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1 Introduction
Assume that p > 1, }7 + é =1, a,,b,>0,0<Y o ah <oo,and 0< > 7, bf < 0o, Hardy—
Hilbert’s inequality is provided as follows (cf. [1]):

(i bz) ,,’ )
n=1

is the best possible constant factor. By Theorem 343 in [1] (replacing “* and

=

;; +n sm(n/p)(z )

where —Z%2—
sm( Ip)

b7” by a, and by, respectively), it yields the following Mulholland’s inequality:

;; smn/p) Z; ;; ’ @

Equations (1) and (2) are important inequalities in analysis and its applications (cf. [1, 2]).
In 2007, Yang [3] firstly provided the following Hilbert-type integral inequality in the

whole plane:

/:oo /:OO 7(1 T o) dxdy<B<§,§) (/_ooe ku(x)dx/_ooe Mg2(y)dy> s (3)

where B(%, % (A > 0) is the best possible constant factor. Various extensions of (1)—(3)

have been presented since then (cf. [4—15]).
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Recently, Yang and Chen [16] presented an extension of (1) in the whole plane as follows:

i i by

- — A
ln]=1 ml|=1 (Im—&| +n—nl)

0 BT i
<2B<A1,A2)[Z |m—$|*’“—“’—1af;} [Z |n—n|q“-‘2>-lbz} , ()

lm|=1 [n]=1

where 2B(A1,A2) (0 <A, A <1, A1+ A=A, &, € [0,% ) is the best possible constant
factor. In addition, Yang et al. [17, 18] also carried out a few similar works.

In this paper, we present a new discrete Mulholland-type inequality in the whole
plane with a best possible constant factor that is similar to that in (4) via introducing
multi-parameters, applying weight coefficients, and using Hermite—Hadamard’s inequal-
ity. Moreover, the equivalent forms, some particular cases, and the operator expressions
are considered.

2 An example and two lemmas
In what follows, we assume that 0 < A;,Ay <1, Ay + Ay = A <1, &,n € [0,%], a,B €
[arccos %, 71, and

2m2csc?y

ky()hl) = 2 ()/ = O‘!ﬂ)' (5)

sin2(”T’\1)
Remark 1 In view of the assumptions that &, 7 € [0, %], o, B € [arccos %, %], it follows that

(; j:n)(l:}:cosﬁ) >1 and (% :I:“g‘)(li{:cosa) >1.

Example 1 For u > 0, we set g(u) := 1% (4 > 0), g(1) := lim,_, g(x) = 1. Then we have

u-1

g(u) >0, (u) <0, g"(u) >0 (1> 0). In fact, we find

k=0 k+1 k=0

n[l+@-1)] o -1 SN (DA (- 1)
I

1
g(u) = Y 1 0 (-l<u-1<1),

and then g®(1) = (=D*k! (k =0,1,2,...). Hence, g@(1) = g(1), g'(1) = —%, g"1) = % It is

k+1
evident that g(u) > 0. We obtain g’'(u) = u(i(_“l))z ,

h(u):=u—1-ulnu. Since
Wu)=-Inu>0 O<u<l) Wu)<0 (u>1),

it follows that /1,x = #(1) = 0 and /(1) < O (¢ # 1). Then we have g'(1) < 0 (4 # 1). In view
of g'(1) = —% <0, it follows that g’(z) < 0 (u > 0). We find

()

B m’ J(w) := —(u—1)* = 2u(u — 1) + 2u* Inu,

J'(u) = =4(u - 1) + 4ulnu, and

J'(u)=4Inu<0 (O<u<l); J'(u)>0 (u>1).
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It follows that J/

mi

J(1) = 0, we have

w=7(1)=0,J(u) >0 (u #1) and J(u) is strictly increasing. In view of

Ju)<0 (O<u<l); Ju)>0 (u>1),

and g"(u) >0 (u # 1). Since g"(1) = % >0, we find g”(x) > 0 (u > 0).
For 0 <A <1,0 < Ay < 1, setting G(u) := g(u*)u*>~! (u > 0), we still have G(&) > 0, G'(u) =
g @272 4 (Ay — Dg(u*)u*>2 < 0, and
G//(u) — )LZg//(u}L)uZAHQ—?) + )\,()» + )VZ _ 2)g/(uk)uk+kz—3

+ 400 = 1)g (") w27 + (o = 1) (k2 - 2)g ()27 > 0.

