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for t > 0. With this integral kernel, by using the method and technique of weight
coefficients, the equivalent conditions and the best constant factors for the validity of
Hilbert-type integral inequalities involving multiple functions are discussed. Finally,
the applications of the integral inequalities are considered.
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1 Introduction
Let x = (x1,...,%,), R} = {& = (01,...,%,) : %, >0 (i =1,...,m)},r>1,f(t) > 0, and o be a
constant. Set

+00 1/r
170, +00) = {f(t): 1l = (fo £F7(2) dt) < +oo}.

If Zf’:lpii =1(;>Li=1,..,n),0 €Rfilx) € L5(0,+00) (i=1,...,n),K(x1,...,%,) >0,
M is a constant, then we name the following inequality a Hilbert-type integral inequality:

n n
[ Koo m) [T o - d < M Wl
R} i=1

i=1

An integral kernel K(xy,...,%,) is said to be a quasi-homogeneous function with parame-
ters (A, A1,...,A,) if, for £ > 0,

A - -k
K1, ..ot ...,x,) =t "I((t M X1y eee s Xiyernst ‘Anxn) i=1,...,n).
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Obviously, K(x1,...,%,) becomes a homogeneous function of order AAy when A; = X, =
co= A= Ao

So far, many good results have been obtained in the study of Hilbert-type inequalities
(cf. [1-24]). What are the necessary and sufficient conditions for the validity of a Hilbert-
type inequality? What is the best constant factor when the inequality holds? The research
on such problems is undoubtedly of great significance to the study and applications of
Hilbert-type inequality theory, but unfortunately, the research on this type of problems is
rarely seen.

In this paper, we focus on the quasi-homogeneous integral kernels, discuss the equiv-
alent conditions for the validity of Hilbert-type integral inequalities involving multiple
functions, and obtain the expressions of the best constant factors when the inequalities
are established. Finally, we discuss their applications.

2 Some lemmas
Lemma 1 Let integer n > 2,y . 1p— =1 >Li=1,...,n),A€Ro; € RA; >0 (or A; <
0) (i=1,...,n), and K(x1,...,%,) be a nonnegative measurable function with parameters

()"1)\1" n) Zz lil;} _)‘+Zz lA SEt

VV}'=/ l1((111,...,141;1,l,uj+1,...,lzt,,,)
R

X H u, i duy -+ duj_y dujyy -+ duy,.

i=1(i#))
1 -1 —...=L

Then i Wi = % Wy=---=5-W,, and
n o+l
i

a)j(xj) = / ) K(xl, .. .,x,,) 1_[ X; ’ dxl s dx]'_l dx]-+1 e dx,,
e
Ry i=1(i)

L, 1

WO i T+ iy &)
=x/ i=1(i#) 2p; T 2=i=1(i#) 3 VVj,

wherej=1,...,n

Proof Whenj>2,by Y7 %l _j 3, /\%’

i=1 Ap
W, = P o 1 W
Jj = l 17---) M )T; M P ERRS) r
R R R n
u u u,’ u Uy
1 1 1 1
_al+1
X H u; P duy - ~duj_yduj,, - duy,

i=1(i#))

)\‘ ) Z +Zl o(,+1 )
-7 K(1,ty,.. tn)t VAR Tapi

A1 Jre-t
n _D‘i+1
X t, " odty--- dt,
i=2(i))
o+l
A M) (el
=—’1 leI((l’tz"“’t”)ti " t; " dty--- dt,



Cao et al. Journal of Inequalities and Applications (2018) 2018:206

aj+l

tn)l_[t it .

)\'
=2 K(1,t,..
A1 Jri-1

Therefore %}\V, = ﬁWl (j>2). Whenj=1,...

M Xj-1 Xj+1
w;(x;) = 'K o1,
A/ ] s A
R-1 i ] )
x,“ P
/ j j
o+l
X 1_[ X P dx1 dx/;1 dqu.l s
i=1(i#)

My S T
j

/ZL 11#})1

X K(ul,...,u/_l,l,uj+1,...
R1
()tl+1
X 1_[ u; pi du1 dl/l]‘_l duj+1
i=1(i#))
)“"Z o +1 " ( )L)
1( i=1(i#j) A;
:x} i=1(i7j) lpl i=1(i7) A VV}‘

Lemma 2 ([25]) Let p; >0,a;>0,0;>0 (i =

al
X1
[] ()"
xi>0,(%>"1+~-+(;‘f’;)“nsl a1

x x{l-l .
ap”l"(pl F(Pn 1
_ ) / e

T oz,,r‘(p1

-1
P dy - - dxy,

+17n

where I" represents the gamma function.

3 Main results and their proofs
Theorem 1 Suppose that n > 2,
(i=1,...,n). If K(x1,...
(A A1y hy), and

llp

n aj+l

s Un)

Page 3 0of 12

- dt, = —Wl.

