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Abstract

In this paper, we prove almost-Schur inequalities on closed smooth metric measure
spaces, which implies the results of Cheng and De Lellis—=Topping whenever the
weighted function f is constant.
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1 Introduction
In 2012, De Lellis and Topping [11] proved an almost-Schur lemma; that is, if a closed Rie-
mannian manifold has nonnegative Ricci curvature, an almost-Schur inequality involves

scalar curvature and Ricci curvature:

Y 4n(n-1)
/1\‘/1(R R) dvsi(n_z)2 /M

In particular, the equality holds if and only if this manifold is Einstein and has constant

R 2
Ric— —g| dv. (1.1)
n

scalar curvature.

In [9], Ge and Wang proved the almost-Schur lemma under the condition of nonnegative
scalar curvature in a four-dimensional Riemannian manifold.

In [6], Cheng considered closed Riemannian manifolds with negative Ricci curvature
and obtained a generalization of the De Lellis—Topping type inequality. That is, if Ric >
—(n — 1)K for some constant K > 0, she showed that

_— 4n(n-1) nk
fama= T2 (-5 ),

where 1, is the first non-zero eigenvalue of Laplacian on (M, g). For more references, see
[3-5,7, 10, 18].
In this paper, we study De Lellis—Topping type inequality on a smooth metric measure

2

dv, (1.2)

. R
Ric— —g
n

space. First, we recall some definitions of smooth metric measure space.

For an n-dimensional closed Riemannian manifold (M", g) and a smooth function f on
M, a triple (M", g, dvy) is a smooth metric measure space with a weighted volume identity
dvs = €7 dy, where dv is the volume element of M with respect to the metric g. Let
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(Vf@Vu); = %(f,iu,j +fju,;), and let Hess be the Hessian under the metric g. We define the
weighted Laplacian by the trace of

(Hessy u);; = (Hessu);; — (Vf @ Vu)y;
that is,
Aflxl =Au- (ny vu)r

and it is a self-adjoint operator concerning dvy.
Consider the m-Bakry—Emery and co-Bakry—Emery Ricci tensor on a smooth metric
measure space by

1
Ricy" = Ric + Hessf - va ®Vf, m>0,
and
Ricy = Ric + Hessf,

respectively. If Ricy = Ag (or Ric{" = 1g) for some A € R, then M is quasi-Einstein (or m-
quasi-Einstein). In particular, if f is a constant function, then M is Einstein.
According to the classical Bochner’s formula, we have a similar formula

1
EAf|w|2 = |[Hessu|” + (Vu, V Asu) + Ricy(Vu, Vi)

for u € C3(M) on M. Therefore, many results have been extended from Riemannian man-
ifolds to smooth metric measure spaces. We refer the reader to [1, 2, 8, 13—18] for further
references.

The paper is organized as follows. In Sect. 2, we show our main results. In particular, the
proofs of Theorems 2.1 and 2.2 are shown in Sect. 2.1. In Sect. 2.2, we prove Theorem 2.3
and show partial results for the open problem. Finally, we provide a conclusion in Sect. 3.

2 Results and discussion
First, we show the work by Wu [18], which is a type of inequality for an almost-Schur
lemma on smooth metric measure spaces. Let

2(m—1)

-1
Ny = (R+ N |Vf|2>e%
m

and

—m N"dv
Nf _ fM r avr
fM dvy

for any positive number m > 2; if

\V/ 2
rigp = VP
m
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then

— 4 1) 2 trRic |?
fM(f\Gr’”—N}")ze-fdw e L )/‘ ¢

_mTMf dv.

Moreover, the equality holds if and only if

trchf -
-2

chf

Thus, he generalized De Lellis and Topping’s result.

From Wu'’s work, we want to improve the inequality that is an expansion of the almost-
Schur inequality (1.1) for more general Ricci curvature conditions.

