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1 Introduction

Throughout this paper, let M, be the set of all # x n complex matrices. We denote by I,
the identity matrix in M. For two Hermitian matrices A,B € M,,, we use A > B (B < A)
to mean that A — B is a positive semidefinite matrix. A matrix A € M, is called accretive-
dissipative if in its Cartesian (or Toeptliz) decomposition, A = R(A) + iI(A), the matrices
M(A) and J(A) are positive semidefinite, where R(A) = ’“TA*, J(A) = A’z‘?*.

Let || - |l denote any unitarily invariant norm on M,,. Note that tr is the usual trace
functional. For p > 0 and A € M,,, let ||A]|, = (Z;’;lsf(A))ll’, where s1(4) > s5(4) > --- >
s,(A) are the singular values of A. Thus, ||A||, = (tr |A|”)ll" For p > 1, this is the Schatten
p-norm of A. For more information about the Schatten p-norms, see [1, p. 92].

A real-valued continuous function f on an interval ] is called matrix concave of order »
if flaA + (1 - «)B) > af (A) + (1 — a)f (B) for any two Hermitian matrices A, B € M, with
spectrum in [ and all @ € [0, 1]. Furthermore, f is called operator concave if f is matrix
concave for all #.

The numerical range of A € M, is defined by

W(A) = {x*Ax xeClx'x = 1}.
For « € [0, 7), S denotes the sector in the complex plane as follows:
S = {z eC:Nz>0,|3z| < (Nz) tana}.

Clearly, A is positive semidefinite if and only if W(A) C Sy, and if W(A), W(B) C S, for
some « € [0, 7), then W(A + B) C Sy. As 0 ¢ Sy, if W(A) C Se, then A is nonsingular.
In [7], Kittaneh and Sakkijha gave the following Schatten-p norm inequalities involving

sums of accretive-dissipative matrices.
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Theorem 1.1 Let S, T € M, be accretive-dissipative. Then
» 3,
272 (||S||§ + ||T||§) <IS+ T <22 1(||S||§ + ||T||§) Jorp>1.

In [5], Garg and Aujla showed the following inequalities:
k k k
[1si(4+B1") <[ ]s(l+ 1A ] [si(la+ 1BI) forl<k<ml<r< 1
j=1 j=1

j=1

and

k k k
l—[s} (I +f(IA+B)) < 1_[3,'(1” +f(|A|))1_[sj(I,, +f(1Bl)) forl<k=<n, 2)
j=1 j=1 j=1

where A,B € M, and f : [0, 00) — [0, 00) is an operator concave function.
By letting A,B> 0, r =1 and f(X) = X for any X € M, in (1) and (2), we have

k k k
l_[sj(A +B) < 1_[5,'(1,, +A) l_[sj(l,, +B) forl<k<un (3)
j=1 j=1 j=1
and
k k k
[[st+A+B) <[ ]sila+ D] [s5u+B) for1<k<n. (4)
j=1 j=1 j=1

In this paper, we give a generalization of Theorem 1.1. Moreover, we present some in-
equalities for sector matrices based on (3) and (4) which remove the absolute values in (1)
and (2) from the right-hand side.

2 Main results
Before we give the main results, let us present the following lemmas that will be useful
later.

Lemma 2.1 ([2, 11]) Let Ay,...,A, € M, be positive semidefinite. Then

n
> 1418 <
j=1

n p n
DA =Y NAlL forp= 1
j=1

p Jj=1

Lemma 2.2 ([3]) Let A, B € M|, be positive semidefinite. Then
IlA+iBll, < |A +Bll, <~2||A +iB|, forp>1.
Our first main result is a generalization of Theorem 1.1.

