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1 Introduction
Let A(x) be an elliptic # x n matrix with complex-valued entries that are merely bounded
and measurable, and let T = div(A(x) V). The well-known problem of Kato is to show the
boundedness of 7' from the Sobolev space H'(R") to L?(R"). Fabes et al. [6] studied a
family of multilinear square functions and applied it to the Kato problem. In fact, they
obtained a collection of multilinear Littlewood—Paley estimates and then applied them to
two problems in partial differential equations. The first problem is the estimation of the
square root of an elliptic operator in divergence form, and the second is the estimation
of solutions to the Cauchy problem for nondivergence-form parabolic equations. Such a
square function has important applications in PDEs and other fields’ we refer to [1-7, 9,
10, 13, 14, 17-19] and the references therein. We now give the definition of the multilinear
square function of type w(¢).

Suppose that w(t) : [0, 00) > [0, 00) is a nondecreasing function with 0 < w(1) < co. For
a > 0, we say that w € Dini(a) if

! dt
|w|Dini(a) :f wa(t)_ < o0,
0 t

Let K;(x,91,...,ym) be alocally integrable function defined away from the diagonal x =
Y1 =+ =Yy in (R?)™1 We say that K;(x,y1,...,¥m) is a kernel of type w(¢) if there is a
positive constant A such that the following conditions hold.

Size condition:

1
& dt\? A
K%, y1,. .., m)z—) <€ (1.1)
(fo Koyl T ) = S
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Smoothness condition:

1

o0 dat\?

(/ |I<t(zyy1)~-’ym)_I(t(xlyly---xym)|27>
0

< w( Jz—x] > (1.2)
a (Zj=1 |x —yjl)'”” Zj:l |x _yj|

whenever |z — x| < %maxj”’=1 | — ], and

o0 2 dt %
(/ |I<t(x7y1)'~1yj)~~wym)_I<t(x$yl)"‘1y//‘7--~;ym) _>
0

t
A ;= ¥l
< w( CAl ) (13)
(Zj=1 x _y1'|)mn Zj:l o = y;l
whenever |y —y;| < %maxj”jl lx — y;l.
For any x ¢ ﬂ;ﬁl supp f; and f; € C°(R"), we say T is a multilinear square function of
type w(2) if
2 1
R 00 m dt 2
0 Ry i
j=1

In this paper, we always assume that T can be extended to bounded operators from

LT x ... x LI toquorsome1<q,q1,...,qm<oowithqil+~~~+qi=‘l1.
m

Remark 1.1 When w(x) = x¥ for some y > 0, the boundedness of a multilinear square
function was studied by Xue et al. [18].

Definition 1.2 (Iterated commutators) Given a collection of locally integrable functions
b=(b1,...,by), the iterated commutator of a multilinear square function is defined by

T () )
_ ( [

< [T509 dv1 -+ dym

j=1

[ T = ORI Ki52030)
j=1

1

ar\?
7) . (1.5)

Definition 1.3 (Commutators in the jth entry) Given a collection of locally integrable
functions b = (by, ..., b,,), we define the commutator of a multilinear square function T as

6. 7)) = Ty fon) = D T(F),
j=1

where each term is the commutator of ;, and T in the jth entry of T, that is,

TR = BTy s oo fon) = T(Fis o by f).
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For the commutators generated by the multilinear Calder6n—Zygmud-type singular in-
tegrals and Lipschitz functions with the kernel of standard estimates, Wang and Xu [16]
and Mo and Lu [11] obtained the boundedness from a product of Lebesgue spaces to the
Lebesgue space, to the homogenous Triebel-Lizorkin space, and to Lipschitz spaces, re-
spectively. Motivated by these results, we study the boundedness of commutators gener-
ated by the multilinear square functions and Lipschitz functions. The main results of this

paper are as follows.

Theorem 1.1 Let T be a multilinear square function of type w(t) with w € Dini(1). Suppose
b e /'\,3/ withO< Bi<1forj=1,...,mand =P+ -+ B If1<p1,...,pm < 00,0 < q < 00,
and 1/p; > Bj/n with 1/q = 1/py + - - - + 1/p,, — B/n, then Tyj can be extended to a bounded
operator from L' x --- x [P into L1.

Theorem 1.2 Let T be a multilinear square function of type w(t) with w € Dini(1). Suppose
b; € /'\ﬁ/. withO< Bi<lforj=1,....mand B=p1+ -+ B Let 1 <py,...,pm <00,0<
1/pj < Bj/n,and 0 < B —n/p <1 with 1/p=1/p1 + - - - + 1/p,,. If o satisfies

1
/ ﬂdt<oo,
0

tl+B-nlp

then Ty can be extended to a bounded operator from LP' x - - - x LP™ into Lipschitz space

/\ﬁ—n/p-

Theorem 1.3 Let T be a multilinear square function of type w(t) with w € Dini(1). Suppose
b; e /'\ﬁ}. withO< Bi<lforj=1,....mand B =p1+ -+ Bp. If 1 <p1,...,pm < 00 With
1/p=1/p1 + -+ 1/p,, and w satisfies

1

w(t

/ ()dt<oo,
0 tl+ﬁ

then Tp; can be extended to a bounded operator from LP' x --- x LP" into the Triebel—

Lizorkin space E’™
The paper is organized as follows. Some definitions and preliminaries are given in
Sect. 2. In Sect. 3, we focus ourselves on a key lemma, which will be used in the proof

of Theorem 1.1. The proofs of Theorems 1.2 and 1.3 are given in Sect. 4.