In this paper, for convenience, unless otherwise specified, we provide some notation as
follows:

Rr = R+ Af, Vf(M)=fM dvy,

— fMRde a5 fMRdef
R=an> B ="an -

Ric=Ric—Rg,  Ric; = Rics - Lg.
Now we state our results.
Theorem 2.1 Let (M",g,dvy), n > 2, be a closed smooth metric measure space. If
Ricy > (Af - (n—1)K)g,

then

— 2nv/A N
1Ry = Rpll2 < =" ||Rics — Hessf .z + | Af .2, (2.1)

where || - 12, = [, |- > dvy,

-1 — 1)K
Aol m-DK
n )\.1

and )1 is the first positive eigenvalue of the weighted Laplacian Ay. Moreover, the equality
holds if and only if M is Einstein and has constant scalar curvature with respect to the

metric g.

Theorem 2.2 Let (M",g,dvy), n> 2, be a closed smooth metric measure space. If

1
Ric}” > (Z'Vﬂz -(n- 1)K>g

for any positive constant m, then

- 4n’A .
(R-=R)dvs < / Ric|? dvs, (2.2)
/., 1= G o
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and A is the first positive eigenvalue of the weighted Laplacian Ay. Moreover, the equality
holds if and only if M is Einstein and has constant scalar curvature with respect to the

metric g.
Theorem 2.3 Let (M",g,dvy), n > 2, be a closed smooth metric measure space. If

Ricy > (Af - (n—1)K)g,

then
fM (R-RYdvy < (:’f‘;y fM \Ric| dvy, (2.3)
where
A n-1 .\ (n—l)K’
n A

and A is the first positive eigenvalue of the weighted Laplacian A;.

Remark 2.1 Inequality (2.1) in Theorem 2.1 is sharp in the sense of two aspects. One is
that the constant

n-2 \Nm-22 \ =22\

mV/A | an2A \/41/1(;'1—1) (1 nK)

is equal to the square root of the constant in inequality (1.2), then this inequality implies
inequality (1.2) whenever f tends to a constant. The other is that if the equality of (2.1)
holds, then M is Einstein and has constant scalar curvature with respect to the metric g.

Remark 2.2 In Theorem 2.3, inequality (2.3) is almost the same as inequality (1.2). If the
equality of (2.3) holds, “M is trivial Einstein and has constant scalar curvature” remains
an open problem. We also note that, due to the work of Cheng [6], we have a partial result
about this topic (see Sect. 2.2).

2.1 Proofs of Theorems 2.1 and 2.2
First, it is easy to verify that in Theorems 2.1, 2.2, 2.3 we may select f such that [ f dvy =0

since (2.1), (2.2), and (2.3) are valid whenever we replace f with f —f, wheref = f]‘fff(;l;f.

Proof of Theorem 2.1 Assume that R is the nontrivial scalar curvature on M with respect
to metric g, and R = R + Af. According to the Sobolev embedding theorem and calculus
variation, there exists a nontrivial solution u : M — R of the equation

Afu =Ry — Ry,

(2.4)
[y udve =0,
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where

7 JuRr v
Vi)

We also note that the second Bianchi identity div Ric = %VR implies

(div Ricy); = (div Ric); + (div Hessf);

= ViRL'/' + (divHessf)/

1
= ERj + (div Hessf);
1 1 .
= §Rf’j - E(Af)j + (div Hess f);;
therefore,

o Ry:
(div Ricy); = (div Ricy); — =2
n

-2 1
nzn Ryj— E(Af)j + (div Hessf),.

That is,
. e n—-2 1 .
div Ricy = Z—VRf - EVAf +div Hessf, (2.5)
n

where R;'cf = Ricy - I%f g
Then, using

. R
/ (Ricy, hg) dvy = / <Rin——fg,hg>de
M M n

= / (Rf — Rf)h de
M

we have
/ (Ry —Ry)* dvy
M
= / R - R_f)Afu dvy = —/ (VRy, Vu) dvy
M M

-2 o 1
= nz / <divRicf + EVAf —div Hessf, Vu> dvy
M

n—

2n o 1
= / (Ricy — Hessf, Hessy u) + — Af Apudvy
n-—2 M 2

2n o n-2
= / (Ricy — Hessf, Hessy u — hg) + —— Af Arudvy
n-2 M 2n

2n <
< — |Ricy — Hessf || 2 || Hessy u — hg|l;2 + / Af Arudvy, (2.6)
n-— M
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where || - 12, = [, | - |>dvy and