We set F(x,y) := M(%)M’l (2,5 > 0). Since F(x,y) = xLlG(%)’ we have

xl =y

2

0 0
F(x,y) >0, —F(x,y) <0, —F(x,y) > 0.
dy ay*

Hence, for x,y > 1, we still have
2

1 d (1 1
—F(Inx,1ny) >0, — <—F(lnx, 1ny)) <0, 5 (—F(lnx, lny)) > 0.
y dy \y dy* \y

Lemma 1 (cf. [19]) If f(u) > 0, f'(u) <0, f"(u) >0 (u > %) and f%wf(u)du < 00, then we
have the following Hermite—Hadamard's inequality:

k+1 k+%
fu)du <f(k) < X fu)du (keN\{l}),

k=3

and then
/mf(u)du<2f(k)</3wf(u)du. (6)
2 k=2 3

For |x|, |y| > %, let the functions

Ago(x):=|x—&|+ (x - &) cosa,

Ay =ly—nl+(y—-n)cosp,and

In(InAg o (x)/InA,,
ks = o Aca @) 0 41,0)) )
In* Ag o (x) — In" A, g(y)
We define two weight coefficients as follows:
. k(m,n) 1o Ag ,(m
(g, m):= Y (s, ) eal™) e N (L), ®)

In|=2 Ayp(n) 24, 5(n) ’
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_ 2 k(m,n) ln“A,,,,g(n)
@ (A, n) = ‘;2 Tentn) T Ara () In| e N\ {1}, )

whereZE.“’zz...zz;z"_"z....k ]°=°2 (j = m,n).

Lemma 2 The inequalities
kp () (1= 0(ha, m)) < @(haym) < kg(h), Il € N\ {1} (10)

are valid, where

2 In[(2+n)(1+cos B)]
AL (T TnAg o () Inu
O(ry,m) := | = sin[ — “ A—u’\rl du
kg A 0 ut -1

1
= O(m) (S (O, 1). (11)

Proof For |m| e N\ {1}, let

) _In InAg o (m) —Inln[(y — n)(cos B — 1)] _§
e A eam) W G- neosp -1 <72
) __InlnAg o (m) —Inln[(y - n)(cos B + 1)] §

k= m.) = In* Ag o (m) — In*[(y — n)(cos B + 1)] ay

Then we have

KD, ) = lnlilAg,a(WI) - ln;n[(y +n)(1 —cos B)] s §’
In* Ag o (m) — In*[(y + n)(1 - cos B)] 2
yields
~ B kW (m, n) In* A, (m)
@G = ZZ (= n)(cos B — 1) In'2[( — n)(cos § — 1)]
nd k@ (m, n) In*! A, (m)
' 22: (1= n)(1 + cos f) I "2 [(n — n)(1 + cos )]
_In* Ag 4 (m) i kO (m, —n)
~ 1-cosp ~ (n+n) In'2[(n + n)(1 - cos B)]
In*t Ag o, (1) k@ (m, n)
1+cosf ; (n—=n)In"2[(n - n)(1 + cos B)] (12)

In virtue of 0 < X <1, 0 < A < 1, and Example 1, we find that for y > %,

kD (m, (-1)'y)
= (=1)n) In' 2 [(y = (=1)In)(1 + (~1)! cos B)]
d kD (m, (—1)'y) o
dy (y - (-1)m) In'2[(y - (=1)in)(1 + (-1)icos B)]
d? k9 (m, (=1)iy)
dy* (y - (~1)in) In'*2[(y = (=1)in)(1 + (~1)i cos B)]

>0,

>0 (i=1,2),
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it follows that

kO (m, (-1)'y)

i=1,2
(v = (=1)'n) In' 2 [(y = (=1)In)(1 + (=)’ cos B)] v :

are strictly decreasing and convex in (%, 00). Then, by (5), (12) yields

D —
(g ) < In*t Ag o (m K (m,—y) dy
—COSﬂ 3 o +n)In"="2[(y + n)(1 - cos B)]
ln'\1 Ag o k@ (m, y)

jn dy
1+cos,8 3 (y=n)In"2[(y = n)(1 + cos B)]