2 Preliminaries
Definition 2.1 For § > 0, M; is the maximal function defined by

M‘Sf(x)zMW's)%(x)z( x|Q|/V(y)| )

In addition, M" is the sharp maximal function of Feffeman and Stein,

MEF () = sup nf - f 700 =cly~ sup o / ) —fol d,
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and
Mf(x) = ME(IF ) ().

Given a locally integrable function f, for 0 < B < n, we define the fractional maximal
function

1
1 co\"
M, 4f (x) = sup| ———— : 1.
/(@) =sup ( |B|\-Frin /BW” @ ) "=

If 8 =0andr = 1, then My f = Mf denotes the usual Hardy-Littlewood maximal function.
When g =0, we denote M, g simply by M,.
Chanillo [1] proved thatif 0< 8 <n,0<r<p<n/B,and 1/q =1/p — B/n, then

M pllg < CIIfllp-

Definition 2.2 ([12]) For 8 > 0, the homogenous Lipschitz space Ag(R") is the space of
functions f such that

[Bl+1
(A, f(x)]
Ifligmny = sup ————— <00,
4 sheripgo  |h|P

where Aﬁ denotes the kth difference operator.
To prove our theorem, we need the following lemmas.

Lemma 2.1 ([12]) Let b € Ag, 0 < B < 1. For any cubes Q', Q in R" such that Q' C Q, we
have

b — bal < Cllbl|a, Q1P

Lemma 2.2 ([12])
(1) ForO<B<landl <gq< oo, we have

1 1 1
1A %Sng/Qlf_le%SZPW(/QV_JCQW) :

(2) ForO<B<landl <p< oo, wehave

1
i oy 4]

Lemma 2.3 ([15]) Let }7 = pil oot ﬁ and & € Ap. Let T be a multilinear square function
of type w(t) with w € Dini(1).
(1) If1<p1,...,pm < 00, then

I lpo0 ~

m
1Tf lrws) < C [ illzvion-

i=1
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(2) If1<p1,...,pm <00, then
N m
N Tf reoiuz) < CT | Will2rscn-
i=1

3 Proof of Theorem 1.1
To prove Theorem 1.1, we need the following estimates for T;; and T%. We just consider
the case m = 2 for simplicity; our method still holds for general m with little modifications.

Lemma 3.1 Let 0 < § <€ <1/2, and let T be a bilinear square function of type w(t) with
w € Dini(1).
(i) Ifby € Ap, and by € A, with 0 < By, B2 < 1 such that B + B> = B, then

2
MiTry(hof) @) < C [T 1billiy Mes (T 2)) ()

i=1
+ ”bl ”AﬂlME,ﬁl (Tzz(fl!ﬁ))(x)
1B ll5y, Moy (THFS)) )

2
+ [ T8l Mo ()@ Mg, (F)) £ (3.1)

i=1

(ii) Ifbj e Ag,j=1,2,and 0< B <1, then
METLRA)® < Clblay (Mo (THL) 0 + Mip@OME®),  (32)

where k #j,k=1,2.

Proof Fix a point x and a cube Q(xq,/) containing x with side-length /, and set Q* =

8/nQ = Q(xq,8+/nl). We split f; as f; =]§° +f°, where');0 = fixqr and £ = fixwn g+ for
j=1,2. As is well known, to obtain (3.1), it suffices to show that

(|_é|/QiTnZ(fbfz)(z)_c|8dz>3

2
< C{H ||bl||AﬂlME,ﬂ(T(ﬁ’ﬁ))(x) + ”bl ”/\51 Me,ﬂ] (Tg(fll,fZ))(x)

i=1

2
1Bl i, Mgy (T )0 + T | ||bi||A,giM1,ﬂ1(ﬁ)(x)Ml,ﬁz(ﬁ)(x)}

i=1

for some constant c to be determined.
Let A1 = (b1)o+ and Xy = (b2)g+. The sublinearity of T1j; leads to

| Tz (f1.2)(@) - ¢
<|(b1(2) = 1) (b2(2) = 1) T(f1, 5)(2)| + | (b1(2) —M)Tzz(fhfz)(zﬂ
+|(b20) = 1) T RS + | T (b1 = )i, (B — 1)) () — .
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Thus we have

