0 @)

o

+(@) I (@) + (-2l (b7)[] e

1
T2 [ [y (- )+ )
o 0
¥ ‘“p[ L BlasLse 1)][[f’(a”)| LI 6)] 14)
ap a+s+1 ’ '
|
Corollary 2.4 Under the same assumptions of Theorem 2.3.
1. If p =1, then
fl@)+f(b) Tl+1),,
LSO e e+ @)
b- 1 , ,
§Ta|:a+s+l+ﬂ(a+1,s+1)}(V(a)|+V(b)|). (15)
2. If p=s=1,then
f@+fb) Tl+1) .,
‘ - 2(b + a)® [] JSb)+]y fla )]
b- 1 4 1
ST"[(Hz+ﬂ(a+1,2)]([f(a)|+[f(b)|). (16)
3. Ifp=s=a=1,then
’f 270 / s < 2 (@] + r o). 17)

In order to prove our further results, we need the following lemma.

Lemma 2.5 Leta >0and p > 0. Let f : [a”,b”] C R, — R be a differentiable mapping on
(a®,b”) with 0 < a < b. Then the following equality holds if the fractional integrals exist:

f@)+f(®°)  p"Tla+ 1)[

2 gyl e ) I)]

) [y - @ s (- o)) e 1s)
2 0

Proof By using the similar arguments as in the proof of Lemma 2 in [18]. First consider

/1(1 ")t (tPal + (1-£°)b") dt
0

(1=t")f (tPa’ + (1 - t°)bP) |*
plar —br)

0

: /1(1 —t?) P (¢0af + (1-17)bP) dt

+
ap_bﬂ 0
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f(®”) o /“ x° —agP\¥ 1 gl 4
= _ . »
pbP —af) bP—ar J, \b°—ar al — b
o f®) P Ta+1) o,
T pbr —ar)  (bP —ar)ert L f(x) . (19)
Similarly, we can show that
1
/ Pt (Pal + (1-¢°)bP) dt
0
f(a”) P2 M +1) B
- LIS (x 20
p(bp _aﬂ) + (bp _ap)a+1 a+ (x ) - ( )
O

Thus from (19) and (20) we get (18).

Remark 2.6 By taking p =1 in (18) of Lemma 2.5, we get Lemma 2 in [17].

Throughout all other results we denote

f@)+f @) T,

If(a; P, a, b) = 2 - Z(bp + ap)a a+ (bp) + plg—f(ap)]‘

Theorem 2.7 Let o >0 and p > 0. Let f : [a”,b"] C R, — R be a differentiable mapping
on (a®,b”) such thatf' € Li[a, bl with0 < a < b.If |f'|1 is s-convex on [a”, b"] for some fixed

q > 1, then the following inequality holds:

pb—ar)( 1\
e pr,0)] < == (p<a+1)>

1 '/
X ((”y(s+ La+1)+ m)V (a)|"

1
+ (”y(l,a +s+1)+ y(@+1,s+ 1)) lf/(bp)‘q> 1

(21)

Proof Using Lemma 2.5 and the power mean inequality and s-convexity of |f’|?, we obtain

|l (e, p, a, b)|
1
‘L’p N A A R T tp)bp)dt’
2 0

P —ar) (/01|(1 4 N N dt)ll/q

2

([ 1oy =@yl wa (- o) m)uq

1-1/
< ‘p(bpz_ = (/1{(1 —t")"+ (t")a}t”‘ldt> !
0

([ Aoy e @y ey @) eyl o) a)

1/q

pr—ar)( 1\
2 (p(a+1)>
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1 /
X ((”y(s+ Lo+ 1) + m)lf (ﬂp)|q

1/
+(f’y(m+s+1)+Py(a+1,s+1))V/(bﬂ)|q) q. (22)

Hence the proof is completed. 0

Corollary 2.8 Under the similar conditions of Theorem 2.7.
1. If p =1, then

[/“J (b) + ;. f(a)]

‘f (@) +f(b) T(x+1)
2 2(b + a)®

(b-a)/ 1 \' 1 .
< 5 ((a+1)> ((,B(S+1a+1)+( 1))[f(a)|

v
+(BLa+s+1)+Bla+1,5+1)) [f’(b)|q> q.

2. If p=s=1, then

’f(a) +f(b) T+ 1)
2 2(b +

b-a)y/ 1 \'" 1 g
= <(a+1)> x((ﬁ(Z,a+1)+(a+2)>[f(a)|

1/
+(B(La +2) + Bla + 1,2)) V/(b)|q> q.

LB 4 @)

3. Ifp=s=a=1,then

fl@ s 1 / o] <

Theorem 2.9 Let o >0 and p > 0. Let f : [a”,b”] C R, — R be a differentiable mapping
on (a®,bP) such thatf' € Li[a, bl with0 < a < b.If |f'|1 is s-convex on [a”, b"] for some fixed
q > 1, then the following inequality holds:

(- <lf’(a)|q+lf’( )q>”q
- 22- 1/q x 2 !