Theorem 2.3 Let Ay,..., A, € M, be accretive-dissipative. Then

p

forp>1.

n
P
27 Y |4yl <
j=1

I
—

J 2 Jj=1
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Proof Let A; = B; + iC; be the Cartesian decompositions of A;, j = 1,...,n. Then we have

n
DA
j=1

p

n p
> (B +iC)
j=1 p

j=1 j=1

p
p

p

>0 (by Lemma 2.2)

n n
2. B+2.6G
j=1 j=1

p
p

—92%

" P
> (B+C)
J=1 p
> 9% Z IB; + CGjlly  (by Lemma 2.1)
j=1

n
>0 Z IB; +iGill5  (by Lemma 2.2)
jo1

n
2
=27 ) |45,
j=1

which proves the first inequality.
To prove the second inequality, compute

n
DA
j=1

p n

= > (B +iC)

p Jj=1

p

p

j=1 j=1

p
p

p

IA

(by Lemma 2.2)

n n
>.B+).G
j=1 j=1

p
p

p

=[>_B+C)
j=1

< bl Z ”B], + C}“? (by Lemma 2.1)
j=1

n
<128 B +iGllL  (by Lemma 2.2)
j=1

2n%)7 &

= > 412,
n £
j=1

which completes the proof. d

Remark 2.4 By letting n = 2 in Theorem 2.3, we thus get Theorem 1.1.
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The following lemma is the well-known Fan—Hoffman inequality.
Lemma 2.5 ([12, p. 63]) Let A € M,,. Then
Ai(RA) < 5;(A),
where () denotes the jth largest eigenvalue.

In [4], Drury and Lin presented a reverse version of Lemma 2.5 as follows.

Lemma 2.6 Let A € M, be such that W(A) C S,. Then
si(A) < sec’(a)A;(RA),

where () denotes the jth largest eigenvalue.

Theorem 2.7 Let A,B € M, be such that W(A), W(B) C S,. Then

k k k
Hsj(A + B) < sec®(a) Hsj(ln +A) Hsj(l,, +B) forl<k<m (5)
j=1 j=1 j=1
and
k k k
l_[s/(ln +A + B) <sec*(a) Hs,»(],, +A) Hsj(ln +B) forl<k<n. (6)
j=1 j=1 j=1
Proof We have
k k
l_[sj(A + B) < sec®(a) Hs,'(ﬂt(A + B)) (by Lemma 2.6)
j=1 J=1

k

=sec™ (@) [ [s;(M(4) + %(B))

j-1
k

k
< sec(a) Hs/(l,, + ER(A)) Hsj(ly, + ER(B)) (by (3))

J=1 J=1

k k
= sec™ (@) 1_[ s;(NUy, +A)) 1_[ s;(N(I, + B))
=1 =1

J J

k k
<sec™(@) ][5l + A)] [5jlu + B) (by Lemma 2.5)
j=1 j=1

which proves (5).
To prove (6), compute

k k
[ [5in + A+ B) < sec™(@) [ [ (%, + A +B)) (by Lemma 2.6)
j=1 j=1
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k
= sec* Hs, I +NR(A) + ‘)t(B))

j=1
k k
< sec(a) 1_[5,- (In + R(A)) l_[sj(ln +R(B)) (by 4))
j-1 j=1

k k
= sec ns, % 1, +A Hs,»(ﬂt(],, + B))
j=1 j=1

k
< sec® () Hsi(ln +A) Hsj(ln +B), (byLemma 2.5)
j=1 j=1

which completes the proof. d

Corollary 2.8 Let A, B € M, be such that W(A), W(B) C S,. Then, for all unitarily invari-

ant norms ||| - ||| on M,

A + Bl < sec*(@) I, + Alllll L, + Bll;
and

14, + A + Bl| < sec*() |, + Alllll £ + BIll.