<|_é|/QiTnE(fbfz)(z)_c|6dz>3

< (|113|/|(b1(z) A )(bZ(Z)_)Q)T(fl, 2)(Z)|5dz>g

* (é'/Q|(b1(2)—)\1)T52(f1’f2)(z)|8dz>5

1

1 5

* <—/’(b2(z)—kz)T§(ﬁ, z)(Z)|8dZ>
[Ql Jo
1
(IQI / T( =20 2 =2205) @) el dz)
5T1+T2+T3+T4.
We now observe the elementary inequality
|b(z) - bo| = CIQIP" b1l 4,

which follows from the fact z € Q and b € Ag. From Hoélder’s inequality and the assump-
tion By + By = B, for 0 < § < € < 1/2, we have

2 ) | %
S!;[Hbiﬂwi(m/(gﬁ(ﬁ, )(2)] dz)

2 1 %
< ||bi||A.(—€ T, )()fd)
RN /Q| (op)@ d=
2
< C [ 1Billap, Mes (T(H.12)) ).
i=1

Similarly, we have

Ty < Cllbillzg, Mepy (T3 (£1.12)) )
and
Ts < 1ball 25, Me s (T3 (f1,2)) ().
Now we deal with Ty. Set ¢ = T((b1 — 11)fi™°, (b2 — A2)f5°) (x). We may bound T as
Ty < Ty + Tag + Taz + Taa,

where

T41 = <|_é| A|T((b1 —)\.1)flo, (b2 —)\.z)fvzo)(z)rsdx)g,



Si and Xue Journal of Inequalities and Applications (2018) 2018:188 Page 7 of 21

Tor = <|_<12| /Q 17 (b —M)ff"’,(bz—kz)fzo)(2)|5d2>5,

1

Tys = <|_é| -/Q|T((b1 — A0, (by — )‘2)f2°°)(z)|5 dz> 3 ’

and

1

Ty = <|Q|_/|T ((b1 = 20)f°, (b = 12)f5°) (2) = T ((by — M)f°, (b — Aa)fs® )(x)| dZ) .
For T4;, by Kolmogorov’s inequality and Lemma 2.3 we get

Tur = C|T((br = 20R (b2 = 22)f5) | 2oe i, )

c 1
= |_(2|/(;|(b1 _)Ll)flo(z)idzﬁ /Q|(b2 - M)fy (2)| dz

< Cllball i, 152115, M, (R @M g, () ).

Forany y € R” \ Q* and b € Ag, there exists Q' such that Q* C Q and |y — xq| ~ |Q'|/".
Then, from Lemma 2.1 we have

’b(y) - bQ* < |b()/) — bQ/

+ b~ bo-| < Clbl 4,y — 2ol (33)

For any y, € (Q*)° and z € Q, we have |z — y,| ~ |y, — xg|. By Minkowski’s inequality and
the size condition (1.1) we get

1 1
T43§(@A’T( Alfl,(bg—)\.zﬁ )Z)’ dZ)

1 00 ,dt 12
C — I< 8] ) -
< (IQI/Q/W</0 |Ki(2,y1,52))| t)

X |(b1 ) - )‘-l)flo(y1)| | (ba(y2) — )xz)fzoo()’z” dy, dy,

N
dz)
1 [(b1(y1) = M) (B2(92) = A2)f° (v2) | dyr dy
cl =
= (IQI /Q’/ /RW\Q* (2=l + Iz -y

= )(b2(y2) — 22)| d
< Cllbllzs, Mg, () @)Q| E /2k+3fQ\2k - [f2(y2 lyj(i’zxdznz Yo
k=1 n ten

IR
dz)

< Cllba 1y, Mg, () @)1Q| Z ()| dys

1
|2k+3/nQ|1-F2 ./2k 3 /7
[e¢]
< Cllballag, b7 Mgy ()M, () () D 27
k=1
=< Clibrllag, 162115, M1, (i) %)My, (f2) (x)

By using the same technique we get Ty < Cllb1ll 44, 1621145, M1, (1) (%) M1,p, (f2) (%)
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To estimate Ty4, we use Minkowski’s inequality and (1.2) and (3.3). Since (R” \ Q%)% C
R\ (Q*)% € s, (2K3/nQ)? \ (2K2/nQ)?, we deduce that

1 o0 . . th 1/2
T <|— K (z,y) — K;(x,7) —)
“ (|Q|/Q/R”m</o fe) - Kl )1
2 8 5
dz)

X l_[|(bi(yi) - X)) dy
/ 1 w( |z —xql )
®n@a2 (X =311+ e =922\ |x = y1] + |x — 32|

i=1
1

il
<Cl| —
- (IQI Q
8 5
dz)
<C—

Hl(h () = 20) )| d
1 —k
= |Q| /Q 2k+3fQ\2k+2fQ 2k+3\/—Q| (2 )

k=1

2
< [T1(Bi) = 2:)f> )| dy dz

i=1
00 1 2
C 27k 2 (y;)| dy
- ;(Dk“ﬁ@)z‘ﬁ”ﬁz /(2k+3ﬁo\2k+2ﬁo>2w( )Eﬂﬂ 0l

< Clbullay, 12114, M, (F) @M g, (5) ()
Combing all our estimates together, we obtain (3.1).