Aru
h=
n

Now, we use Bochner’s formula
1 2 2 .
EAfWul = |Hessu|” + (Vu, V Aru) + Ricy(Vu, Vu),
then

2
de

fpe
Hessfu — —g
M n

Aru)?
= |Hessfu|2—( s4) dvy
M n

IVF2IVul® + (Vf, Vu)*
2

=/ |Hess u|* — 2Hess u(Vf, Vu) +
M

(Afu)?

de

5/ (1— 1)(Afu)"‘ — Ricy(Vu, Vu) - (Vf, V|Vul?)
M n

+ |VfI*IVul* dvy

1
:/ (1_ —>(Afu)2—Ricf(Vu,w) + Af|Vul® dvy
M n

1
< / (1 - —)(Afu)z +(n— K| Vul* dvy,
M n

whenever Ricy > (Af — (n - 1)K)g.

Page 6 of 13

(2.8)

Since the first positive eigenvalue A; (see [1, 8, 12]) of the weighted Laplacian on M is

characterized by

Vol|*dv
A= inf{L(’;'f ‘ @ is nontrivial and / pdvy = 0},
[y > dvy M
we get
/ |Vu|2dvf = —/ uludvy
M M
= —/ M(Rf—R—f)de
M
< llull2lIRf = Ryllz2

< APVl 2 IR = Rl 2,

for which it gives the inequalities

i [ VuPay < IR R and 32 [ utdy <R -R.
M M

(2.9)
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Therefore, (2.8) becomes

Afu 2 —— 9
Hessfu — ——g de §A||Rf—Rf||L2, (2.10)
M n
where
n-1 1
A= + —(m-1K.
n )\.1

Now, by (2.10), we may rewrite (2.6) as

/ (Rf - ITf)z de
M

2n o Aru
< — |Ricy — Hessf || 2 | Hessy u — —g
n-— n

2]’1«/2 J— o J—
< _— |Rr — Ryl 2 ||Ricy — Hessf || ;2 + / Af (Ry — Ry) dvy
— M

2nvA
n—”Rf RfIILZIIRth Hessf || ;2 + IRy = Rrll 2 |1 Af Nl 12,

+/ Af Arudvy
2 JM

which implies the De Lellis—Topping type inequality

— 2nvA N
IRy = Ryll2 < == |Rics — Hessf 2 + 1 Af 2. (2.11)

If the equality of (2.11) holds, we have the following properties:
(i) Rin(Vu, )= (Af =(n-1K )g(Vu, D

(ii) ,u.l(thf Hessf) = Hessy u — = g, where 17 is a non-zero constant;
(iii) R Rf = —Au = wa Af, where W2 is a non-zero constant;
(iv) f au, where « is constant (since fo dvy =0).

By (iii) and (iv), one has A¢f = a Aru = ajry Af. We rewrite it by

(1 - ap2) Af = |VfP,

and then it infers that f must be zero on M since M is a closed manifold. Therefore, we
complete the proof of Theorem 2.1 by the results of [6] and [11]. O

Proof of Theorem 2.2 In the following, we show an almost-Schur lemma under the as-
sumption of m-Bakry—Emery Ricci tensor, which is similar to the work of [18]. Consider

the nontrivial solution u : M — R of

Afu =R —]_3, (2.12)
[y udve =0, '
where
1_3: fMRde

Vi)
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Additionally, the second Bianchi identity div Ric = 1 VR implies

L n—2
divRic = —— VR,
2n

where (div Ric); = V;R;; and Ric = Ric - §g.
Then we have

/(R—I_Q)zdvf /(R—E)Afudvf:—/. (VR,Vu)dvy
M M M

—2n )
= / (div Ric, Vu) dvy
2 Jum

’/l_
2n o
= / (Ric, Hesss u) dvy
n—2 M
2n o Aru
= / <Ric,Hessfu— Lg> dvy
n-2 M n
2 o Aru
< —n||Ric||Lz Hesspu — Lg . (2.13)
1’1—2 n L2
Now we use Bochner’s formula
1
EAHVMZ:uksuﬂ+<VWVAﬂa+R¢Avvax
one has
Ay |2
/ ‘Hessfu— Lg dvy
M n
Aru)?
:/ |Hessu — Vf ® Vul|* - u dvy
M n
2 Aru)?
< / (1 + T)lHessuF + (1 + —)lVf@ Vul? - udvf
M 2 m n
1 m m+2
:/ 1-—+— (Afu)2 - Ricy(Vu, Vu)
m+2
o (IVfPIVul® + (Vf, Vu)?) dvy
n-1 m m+2)(n—1)K
(2 s DK o