, 1, we also get

dx,

du,

1,...,n), V¥ (u) be measurable. Then

()

Pn
+oe4 01
an dt,

=1 >1),reRA >0 (or ;<0), ¢; €R

,Xy) IS a quasi-homogeneous positive function with parameters

Wl:/R,le(l’uz’“"”")n”i P duy - - - duy,

i=2

is convergent, then
(i) the inequality

| Kem) [T dnr- dsy < M Wl M
R} i-1 i-1

holds for some constant M > 0 if and only if ¥ -, MJ

filxi) € L0, +00) (i = 1,...,m);

Lo+ Y 1K,where
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(ii) if (1) holds, then its best constant factor is inf M = IMI LT, 1A |Vpi,

Proof (i) Sufficiency. Assume that ), i’;l =)+, 5 Since

n a]‘+1 n a;+l 1/17/ n ‘X n Otl+1 Z
pj ~p; k= lp
[Ts7 \I1= " ) =T1%" 1T =1

i=1 i=1

by Holder’s inequality and Lemma 1, we obtain

/K(xl, ,xn)l_[fxl dxy -+ - dx,

i=1

no ol n _ot 1\ pj
= / I((xl) 1xn) [l_[x b ( xl ) f;(xj)] dxl . dxn
i=1

" aj+l l/p]‘
= l_[ |:/ oj+1 (]_[x Pi )j},p/(xj)l((xl, oK) dxy - dxn:|

=1

- 00 gjtl-
:HUO % ’ fp’( )

n _Otl‘+1 l/p]
( o 1K(xl, %) H x; P odxy - dxg dxj+1~~~dxn> dx,:|
i=1(i)

+1

+00 oz]+ lpj
(./o p’ f (xl)wl(x/)dxl)

|

:]:

Jj=1

]

j +1 1 1
/+OO a]+1—7+)»] (A— Zl 1) 1171 Zl 1) )T’).f (x )W I ] /17/
] /

je1 B0
(% @+l 1/p;
1/ M-S0 Y % L) Pj
F[W T as
0
j=1
y +00 Upi
HW Pt]"[( / x?"ﬁ”(xi)dxi>
0
i=1

- (H A |”Pl> [Tl

thus (1) holds when taking any constant M > —L \/\ ‘ LTI, a7

Page 4 of 12

Necessity. Assume that (1) holds. Setc= Y7, %21 _3 37 A% Next we will prove ¢ = 0.

i=1 AiDi
First consider the case of A; >0 (i = 1,...,n).If ¢ > 0, for 0 < & < c, take

(~ei=1+A;€)/p;
)

fitw)=1"

0, x> 1,

O<x; <1,
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where i =1,...,n. Then

n no Upi 11\ VP
—1+Aze

. = R 4 d . = — — , 2

J [( [ 5t as) =2T1(5) ©)

i=1

f K@y, ...x) | [fiwi) daxs - - d,
R i=1

1
—a1-1+A1¢€)/,
:/ x(l 1 18)/p1
0

1 1 n
X (/ / K(xl,xz,...,xn)l_[xg_a‘_1+'\i8)/pi dxy - - dxn) dx;
0 0 P2

! (~a1—-14218)/p1+Ax ! ! -3 A
—a1—l+A1€ 1+tAAL A ~
:f x P f / K(1,2, 2 x,...% 7" %)
0 0 0

n
(—aj—1+Az€)/p;
xl_[xl. EeT ’dxz--~dxn)dx1
i=2

—A1 /A —A1/A,
x, 12 "nAl n

ay+l-A1e 1 aj+l-);e
B 1 _%H\x”xl Y, 7,"*1 Yo llzml 1
= X e
0 0 0

n
x K(1,uy,...,u,) 1_[ ul(f“"*lws)/pi duy - -- dun) dx,

i=2

—1/n

—i1 /A
41 1/42
U nOeXl, £-Tn S kve) [ 1 n
— i iPi 1
= %, ce
0 0 0

n
x K(1,uz,...,u,) 1_[ uE_a"_lws)/pi duy - - - du,,) dx;

i=2
1 ! !
0 0 0
n
y ME_W—HME)/P:' duy--- dun> . (3)
i=2

It follows from (1), (2), and (3) that

1 1 1 n
fo xRN dyy (/0 /0 K(1, uz,...,u,,)l_[ug‘“i‘l”ig)/f’i duty - -- dun)
i=2

M1\
<G @

i=

. 1 _—1-Ajcth . .\ I
Since -1 — Ajc+ A6 < -1, fo x 118 el diverges to +0o. Whence it is a contradiction

to (4). In other words, it is not valid for ¢ > 0.
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If c< 0, for 0 < ¢ < —c, take

(-oi=1-A;€)Ip; x>1

i ’ [ )

Sixi) =
O<ux; <1,

’

where i = 1,..., n. Similarly, we get

+00
/ x;1+)\1c—)\18dx1
1
+00 +00 n eV
X / / K(l,uz,...,un)nug_“‘__’S)p'duz...dun
1 1 ;
i=2

M1\
<= =] .
T e H(/\i)

i=1

Since —1 — Aic + X216 > —1 and f
above inequality, hence it does not hold for ¢ <O0.