Now we are in the position to prove (3.2). It is sufficient to consider the operator with

only one symbol. Fix b € A4 and consider the operator
Ty(f) ) = [T, £)®) - TBAAL) ).
We have to prove that
METH (1, f5)®) < ClIblLi, {Me s (T(, ) () + Mg (R) M) (x) ).
Let ) = bgs. We can control T(f)(x) as
Ty(F) (%) < | (b@) = )| T(fi, oo fon) ) + T((B = A)fis o fon) ()

Then, for any constant ¢, we obtain that

(ﬁ /Q ||Tb(ﬂ,ﬁ)(z)|‘3—|cr‘|dz)g
(IQI f Tutffole _”sz)s

(IQ|/| (b@ - )T dz) +<|Q|/|T ((b=2)fisfo)(2) <] dz)
=: (P1+P2).
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By Holder’s inequality we get

1
1 s s
Py = CllQlIA, (W/‘T(fhfz)(zﬂ dz)
QI JQ
< ClIbll oy M (T(of)) @).
We bound the second part as
Py < Py + Poy + Pz + Py,
where

1 ;
ru=(ig [r@-nt.me )

1

1 8
Py - (@ /Q|T<<b—x>f1°,f2w><z>!8”) '

1
8

1
Py = (@ /Q| T((b -0 ) @) dz) ’

and

1

1 5
Py = <@ / |T((b-A°f°) (=) = T((b - W™, 2"0)(9c)|(S dz) .
Q
By Kolmogorov’s inequality and Lemma 2.3 we get

Py < C|T((b-MR.f) ”Ll/Z’OO(B,d—x)

0
|Q|/|b 2 Z)|dZ|Q|/V(Z)|dZ
Cloli, | " = [ IP@)|de— [ |f°(z)|d
< Cllbll, || |Q|/Q[f1(z)| z|Q|/QLf2(z)y .
< ClIblls, My () M) )

By using the Minkowski inequality and (1.1) and (3.3) we obtain that

1

Py = <|Q|/|T (CEPNANA )(z)| dz)

<c@ |T((6-0fR.f°)(2)| dz

1 AN
< [ L [, ([ o)
1Ql JoJor Jioye 0|t y1y2|t

x| (bGn) = MAOD)|[a02)| dy2 dyy dz
1
|Q|//*,/* (Iz =9l |(b()/1) A)ﬁ()’l)|[ff2(y2)|dy2d)’1dz

+ |z —y2])?"
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d
<c [ [@on-ro)a [ LI
Q* R\ Q* |Z—y2|
3 a(r2)| dya
<clibl, [ =l liowlan - [
AB Q* 1 Q m@1| yl; 2k+1 e\ 2k |Z—y2|2”

<Clblls, Z|2kQ*|‘2|Q*| /2 g 202 | D2M ()G

< Clbl, 3 2 |2kQ*| / 1) oM ()

k=1

< Clbllas Mup(h) (%)M (f2) (%)

Similarly, we deduce that

Py3 = <|Q| /|T (b )“)fl ), 2)(Z)| dZ)
|Q|f|T(b W) ()| dz

d 1/2
s b LI ([ el E) 1000 -2 lla0n|ddr de

|Q|/‘/*/* (=] ! |(6(n) = 2)A 00| [o(2)| dy2 dy dz

+ |z = y2])*

b(y1) = A d
EC/(‘ . |( (3’1) )fl(yl)| Y1 A*m@2)‘dy2

Iy1 — x>

it b - d
SC|Q*|Z/ [(b(y1) = MAin)I ylM(fz)(x)

2k+1Q*\2kQ* |y1 - lez”

k+1Q*\ k

< Clbl, Q]S / b= xgP 0w M)W
k=1
. * = k yx | B2
< Cllbll;|Q |;\2 Q| /2 gt ROV MU @)

= 1
< ClIbliz, Zz kW i *lﬁ@1)|dy1M(ﬁ)(9€)
k=1 Q

< Clbll 4, M p(h) M) ().

Since (R"\ Q*)*> € R?"\ (Q*)? C U2, (2F3/nQ)*\ (252 /nQ)?, we can use Minkowski’s
inequality and (1.2) and (3.3) to get

P24<—/|T (b= Wf ) (@) = T((b - W= f5°) )| dz

|Q|f/]Rn\Q* (/ |Ki(2,) Kt(xy)2dt>
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dydz

2
x |(bon) - 2) [ [£00
i=1

.
= T w
1Ql Jo Jmmg#2 (2= y1l + [x = y21)2"  \ |x = y1| + |x — 32l

2
x (b)) =) [0

i=1

dydz

Iy om(2?)
|Q| Q1T ek 2k ynQp? (1253 /nQ|)2

2
(by1) - 1) l_[foo(%‘) dydz

i,

— 1) 2—/( I —x |ﬁ
] /QZ |2k+3«/_Q|)2 /2k+3ﬁQ\2k+2ﬁQ)2 ()b =

2
x l—[lﬂoo(yl')|d)7dz

i=1

Page 11 of 21

1 (o]
C||b||AﬁZW/2k 3leﬁ ()’1)|dy1w/2‘k+3ﬁ(2[fz (2)| dy>

=< ClIbll s My, (1) )M (F) (%).