(et p,a,b)|
%(bp_ ?) 1 ) / 1/q
< e s @) e

Proof Using Lemma 2.5, the property of modulus, the power mean inequality, and the fact

that |[f'|7 is an s-convex function, we have
I (e, p, a1, B)|

< ‘P(bﬂz— a’) /:{(1 =) = ()} S (Pa + (1-17)bP)| dt

_ 1 1-1/q
< M <f tﬂ—l dt)
= 2 o
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1/q

([ Ha-ey - @rirea s oo a)

o _ 40
_pr-a’) 1

]
X(Aﬁu—ff+wrnwvvwﬂva4wwwﬂﬂwfm
pq(bp a/’)< |/ (tp) (t’o)s}dt
*V@”Vﬂ{@—“fu—ﬁf+aw<-%0}ﬁfm
_pi-a)

" Al (@) Bl )7
By using the change of variable ¢* = z, we get

! o s o N 1
A:/O (L= () + ()" () = B + Lo+ 1)+ ——

and

Bzfol{(l—tﬂ)a(l—ﬂ’)s+ (tp)a(l—tp)s}dtzﬁ(a+ Ls+1)+

o+s+1

Thus substituting the values of A and B in (24) and applying the fact that S(a, b)

we get the desired result.

Corollary 2.10 Under the similar conditions of Theorem 2.7.
1. If p=1, then

/() ;f(b) . zf(gx U e f6) 475 f @]

<020 Jir@r o)

-2

([ﬁ(s+1,oc+1)+
+s+1
2. If p=s=1,then

fla)+f(b) T(x+1)
2 " 2b+ta

Sw;m(vﬂﬂ+h+

3. Ifp=s=a=1,then

f(a) +f(b) ‘/ﬂxw

[fo(b) +Ji f(a)]

= |r@r - renm)

1/q

2

(- M(W(W+W(W>W
5 .

Page 9 of 14

(24)

=pB(b,a),

O
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3 Hermite-Hadamard type inequalities for m-convex function
In this section we give Hermite—Hadamard type inequalities for m-convex function.

Theorem 3.1 Let a > 0 and p > 0. Let f : [a”,b°] C R, — R be a positive function with
0<a<bandf € Xt(a’,b"). Iff is also an m-convex function on [a”,b"], then the following

inequalities hold:

mP(a” + bP) T (a +1) a mPp*T(a+1), ,
( 2 ) = 2oy Gy el 10)) + = e S (@)

P
= (@) +£()): 25)
Proof Since f is m-convex, we have

f(Emt) L)

2 - 2

Let x” = mPta” + mP(1 —t°)b°, y* = tPbP + (1 — tP)a” with ¢ € [0, 1]. Then we obtain

(26)

(m”(ap + b")) <f(m’°t"a’° +mP (L —tP)bP) + mf (¢ b + (1 - t°)a”)
2 - 2 '

Multiplying both sides of (26) by £**~1, & > 0 and then integrating the resulting inequality
with respect to ¢ over [0, 1], we obtain

2 (mP(a’ +b")
el ( 2 )
1 1
< / 0 (P P+ mP (1= )6 ) dit + P / (01 + (1-1°)a?) de
0 0
/"m X —(mb) \*' dx
= T X T e———
mb \ (ma)P — (mb)? (ma)P — (mb)r
b O _ P a-1 d
Yy —a -1 Y
+mp/a (bp_ap) y° T
p* T ()

) Ml)ﬁfm+ ((mb)p) +

m’p* T (@), (a”).

(br —ar)e P @7)

Now by multiplying both sides of (27) by %, we get the first inequality of (25). For the
second inequality, using m-convexity of f, we have

f(mpt”a" +m”(1- tp)bp) + mpf((l - t”)ap +17b") < mp[f(ap) +f(b")]. (28)

Multiplying both sides of (28) by £**~1, @ > 0 and then integrating the resulting inequality
with respect to ¢ over [0, 1], we obtain

paflr‘(a) o mppotfll—w(a) }
by —mayye v (1) + G ()
0
] r:_a e (29)

Now, by multiplying both sides of (29) by %, we get the second inequality of (25). O
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Corollary 3.2 Under the assumptions of Theorem 3.1, we have
1. For p =1, then

p <m(a2+ b))

Me+1) ml(e+1)
< m]ma+f(mb) + W]bf(ﬂ)
= Z(f@ +f®). (30)

2. For p=a =1, then

m(a + b) 1 mb m b
1(5) = s L 1 3 [ S0

m

=5 (f(a) +£ (1)) (31)
Remark 3.3 If we take m = 1 in (31) of Corollary (3.2)(2), then we get (2).
Theorem 3.4 Let o >0 and p > 0. Let f : [a”,b°] C R, — R be a positive function with

0<a<bandf eXt(a®,b’).Iff is also an m-convex function on [a’,b’)]. Let F(x,y") :
[0,1] — R be defined as

F(xp,yp)tp = %[f(tpxp +m’(1-t°)y") +f((1 - t°)x” + m""y")].