To sum up, we have c=0for A; >0 (i=1,...,n).

Now let us consider the case of A; <0 (i =1

E—ai—l+ki€)/pi, x> 1,
Jilxi) =
O<x;<1,

’

where i = 1,...,n. Consequently,

vo 1/pi 1.7 1 Upi
1‘[uf||plal:]"[(/ x; dxi) :51‘[(7) ,
1 o1 \ A

i=1

/1<(x1, ,xn)]_[fx, dxy -+ dxy

+00 ;‘1
( —a1-1+r16)/p1 x
=/ UK (L, 2wy 7 )
1

n
X ng_“i_lwg)/p" dxy - - - dxn> dx;

i=2

/+m 7a1+;1—kls+}\)hl+)\1 Zl , )L A Z aﬁl;l € /v+oo /v+oo
= x 1 i ...
1 - -
1 xlxl/Az xnxl/An
1+A;8)/,
x K(1,us,.. ,u,,)l_[ ek L du )dxl
+00
—I—Alc+kls
Z xl I<(1 Up,.. 1“}’!)
1

n
(—aj—1+A;8)/p;
xl_[ul. e ’dugmdu,,).

i=2

,...,n). If ¢>0, for 0 < ¢ < ¢, take

Page 6 of 12

(5)

1 MEME g, diverges to +00, which contradicts the

7)
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It follows from (1), (6), and (7) that

T iohgerh
—1-A1C+A1E
/ xp M dxy
1

+00 +00 n Lo
X / / K(l,uz,...,un)nugwr * ie)/piduzmdun
1 1 i=2
M 1\
<— . 8
= 1‘[(_%) ®)

. +00  —1-Ajc+Ar . s ..
Since —1—Ajc+Are > =1, [ &) 11" dxy diverges to +oc. Thus it is a contradiction to

the above inequality. That is, it does not hold for ¢ > 0.

If c <0, for0<e¢ < —c, take

(—otj—1-Az€)/p;
; i i Pt, O<x[ < 1,

Silxi) =
x;>1,

’

where i = 1,..., n. Similarly, one can get

1 1 1
/ xRN dxy / / K(1,u,..., 1)
0 0 0

n
X Hug_“i_l_kis)/pi duy - - - du,,)

i=2
n lpi
M 1‘[(_1%) . ©)

Since -1 — A;c — A6 < -1, fol %, MM gy diverges to +oo, which also contradicts the
above inequality. It does not hold for ¢ < 0.

To sum up, we alsoget c=0for ;<0 (i=1,...,n).

(ii) Suppose that (1) holds. If the constant factor inf M # |‘))\V_11| [T, 1l UPi | then there exists

a constant M, < l‘f—lll [T, 1%:|*"7i such that

/ K(x1,...,%,) Hfi(xi)dxl o dx, < Mo ]_[ fill prcs -
RY i-1 i-1

For sufficiently small ¢ > 0 and § > 0, take

—a1—-1-|r1le)/,
x(l 1 \1\)171, x> 1,

Silxy) =
0, O<x <1.

Fori=2,3,...,n, take

(~oi=1-|Ale)/pi
i ! ! L’ xl Z 8’

Jixi) =
0 0<x; <é.

)
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Therefore,
n
[ TWillpse
i=1

+00 i 1/py n
_ (/ . dx) T
1 .

i=2

1 1/p1 ﬁ 1 1 1/pi
“\Ile iy \IAile  glxile
TG 6=
== — FTRR ,
£ [A ) Slkile

15

/ K(x1,...,%,) ﬁf(x,»)dx; - dxy,
R! p

1 a1+1+\)»1|e
- / / f Kt %)
0

aj+1+[Azle

xl_[x P dxy - dxy,

dx1

+00 _ 1/p;
(/ Al dx,)
)

1 M- Dt1+1+|/x1\6
—7\1/}\2 =M /An
= X1 X250 00y ?Cn)
0
al+1+M le
X l_[x P dxy - dxy, | dx
+00 ay+1+[Aqle a;j+1+[A;le A +00 +00
M- - T Torr ?:21_1'
= xl “ee
1 41/A2 Sx;h/x"
n a;j+1+[A;le
x K(1, us, . ,un)l_[u i duy - du, | dx
i=2
+00 A (e Z al+1+z 1_1 _swn |A; \5 +00
>/ x i=1 X;p; tl)L Al tlk,p, / /
= 1
1 § )
n al+l+\)» le
xK(l,uz,...,u,,)Hu i duy -
i=2