Thus we finish the proof of (3.2). Then Lemma 3.1 is proved.

O

Proofs of Theorem 1.1 By using Lemma 3.1 and modifying the proof of Theorem 1.1 in [8]

we can finish the proof of Theorem 1.1. We omit the proof.

4 Proof of Theorems 1.2 and 1.3

O

For simplicity, we just consider the case m = 2; our method still holds for general m with

little modifications.

Proof of Theorem 1.2 The theorem will be proved if we show that

1 - -
SZP QBT /Q‘Tnz(f)(z) - (Tm;(f))Q’ dz < Cllbillag 102l 2, Wfillen 2 llea - (41)

Let ¢ = ¢1 + ¢y + ¢3, which will be determined later. Then we have

|Q[L+AIn- 1/p/| (f)(z) HZ(?))Q|dZ

EW/Q}TH;%, 2)(2) - c| dz
c e
= g J,| T 2) @) 4z

C
+|Q|1+T—1/p/Q|Tnb 122 )(Z)—Cl|dZ
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C (o.¢]
+ g Tl ) -l e

C
" Wﬁ%z(ﬁw,}’{’o)&)—@!dz

£]\/[1+]\/[2 +M3 +M4.

Page 12 of 21

We can choose 1 < g,q; < 00, q; <n/Bj < pj, j = 1,2, with 1/qg = 1/q1 + 1/q, — (B1 + B2)/n.

By Holder’s inequality and Theorem 1.1 we obtain

C 0 (0 q ta 1-1/q
Ml < |Q|1+/3/,,_1/p Q‘Tﬂg(f 2, 2)(2)’ dZ |Q|

C —
< g AT W L 1o

= Cliflleerlf2llzeo-

For the second term, we take ¢; = T((by — A1)f{,£°) (). Then

M = |Q|l+ﬂ/n 1/p / (/

x Ki(z, 51,y 01)f2 (y2) dy1 dys

(b1(2) = 1) (b2(2) — 1)
?)d

s ([ ] oot

i [ Lo -

2 g\ 12
dt
—) dz
t
By Minkowski’s inequality and the size condition (1.1) we have

o
My < W‘/Q/*/H\Q*|(b1(Z)—)x1)(b2(Z)—)»2)|
oo d 1/2
X </ |Kt(Z;y1:y2)|27t) i) (92)| dy1 dy» dz

|Q|1+ﬁ/n 1/p / /*A”\Q*’ bl A])(bg( ) )\2)’
A 0)f(2)| dyy dy, dz

¢

R”\Q*

x Ki(z,y1,72)i 01)f2(y2) dy1 dy

x Ki(z, 1, y2)h 1) (92) dyr dya

x [Ki(z,91,2) = Ke(xq, y1,72) | (01)f2 (v2) dyr dya

= M21 + M22 + M23 + M24.

(Iz—y1|+|z—yz|)2”
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C
=< W _/(;|(b1(2)—)»1)(b2(z) _)L2)|
1
dvi dv-, d
X /.* /]Rn\Q* (Iz=y1| + |z = y2|)*" lfl(ﬁ’l)fz(yz)| yy dy, dz
< ”bl”/\ﬂl ||b2||Aﬁ2|Q|l/p\/‘ lfl(yl)| dyl
Q*

= ()l
——=—d
X /; yz

1 k+3\/7_lQ\2k+2«/7lQ |y2 —xQ|2n

<161l , D214, 1QI" f [i01)| dy
Q*

o]

7
X —_ 2(y2) | dy2
; |2k+3ﬁQ|2 2k+3ﬁQ\2k+2ﬁQV ’
oo
< Ballag, b2l g, Ifillzen fallzen Y 29417102
k=1

< Nb1llag 1b20l4g, Vallzen 2 llzp2
B1 B2

We now proceed as in the estimate of My;:

C
Mo = J a1y fQ / , fRn\Q*I(bl(z)—M)(bz(yz)—kz)l
00 d 1/2
X ( /0 |1<t<z’y1,yz>|27t) A0 ()| dyr dys dz

C
= fQm /Q/ . /Rn\QJ(bl(@ =) (ba(y2) = 22|

1
* (lz =31l + |z = y2])?" 101)f2002)| dy dyz dz

C
=< W / |(b1(z)—)\1)|

dy1 dy, dz
/* A”\Q* (|Z y1| + |Z V2 |)2n lfl(YI)fz(yZH y14ay>
bl 1E2li

S T oy |Q|F2/n-11p /Lﬁ(yl)]dylz/k 2(2)]