Then we have

1 b 1 al +b*
- - p_ P\ p-1 o
(bp—a/’)"‘/a (b u ) u F<u - >(bp-uﬂ du

PaP)

p* T , m [a’ +b°
< S —ary ) S ( 5 > (32)

Proof Since f is an m-convex function, we have

1
F(xp’yp)tp = 5
1
2

= S @) +m (7)),

(£ (") + m (L= )f (") + (1= ) (") + M 8°f (57)]

and also

(e 57), =2 e (57

Take x” = t?a” + (1 — t”)b”, we have

a’ + bP

F(tﬂa/’ +(1-2)b", 5 )m < %[f(tpap +(1-7)b*) + mﬂf<‘lp ;bp>]. (33)
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Multiplying both sides of (33) by £**~1, @ > 0 and then integrating the resulting inequality

with respect to ¢ over [0, 1], we obtain

1 P 4 hP
/t"‘"’_lF<t”u"+(1—t")bp,u * ) dt
0 2 to

< % /01 a1 [f(tpap +(1-22)b") + mﬂf(“p ; b )} dt. (34)

Then, by the change of variable u” = t?a” + (1 —t”)b”, we get the desired inequality (32). O
Remark 3.5 By taking p =1 in (32) of Theorem 3.4, we get Theorem 6 in [22].

4 Applications to special means
In this section, we consider some applications to our results. Here we consider the follow-
ing means:

(1) The arithmetic mean:

b
mezﬁgﬂ abeR.

(2) The logarithmic mean:

In|b| —Inlal

L(ﬂ,b)Z b—a ’

a,beR,|al #|b|,a,b#0.

(3) The generalized log mean:
n+l _ an+1

1/n
@TB@TZJ i abeRneZ\{-1,0,ab70.

L,(a,b) = [

Proposition 4.1 Leta,b e R,a<b,0¢ [a,b), and n € Z, |n| > 2, then

b-a |n|(b - a) _1 _1
A(a",b") — ——L"a,b)| < ————A(la|",1b]"). 35
‘(a )= 5 Lua ﬂ_ Al 1) (35)
Proof By taking f(x) = x” in Corollary 2.4(3), we get the required result. d

Proposition 4.2 Leta,beR,a<b,0¢ [a,b], and n € Z, |n| > 2. Then, for q > 1, we have

noyn b-a n |l’l|(b — ﬂ) 1/ (n-1) (n-1)
‘A(a ") - men(a,b)‘ < WA 1(|a| 7D, |p11)., (36)
Proof By taking f(x) = %" in Corollary 2.8(3), we get the required result. O

Proposition 4.3 Leta,beR,a<b,0¢ [a,b],and n € Z, |n| > 2. Then, for q > 1, we have

b b-
’A(a”,b”) T ZL:(a, b)‘ L nb-a) : “)A”q(w(”-l), |b|anD), (37)

Proof By taking f(x) = x” in Corollary 2.10(3), we get the required result. O
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Proposition 4.4 Leta,b eR,a<b,0 ¢ [a,b), and n € Z, m € [0, 1], then we have

f(mA(a, b)) < =L)(ma, mb) + %LZ(a,b) <mA(a",b"). (38)

N =

Proof By taking f(x) = x” in Corollary 3.2(2), we get the required result. O

Proposition 4.5 Leta,b € R, a<b,0 ¢ [a,b], then

- b-a
A6 = =2 1(a, b)) < 2= 2 A(1al 2 1b17). 39
l(a )b+ﬂ(ﬂ)'§2(|ﬂll|) (39)
Proof By taking f(x) = i in Corollary 2.4(3), we get the required result. O

Proposition 4.6 Leta,b e R, a<b,0 ¢ [a,b]. Then, for g > 1, we have

b-a b-a
-1 7-1 1/ -2 -2
‘A(a b7 - thaL(a,b)' EWA 9(jal™2, |b|29). (40)
Proof By taking f(x) = i in Corollary 2.8(3), we get the required result. d

Proposition 4.7 Leta,b e R,a<b, 0 ¢ [a,b]. Then, for g > 1, we have

b-a b-a
A(a™',b7") - L(a,b)| < ——A"4(|a|™,|b|7). 41
A b)) = 2 S, ) )
Proof By taking f(x) = % in Corollary 2.10(3), we get the required result. d

Proposition 4.8 Leta,b € R, a < b, 0 ¢ [a,b], and m € [0, 1], then we have
1
f(mA(a’l,b_l)) < EL(ma, mb) + %L(u, b) < mA(a‘l,b_l). (42)

Proof By taking f(x) = 9—16 in Corollary 3.2(2), we get the required result. d
5 Conclusion

In Sect. 2, some Hermite—Hadamard type inequalities for s-convex functions in a gener-
alized fractional form were obtained. In Corollaries 2.4, 2.8, and 2.10, we obtained some
new results related to s-convex functions, convex functions via Riemann-Liouville frac-
tional integrals and via classical integrals. In Sect. 3, we established a Hermite—Hadamard
type inequality for m-convex functions in generalized fractional integrals. In Corollary 3.2,
anew Hermite—Hadamard type inequality for 71-convex functions via Riemann-Liouville
fractional integrals and via classical integrals was proved.
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