= / a1 gy / / K1, u,..
1

+00 +00
1 Uuzy..., u ) u;
[T [ k]

It follows from (1), (10), and (11) that

1 +00 +00
[A1] /s /a‘

e

n aj+1+[Aile

) [Jwe 7

[((1,142,... i
i=2

aj+1+[Azle

o Uy) X l—[u P

sz‘rl‘r\)» le

i duy - duy,

du, - -- du,

duy---

du,

Page 8 of 12

(10)

(11)
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Consequently,

ol H| Up’/ / K1, u,,. ,u,,)l_[ i VP gy - du, < M,

as ¢ = 0*. And then let § — 0%, we eventually get

|)\l | Hl)\- |1/Pt

n
=5l ]_[ i1 / K(ttgseyun) [T duty - i,
! REl

i=2

=< M01
this is a contradiction. Hence infM = o 1‘[ oy Uri, ie, the constant factor
™l H, L 12:[VPi is the best. .

4 Applications
Theorem 2 Suppose thatn>2,>
i=1,....,n Then

. A1 n n
min{x7", ,x "} 1_
/I; —il Hf(x,)dxl . dx}’l < (Vl!l—[ |)\,i|pi 1) 1_[ ”f;'”pi,pl-—l;
i=1

mmax{xy ..., %"} ] il

ll;—l(p,>1 A >0 (or A; <O)f(xl)€ 1(0,+oo),

where the constant factor is the best.

Proof Seta;=p;—1,1=0,then ) !, ’i;l

=)+ 20 5 Take

Eow S| vy
min{x}",...,x,"}
K(x1,...,%,) = +
max{x;’,. ,x,,”}

then K(xy,...,x,) is a quasi-homogeneous positive function with parameters (A, A1, ..., A,),
and

n
W1=f K(Luz,...,un)l_[u{("””"”' duy - - - du,
R

i=2

. A
min{1,u52,...,ul"} = 1
= - | |u duy - -
2
R

#-1 max{l, uy”,. ,u,,”}

n
1 min{1,t,,.
N s S
iy Al Jrim max(1,ty, ..., ,}

In view of [1], we get

min{1, &,.
/ mintl, b,y b} ]_[t‘l dty---dt, =n,
R-1 max{l t,..
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it follows that

n
™ |H| Llpz _mM |1_[| At HMil”Li :ngl_[p\i'p%—l
i=1

According to Theorem 1, we know that Theorem 2 holds. O

Theorem 3 Suppose that n > 2, Zl."zl 1} =1(pi>1),a>0,1;>0,0; R, p; >1 + ;. Then
(i) the inequality

1 - z
x; 7 odxy-edxy < M| il (12)
/‘Rz (xinl +x;2 An 1_[ n !:l[ tipise

+ - +xn i-1

holds for some constant M > 0 if and only if )}, 5= S =—at P
(il) if (12) holds, then its best constant factor is

1nfM_m1_[A “1]_[ ( l(l-"”ﬂ)).

bi

Proof SetK(x1,...,%x,) = 1/(x'1\1 +x;‘2 +---+x"1)% then K(x1,...,%,) isaquasi-homogeneous
positive funct+ion with parameters (-a,1,...,,). By Lemma 2,

Wl = )»2 )\n l_[x pl dJC2 d
RV (D57 + -+ %)% 5

1
= lim )
r=+00 xi>0,x22+--»+xﬁ” <r {1 + 7‘[( 1/A1 ))Ll +oeet (rlx/ﬁn ))L”]}n

a,+l

xl_[x Xy -+ dx,

mo Ly o 1q %tl
r’zi:zli Ling ;0= )1_[" F( (1_%+1))

. i=2 i

= lim a+1

ree HzZAFZlZA(l_;_i))

1 o+
x/ 1 ey
o (L+rt)?
F 1_ Ol_+1 aj+

= l_[l 2 ( ( i:2%i(1_ Pil)_l du

lim
r—>+ool_[12)\FZ:'2A(1_a+1)) 1+u)a
~ ITLrga-=m) f*‘” 1 ohta-tgha
1_[12)‘F(212A(1_at_ﬂ)) 0 (1+u)a

[T TG -2
[T M, 5 (1= 25)

F(C, 5 (=) a- Y01, (1 - %07))
I'(a)

1 414 1 a;+1 1 a1 +1
=—J1=TIr(=(1- r{—(1-
Lla) ) xity \Ai pi M p
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Based on this, we can obtain

Wirr.7 1 froalrre(1 ai+1
it =—r(a)£[kf 1_1[F =)

i=1 bi

According to Theorem 1, we know that Theorem 3 holds. O
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