Proof From (5) and (6), we obtain

k k
l—[sj(A +B) < 1_[ sec(a)(l +A))S1 (sec(ot)(l + B)) forl<k<um
j=1 j=
and
k
Hs,([ +A+B)< Hs, (sec(a), + A))sj(sec(a)I, + B)) for1 <k =<n,
j=1

which is equivalent to the following inequalities:

k 1 k 1
HS/E(A +B) < 1_[ ? (sec(a) (I, + A))s 7(sec(oz)([ +B)) forl<k=<mn;

—_

and

k 1 k 1
[ [s7Un+A+B) <]]s’ (secl@)d + A))s? (sec(e)I, + B)) for 1<k <n.

j=1 j=1

—_

By the property of majorization [1, p. 42], we have

Zs (A+B)<Zs (sec(e)(I, + A))s %(sec(a)(l +B)) forl<k<un
j=1 j=1
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and

Zs (I, +A+B)<ZS sec(a)l +A)) %(sec(a)(l +B)) forl<k<n.
j=1 j=1

Now, by the Cauchy—Schwarz inequality, we obtain

ko, k 3/ k 3
Y siA+B) < (Zsj(sec(a)(l,, +A))) (Zs,-(sec(oc)([n + B))) for1 <k <mn;

Jj=1 Jj=1 Jj=1

and

NI»—A

1 1

k 2 k 2

(1 +A+B) 5(23, sec(a) (I, +A ) (Zs, seca)[ +B))
j=1

k
J=1 j
forl <k<mn,
which is equivalent to the following inequalities:

|| |A +B|% ||i < ||sec(oz)

and
|| I, + A + B|2 ||k || sec(a)(l, + A) || || sec(a)(l, + B) ||k
By the generalization of Fan dominance theorem [8], we have

114 + B2 ||* < [|sec(e)d, + )| |sec(er)d, + B);

(7)
and
”’ I, + A+ B|% wz < |”sec(a)(1,, +A) ”’ msec(a)(ln + B) ”‘ (8)

LetA+B=U|A+B|,I,+A+B=V]|I,+A + B| be the polar decomposition of A + B and
I, + A + B, respectively, where U and V are unitary matrices. Thus, by (7), we have

llA +BIl = ||u1A + Bi|

-l 52

< [+ B3P

< [sceta), + )] sccta), + B
- sec(a? [ + )] 4, + B

Similarly, by (8) we have
12, + A + BI| < sec®(@) 1L, + AL, + BIl,

which completes the proof. d
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Taking k = n in Theorem 2.7, we obtain the following corollary.

Corollary 2.9 Let A,B € M, be such that W (A), W(B) C Sy. Then

|det(A + B)| < sec™(a)|det(I, + A)||det(L, + B)

and
|det(Z, + A + B)| < sec®()|det(I, + A)||det(l, + B)|.

Lemma 2.10 ([13]) Let A € M, be such that W(A) C Sy. Then, for all unitarily invariant

norms ||| - ||| on M,
AN < sec(a)|[R(A) ||.
Next we give an improvement of Corollary 2.8.

Theorem 2.11 Let A,B € M, be such that W(A), W(B) C Sy. Then, for all unitarily in-

variant norms ||| - ||| on M,

1A + Bl < sec(e)lll, + AllllllZ, + Blll; 9
and

lZ; + A + Blll < sec(a)llZ, + AllllZ: + Bl (10)

Proof By (3), (4), and the proof of Corollary 2.8, we obtain

R(A) + RB)|| < [|2 + RAD|| ||, + RB||; (11)
and
12 + RA) + RB) || < ||7. + RA) || |72 + KB (12)
Hence

lA + Bl|| < sec(a) ||9%(A + B)|| (by Lemma 2.10)

= sec(a) [|[R(A) + RB)||

<sec(a)||Z, + RA)||||7. + "B)|| (by (11))

R, +A)||

=sec(a) R(I, + B) m

< sec(a) I, + Al + Bll,

which proves (9).
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To prove (10), compute

7, + A + B|| < sec(a)|| R, +A+B)|| (by Lemma 2.10)
= sec(a) || I, + R(A) + RB)||
<sec(a)||Z, + RA)|| |2, + "B)|| (by (12))
= sec(a) || N(L, + A) || || R, + B)||

< sec(a)|IL, + AL, + Bll,

which completes the proof. d
The following lemma can be obtained by Lemma 2.5.