+3 . /nQ\2%+2 . /nQ |y2 —JClen_ﬁz

o0
-1-1
< Wbullig 15215y, Wallzor fsllpe Y~ 2R Y P2ebaln)
1 B2
k=1

< ballag, 16214, Wi llor 2]l o2
A1 B2

because of -1 — 1/py + B2/n < 0.
Similarly,

Moz = Clibillag, 1621144, Vi llzer U2l ez

Page 13 of 21
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By Minkowski’s inequality and (1.2) we have
C
My < QAT [(2/* ,/Rn\Q*Kbl(Z) = h1)(b2(2) — 12|
00 A\ V2
2at
X </ |Kt(Z:)’1,y2) —Kt(xQ,y1,yz)| 7) lfl()’l)f2()’2)| dy, dy, dz
0

1
<l Vol s /Q | /R IRCCEENICEARS]

(i)
(|Z Y1l + |z = ya])?" lﬁ(yl)ﬁ()/z)|dy1 dy, dz
1
= C"bl“Aﬁl ||b2||ﬂﬁ2|Q|1+ﬂm /(;/‘* /]‘Qn\Q*|(b1(z)_kl)(bz(yZ)_)\‘zﬂ
(\z—xQ|
g 01V (y2) | dyr dys dz

(Iz Y1l + |z = ya|) 2P

= Clib1lizg, ||b2||Aﬂ2|Q|ﬁszf|(b1(Z)—)»1)|
Q

/*A Do)~ Lﬁ(yl)ﬁ()’zﬂdyldyzdz

ma (lz=y1l + 12— y21)"

111144, 1621144,
< CW /@Vl()ﬁ””%

lfz()b)‘ dy,

S
e - -
o1 |2k+3ﬁQ|2_ﬁ2/n 2k+3\/ﬁQ\2k+2\/ﬁQ

oo

< Clibullag, 162, Wil ollir D ao(27F) 20 Foimeip)
k=1

< Clib1llag, D21 ag, W 221 I1f2ll 2225
B1 B2

where we have used the fact 1 — 8y/n + 1/p; > 0.
Thus

M; = Clibillag, 1521l ag, Vfillzer f2]l 72
Similarly,

Ms < Cllbillzg, 15211y, Wfillz Ifslzro-

We deal with My as follows:

C o0

2 g0\ 12
x Ki(z,y1, y2)i 01)f2(y2) dy1 dys 7) dz

C o0
78 (g0 009-22)




Si and Xue Journal of Inequalities and Applications (2018) 2018:188

Zdt 1/2
x [Ki(z,y1,92) = Ki(xQ: y1,32) [ (01)fa (2) dyr dya ?> dz

C [o¢]
— b by(
+ |Q[L+B/n-Lip /Q(/O ‘/(R”\Q*)z( 101) - )( 2(2) - kz)

2\ 172
dt
x [Ki(z,y1,92) = Ki(%Q: y1,32) [i 01)fo (92) dyr dya 7) dz

C o0
" |Q|1+Ain-1ip /Q(/o ‘/(RM\Q*)z (2101) = 21) (22002) = 22)

2 1/2
dt

—) dz
t

x [Ki(z,91,2) = Ke(xq, y1,y2) |1 (01)f2 (v2) dyr dya

= M41 + M42 + M43 + M44

By Minkowski’s inequality and the size condition (1.1) we have

C
My < W‘/(;/(Rn\Q*)J(bl(Z)—Al)(bz(Z)—)uzﬂ
00 2dt 1/2
x </0 |Ki(z,1,52)] ?> VA0)f6(2)| dyy dy, dz

C
= W /Q/(‘R”\Q*)Z ’ (bl(z) - )\1)(172(2) - )\2)|

1
* (lz =31l + |z = y2])?" 101)f2002)| dy dyz dz

o0
)
< 1B1lly, 1215, 117 S f AT
k=1

2k+3 /nQ\2k+2 /nQ |y1 —xQ|n

XOO/ A0

P 2k*3\/_Q\2k+2«/_Q |y2 —XQ|n
o0
k -1/p k -1/p:
< ballag, 152y, Ifillen |Lf2||Lpz|Q|“PZ\2 BynQ| T Y |2 mQ
k=1 k=1

< 1611l Ag, D211 2g, Wallor 12 ]l02.

By Minkowski’s inequality and the smooth condition (1.2) we have

C
Mp<——" by(2) = 21) (a(y) — &
2 < QAT /Q/(R”\Q*)J( 1(2) = A1) (b2(y2) = 12) |

e dt 1/2
X(/ |Kt(z»)’1,y2)—I(t(xQ,yl;y2)|27> A 0)f(2)| dy1 dy, dz

b 12
- 151114, I ?”/\/32 Z/ A0l dy,
|Q|P2/n-1ip k+3 mo\2k+2 /mq [Y1 — %ol”
N = / [2(y2)|ew(2” l)
2i+3 /nQ\2i+2,/nQ |y2 —xQ|n /32

oo
k+3 =1p1| ~1/,
< Nballag, 1520y, Wil fallir Y253 /nQ| %1 1QIMP

k=1
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x ia) 2l+3\/_Qiﬁ2/n 1/P2|Q| —Baln+1lpy
i=1
o0
< ballag 152llag, Wfille fallie Y a(27F)2F =10
i=1