Here, we use Ric}' > (EIVfI? = (n-1)K)g.
Therefore, by inequality (2.9) (but we replace (Ry — E) with (R — R)), (2.14) gives

2
dvy < A|IR-R|}; (2.15)

Afu
Hessfu — ——g
M n
then (2.13) can be rewritten as

_ 2nv A
IR=Rl|2 < n/A

n_ankML (2.16)




Chen Journal of Inequalities and Applications (2018) 2018:194

Page 9 of 13
where

n-1 m m+2)(n-1)K

A= .
n 2 2A1
If the equality of (2.16) holds, then Hessu = %Vf ® Vu on M; which implies
2
Ayu=Au—-—(Vf,Vu)=0. (2.17)
m m

That is, u is a weighted harmonic function with respect to weighted measure dvays on M,
it infers u = 0 on M. Thus, Theorem 2.2 follows by the results of [6] and [11]. " a

By combining Theorem 2.2 and Theorem 2.1, we note the following property.
Corollary 2.1 Let (M",g,dvy), n > 2, be a closed smooth metric measure space. If
Ric!" > l|Vf|2 —(n-1)K K
ief' = | n g

for any positive constant m, then

— 2nvA
IRf = Rellp2 <

— |IRicy — Hessf 2 + | Af Il 2,

where || - |17, = [,,(-)* dvy and

n-1 m m+2)n-1)K
=t
n 2 2A1

and A is the first positive eigenvalue of the weighted Laplacian Ay. Moreover, the equality
holds if and only if M is Einstein and has constant scalar curvature with respect to metric g.

2.2 Proof of Theorem 2.3 and partial result

This is similar to the process from (2.12) to (2.15) (in the proof of Theorem 2.2), but we
replace (2.14) with the following formula:

Hessfu — ——g
M n
Ar

2
u
:f |Hessfu|2—( ) dvy
M n

2
de

IVFI2|Vul? + (Vf, Vu)? (Afu)2
5 - ” de

:/ |Hessu|2—2Hessu(Vf,Vu)+
M
1
5/ (1——)(Afu)2—Rin(Vu,Vu)—(Vf,Vqu|2)+|Vf|2|Vu|2de
M n
1
:/ (1_—>(Afu)2—Ricf(Vu,w)+Af|Vu|2dvf
M n

1
< /M(l - ;)(Afu)z +(n— K| Vul* dvy.

Here, we use the curvature assumption Ricy > (Af — (n - 1)K)g.



Chen Journal of Inequalities and Applications (2018) 2018:194 Page 10 0of 13

Thus, we obtain

Afll 2 =\2
Hessfu— ——g| dvy <A | (R—-R)"dvy, (2.18)
M n M

and then inequality (2.3)

— 4n’A .
R-R)dv 57/ Ric|*>dv (2.19)
J B = T | ey

holds, where

n-1 (m-1)K
+—_
n )»1

A=

If the equality of (2.19) holds, we have the properties:
(i) Ricg(Vu,-) = (Af = (n - 1)K)g(Vu,-);
(ii) wRic= Hesspu — # g, where u is a non-zero constant;

(i) R—R=-Au;

(iv) f = au, where « is constant.

In the following, we prove that if the equality of (2.19) holds under the condition o < ﬁ,
then M is Einstein and has constant scalar curvature with respect to metric g but remains
an open problem whenever « > n—il

It is clear that if & = 0, theorem follows by [6] (or [11] for K = 0). Therefore, we focus on
o #0.

By (ii), (2.18), and (2.19), we compute u as follows.