Lemma 2.12 ([6, p. 510]) If A € M, has positive definite real part, then
det (RA) < |detA|.

Lemma 2.13 ([10]) Let A € M, be such that W(A) C S,. Then
sec”(a) det(MA) > | det A|.

Now we are ready to give an improvement of Corollary 2.9.

Theorem 2.14 Let A,B € M, be such that W(A), W(B) C S,. Then

|det(4 + B)| < sec”(a)|det(I, + A)||det(l, + B)|; (13)
and

|det(, + A + B)| < sec”()|det(Z, + A)||det(L, + B)|. (14)
Proof Letting k = n in (3) and (4), we have

det(R(A) + R(B)) < det(L, + N(A)) det(I, + R(B)); (15)
and

det(Z, + R(A) + R(B)) < det(I, + R(A)) det(I, + R(B)). (16)

Thus

|det(4 + B)| < sec” () det(R(A + B))  (by Lemma 2.13)
=sec () det(ﬂi(A) + §)?(B))

<sec”(a) det(I, + R(A)) det(I, + R(B)) (by (15))
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= sec” () det(N (L, + A)) det(R(I, + B))

<sec”(a)|det(l, + A)||det(Z, + B)| (by Lemma 2.12)

which proves (13).
To prove (14), compute

|det(Z, + A + B)| < sec”(er) det(N(I, + A + B)) (by Lemma 2.13)
= sec” () det(I, + R(A) + R(B))
< sec” () det(I, + R(A)) det(L, + R(B)) (by (16))
= sec” () det(N (L, + A)) det(R(I, + B))
<sec”(a)|det(l, + A)||det(Z, + B)| (by Lemma 2.12)

which completes the proof.

Lemma 2.15 ([9]) Let A,B € M, be positive semidefinite. Then
|det (A + iB)| < det(A + B) < 2% |det (A + iB)|.

We remark that (2) extends the well-known Rotfeld inequality:

det (I,, +ulA +B|”) < det (I,, + M|A|p) det (1,, + ,bL|B|p) foru>0,0<p<1.

Finally, we present two inequalities for accretive-dissipative matrices.

Theorem 2.16 Let A,B € M, be accretive-dissipative and i > 0. Then

|det (A + B)| <2"|det (I, + A)||det (I, + B)

and
|det (I, + w(A + B))| < 2"|det (I, + nA)||det (I, + uB)|.
In particular,

|det([n +A +B)| < 2”}det(1n +A)||det(1,, +B)|.

Page 9 of 11

(17)

(18)

(19)

Proof Let A =A; +iA; and B = B; + iB, be the Cartesian decompositions of A and B. By

(3) and (17), we obtain
det(A; + Ay + By + By) < det(l, + A + Ay)det (I, + B; + B>);
and

det(l, + (A1 + Ay + By + By)) < det (I, + (A + Ap)) det (I, + u(By + By)).

(20)

(21)
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Hence

|det(A + B)| = |det (A +iA; + By +iB,)|
= |det (A} + By) +i(A> + By))|
<det(A; +B; + A2 + By) (by Lemma 2.15)
=det(A; + Ay + By + By)
<det(l, + Ay + Ay)det(I, + By + By)  (by (20))
< Z”Idet I, +A; + iA2)| ‘det (I, + B + iBz)’ (by Lemma 2.15)

=2"|det (I, + A)||det (I, + B)

’

which proves (18).
To prove (19), compute

|det (I, + u(A + B))|
= |det (I, + u(A1 +iAs + By +iB,))|
= |det (I, + u(Ay + By) + pi(As + By))|
<det(I, + u(A; + By + Ay + By))  (by Lemma 2.15)
=det (I, + u(Ay + A + By + By))
<det (I, + n(A1 + Ap)) det (I, + w(By + By))  (by (21))
<2"|det (I, + u(A; +iAs))||det (I, + u(By +iBy))|  (by Lemma 2.15)

=2"|det (I, + nA)||det (I, + uB)),

which completes the proof. d
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