< 1ballag, 1621l 4g, Wi llor 2l p2 -
A1 B2

Similarly,

Maz = Clibillag, 1621144, Vi llzer 121l p2

Now we estimate Myy:

C
T /Q /(RH\Q*)J(blm)—Al)(bz(yz)—xz)l

00 dt 1/2
X(/ |K¢(z,y1,yz)—1<z(xQ,y1,yz)|27) IA00602)| dyr dy, dz

_ 11l 211, Z/ ool
N |Q|/3/Vl Lp 2k+3fQ)2 2k+2fQ |y2 — |2" P1-B2

z—x
a)< | al )dyldyz
ly2 = %ql

< Ballag, b2l g, Ifille follrn ) eo(275) 2P I=1P)
k=1

< 1611l Ag, D211 2g, W2l v 121102

Combing the estimates for My, My, M3, M4, we get (4.1). Thus the proof of Theorem 1.2
is completed. d

Proof of Theorem 1.3 Let ¢ = ¢; + ¢z + ¢3, which will be determined later. Then we have
1 - =
|Q|1+6/n /(;‘THZ(]()(Z)_ (THB(f))Q’dZ
7
< —— [ | Tlh.f2)(2) —c|dz
|Q|1+ﬁ/n Q} b ‘

C
< W/‘(bl(z)_)\l)(bZ(z)_)LZ)T(fb 2)(2)| dz

|Q|1+ﬂ/”/| (b2(2) = 22) T3 (f1,o)(2) — €1 | dz

i | B@= )T o d

(o
+ W /;2|T((b1 - )‘l)fl’ (b2 - Az)fz)(Z) - C3| dz

é]\[1 +N2 +N3 +N4.
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In what follows, we estimate each term separately. For 1 < r < p, by the Holder inequality
we have

Ny < Cllb1 g, 16211, M (T(h, ) ().
Observe that

(b1, T1(f1.£2)(2)
<|(B1@) - M) | THH)@ + T(R.5) (@)

b1(y1) — 1) Ko (% 31, 3201 1)fs (92) dyr dya

Zdt)%
)

)1
.

[ (eo-2)
(Rn)m
+ (/OO / (b1(y1) = A1) Ke (6, 31, 92) 01 ° (v2) dy1 dys
0 (Rrmym
| mon-m)
(R™)

i b1(y1) — M) Ke (%, 91, y2)° 1) (v2) dyr dys

Let

¢i = 1ballz,, 1QIP™

(L

+ [1b2 1 5,4, 1QIP

1

2dt\ 2
t

1

Zdt)z

t

2de\ 2
)

/( - (b1(y1) = A1) K, 31, 02)° (001)f (v2) dyr dys

x(/ / (B101) = 20 ) K,y 7)) 02) oy dly
0 (R1)ym

+ 15l 4, 1QIP

x(/ / (B102) = ) Koy 72 O (o) s s
0 (Rmym
Then

C /
No= o [ 10l 110 TV (0 - de
Q

Cliba i
S \CCRRI R

, Cliealls,
|Q|1+ﬁ1/n2/T(f10’ )(Z)dZ

CIIbzIIA,52 /(/W/
—_— b -
|Q|1+ﬂ1/n Q o (Rn)m( l(yl) 1)

X [Kt(z,ybyz) - Kt(xQ,ypyz)lﬁo()h)fzoo (y2) dy1 dy

CIIbzIIA,52 /(/w/
—_— b -
|Q|1+ﬂ1/n Q o (Rn)m( l(yl) 1)

1

2 1
dt\ 2
—) dz
t
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1

Zde\ 2
x [Ki(z,y1,92) = K, y1,92) [° 01)fs (02) dyr dya 7) dz
Clll’ﬂzIIAﬁ2 </°°V
_— bi(y1) — A
|Q|1+5]/n Q o (]Rn)m( IO/I l)
24\ 2
X [Ki(z,91,2) = Ke(x, y1,y2) [ 01)f5° (v2) dy dys 7) dz

= N21 + N22 + N23 + N24 + N25.

By the Holder inequality we have

1 y 1/r
Noy = Cllb2 |44, (W/Q|b1(z)—)~1| dZ) (|Q|/|T(fl:fz)(z)| dZ)
< 1b1llag, ||b2||AﬁzMr(T(ﬁ:fz))(x).