. Aru |2
,uZ/ |Ric|2dvf:/ ’Hessfu—ig‘ dvy
M M n
= AIR-RI%,

4n*A? o
=Gz /M |Ric|? dvy, (2.20)

which gives

4n*A? .
(M2 - m) /NI |RlC|2de =0.

Hence, we have

(2.21)

2nA 2n (n—l (n—l)K)
" + .

:n—2:n—2 n M
By (i) and (iv),

Ryju; + auyu; —au;Au+(mn—1)Ku;=0
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implies

2
Ryju; + o giu; —o(Au) juj + Ryuy; + oy

—a(Au)?*+ (n-1)KAu=0. (2.22)

Additionally, (ii) gives

UR Aru
MRi]'u,il' = 7g + HBSSf u-— Tg! Hessu

R
= M—Au + |Hess u|? — aHess u(Vu, Vi)
n

Au—a|Vu|?
_2UZeIVIE Ay (2.23)
n

Let # have minimum at p € M; that is, u(p) = infy; u. Then (2.22) and (2.23) become

Rjuj = a(Au)* — a|Hessu|* — (n — 1)K Au,

(2.24)
uRyu ;= %RAM + |Hessul|* - %(Au)z,
at p, for which we have
MR 9 1 9
0=—Au+1+au)|Hessu|” - — +au |(Au)*+ (n - 1)uKAu
n n
1
=(1+ow)|Hessul|* — ﬂ(Au)2
n
+ E(R -(n-1DaAu+n(n- 1)I<)Au, (2.25)
n
at p.
Since
R-n-1DaAu+n(n—1)K =R+ Au—mn-DaAu+nn-1)K
=(1-(m-1Da)Au+R+nn-1)K,
(2.25) can be rewritten as
2 1 2 M 2
(1+auw)| |Hessu|” — —(Au)” | + —(1 —(n- l)a)(Au)
n n
M —
+—=(R+n(n-1)K)Au
n
=0, atp. (2.26)

Because of the curvature assumption

Ric + o Hessu > (aAu — (n - 1)K)g, (2.27)
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we have
R>a(n-1)Au—-n(n-1)K, (2.28)

which gives

R> %AAudvf—n(n—l)K

20, _
= %A|VU|2de—n(n—l)K

> —n(n-1)K, foralla #0. (2.29)
Here, we use
Au=Asu +a|Vul

and integration by parts.

If ‘71 <a< nlj, by (2.29), each term on the left-hand side of (2.26) must be nonnegative
at p; therefore, Au(p) = 0, which implies R(p) = sup,, R = R, and then M is Einstein and has
constant scalar curvature with respect to metric g.

Ifa< _,lu we rewrite (2.26) as

1+ oz/L)(|Hessu|2 - (Au)z) + W(Au)2
+E®enn-1K)Au=0 atp. (2.30)

n

We note that at p, the n x # matrix Hess u must be semi-positive. Then |Hess u|?> < (Au)?
at p, and the equality holds only if the rank of Hess u(p) is less than 2. From this inequality,
each term on the left-hand side of (2.30) must be nonnegative. Therefore, Au(p) = R(p) —
R =0, and then M is Einstein and has constant scalar curvature with respect to metric g.

3 Conclusion

This paper contributes two main points. One is that two types of almost-Schur inequalities
on smooth metric measure spaces are established under m-Bakry—Emery Ricci conditions
or co-Bakry—Emery Ricci conditions, which imply the results of Cheng [6] and De Lellis—
Topping [11] whenever the weighted function f is constant. The other is that the equality
of our inequality implies geometric qualities of manifold, because the equality holds if
and only if the manifold is Einstein and has constant scalar curvature with respect to the
background metric (see Theorem 2.1, Theorem 2.2, Corollary 2.1, and a partial result of
Theorem 2.3 in Sect. 2.2).

4 Methods

In this paper, we show almost-Schur inequalities on smooth metric measure spaces. The
key points in the proofs are Vf ® Vu and Bochner’s formula, then due to the Bianchi iden-
tity and the first positive eigenvalue of the weighted Laplacian, we establish the almost-
Schur inequalities.
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