Take 1 < g1 < p1, 1 < g2 < p3, and 1 < g < oo such that 1/q = 1/q; + 1/q>. Then by the

Holder inequality and Lemma 2.3 we have

Cllball A Va
Ny < W </ |T((by - MR, 20)(Z)|qdz>
Q

ClibalIA
= |Q|‘31/n+f/2q H (b1 = 2)fY ”qu Hfoum

ClIb1ll Ag, D214
= W Hflo Hm HfZO ”qu

< 1ball g, I1B21155, Mg, (F1) )M, (£3) (%)

For y, € (Q)5, |y2 — xql ~ Iy2 — zl, and |z — xq| < 2% < Imax {|z—yi|, ]z~ 521}, by

Minkowski’s inequality and the smooth condition (1.2) we get

Clibsl1,
Nos = |Q|1+ﬂ1/"2/ /Rn (b1y2) =)

1
o dt\?
x (/ |Ki(z,1,52) —I(;(xQ,y1,y2)‘2?> IR0 (02)| dyr dys dz

_ Cliballzg, 162114y, Cllbrllag, 1221144, /‘ / ly1 —xqlP1
= QA ®n2 (12 =311 + |z — y2])?"

|z —x0| -
w(—Q>Vl00’1)fz (2)| dy1 dy dz
lz=y1l + |z = yal
< Wbl 12l nyy / [ 20500
T JoJey (2=l +lz -yl

w(&) dy, dyn dz
|z—y1] + |z = 32|

|Q|||b1||Aﬁ1||b2||Aﬁ2// ool [ 202) w(|z_xQ|>dy2dy1dz

lz— 212"\ |z -2l
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C
< il ||b2||Aﬁ2/Q/Q*lﬁm>|

= k -2 ok
XZ/zMﬁQ\zMﬁQlﬁ%)Hz Qw2 dys i de

1
< Clbals, Wl o | Jaowlan
Q*

1

o0
2k+3 -1 27]( . y
x;ml VIQE O C™) 3 Zrat fes srgaen g 2021 92
S 1
_k _k
EC"bIHAﬁl”hz”AﬂzM(fl)(x);Z (2 )m

S / lfz()&)‘dyz
2k+3ﬁQ\2k+2ﬁQ

< Clibull i, 1Bl MOV M) )
Similarly,
Nog = Cllbilay, 15211, MU M) ()

For y1,52 € (Q)%, |y1 — x| ~ |y1 — 2|, and |y, — xq| ~ |y2 — z|, by Minkowski’s inequality
and the smooth condition (1.2) we get

Clibali A,
Nos < |Q|1+ﬁ1/;//n bl(yl) )‘1)‘
1
o 2dt\ 2 o o
X / |K(z,91,92) = Ki(%Q: y1,02) | r V220052 (v2) | dyn dy» dz

C||b1||Aﬂ1||b2||Aﬂ2// ly1 — %Pt
- |Q|1+hr/n @2 (12— y1] + 1z - y21)?"

|Z XQ| -~ o
e I S

CllblllAf,1 IbzIIAﬁZ// [y1 —xo P IR (5 (32)|
- |Q|L+hi/n @2 (z=y1l+|z=y20)?"

|Z—JCQ| )
o| ——————— | dy,dy,dz
(IZ—y1|+|Z—yz| e

__C 1bsl 1ol // A ODIAG2)] (|Z—xQ|
— A A
|Q|t+Ar/n . 2 JoJi@oer Iy —xg P\ |z -y

161115, 162115,

) dy1dy, dz

C
<
— |Q|1+ﬂ1/n

oo
o ODIA02), (|z—xQ|)dy1dy2dz
Q 1 2k+3\/ﬁQ\2k+2\/ﬁQ |_’y1 JCQ| n=p1 |Z—y1|

2kBL 0 (27F)
= C”bl ”Aﬁl ”b2||Aﬂ2 Z m

k=1
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0191 501

= Clbllag, 162114 g, M(f1)(x)M(f) (x).

X
_/;k+3ﬁQ\2k+2ﬁQ

Combining the estimates for N1, Noa, Nas, Naa, Nos, we get

No < Cliballzg, I1b2115, {MAT (i) (%) + My, (F)®)My, () (%) + MUA) )M () () ).
Similarly, we have

N3 < Cllbilljg, 15215, AMAT (11, 2)) (0) + Mo, (F)®)Mg, () (%) + MF) @M (f)(x) |

and
Ny = Cllb1liag, 1621144, {M(T(R.1) &) + My, () %)M, (f2) (x) + M(A) ()M (f2) (x) }.
Thus we deduce that
1 - -
i |6 = (T )
< Cllball i, 15211, (M (T (1, f2)) ) + My, (F)60M, (£)@) + MR DM (F) ).

By the Holder inequality, Lemma 2.3, and the normal inequalities for the maximal op-

erators, we arrive at

|Tas Pl

o

1 - -
sup i | T - (TPl

Lr

< Clb1 U2, 15211, { | MATH) 1 + [ Moy ()M, )] + [ MAIME) |}
< Cllballig 1b2l7s, {| TP 1o + [ May ()| 1 [ M ()] 1

+ | ME) ] o [M B 1}
< 16111y, 16211, Il 221 ol

where we have used that facts 1 <7 < p, 1 < q; < p1, and 1 < g, < p,. This finishes the proof
of Theorem 1.3. O

5 Conclusions

In this paper,we studied the boundedness properties of the commutator generated by a
multilinear square function and Lipschitz functions with kernel satisfying Dini-type con-
dition. We showed that such commutators are bounded from product Lebesgue spaces
into the Lebesgue spaces, Lipschitz spaces, and Triebel-Lizorkin spaces.
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