In[(y+n)(1- cosﬁ] ( _ In[(y—n)(A+cos B)]
InAg o InAg o (m)

Remark 1, we obtaln

1 1 ]
w(ho, m) < + / nu >ty
1-cosB 1+cosB u* -1

2csc ﬂ/w Inv 2 272 csc? B

Setting u =

) in the above first (second) integral, in view of

Ydv= " —— = —y(r
’ Azsin2(”T“) plh)

by simplifications. Similarly, by (5), (12) also yields
In*1 Ag o ( kD (1, —y)

T dy
—COSﬁ O+ n)In"~*2[(y + n)(1 - cos B)]

11’1)‘1 AE a(m)/ k@ (WI’y) d
1+cosp (y =) In*2[(y — n)(1 + cos B)] 4

- 1 /‘ Inu Sl gy
TA\1l- cos,B 1+ cos,B Coiscosll 15 — 1

Indg o (m)

w(ho, m) >

In[(2+7)(1+cos B)]

T hdgatm In
kg(A1) — 2csc? ,Bf ¢ ul w2l dy

u* —
= k,s ()\1)(1 - 9()\2,1’]’[)) >0
where 6 ()2, m) (< 1) is indicated by (11). Since

Inu

1
I,t)‘2/2 —0 (M d 0+); —> X (M g 1):

ur -1

there exists a positive constant C such that %u’\z/z < C (0 <u <1), and then for
Ag o (m) > (2 +n)(1 + cos B), we have

In[(2+n)(1+cos B)]

0<9(,\2,m)<c[_sm<nil)} /OW”%_ld”
2C[’\ - (“1)} {ln[(2+n)(1+cos,3)]}

=—| —sin| — ‘ 13
A LT A InAg o (m)

Hence, (10) and (11) are valid. |

S
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Similarly, we have the following.

Lemma 3 For0< A <1,0< X <1, the inequalities
ka(A1)(1 =001, 1m)) <@ (hy,m) <ky(h1),  |n| € N\ {1}

are valid, where
In[(2+&)(1+cos )]

~ A TA 2 A, 50n) Inu
G(hp,m) = | = sin[ =21 / e — Mgy
T A 0 M)L -1

-o(é) 0,1)
- ln“/2A,,,,3(n) B

Lemma4 If(s,y) = (&, ) (or (n,B)), p >0, then we have

> In"1P A, (k)
Hy(g,y)= ) ——21—

k=2

1
AW = ;(20502 y +o(1)) (0 — 0%).

Proof According to (5), we obtain

= I P[(k= g)(cosy —1)] o~ I [k = g)(cos y +1)]
Hy(o)= ) sy D = H—cleosy s D

k=2

k=-2
_ i { I P[(k + )1 —cosy)]  In""P[(k - ¢)(cosy +1)] ]
k=

|7 k-o-cosy) ' (k-s)cosy + 1)

. /"O{ I P[(y + 5)(1 - cos y)] N In"'?[(y - 5)(cos y +1)] }d

3 (»-5)A-cosy) (y—¢)(cosy +1)
_1 In?[(3+¢)1—-cosy)] In*[(3-¢)1+cosy)]
_;{ L—cosy * 1+cosy }
= ;(1 “eosy T Ticosy +01(1)) = ;(ZCSCZ)/ +01(1)) (p—0%),

and

Hy(c,y) = i{ In Pk + )1 —cosy)] In""P[(k-¢)(cosy +1)] }

2| k-ol-cosy) | (k-g)eosy + 1)

§ /‘”{ In™""[(y + ¢)(1 - cos y)] . In"'?[(y - 5)(cos y + 1)] }dy
2

(-¢)(1-cosy) (0 —¢)cosy +1)
1 [In?[2+ )1 ~cosy)] In"’[(2~¢)(1+cosy)]
_;{ 1-cosy " 1+cosy }

1 1

= +
p(l—cosy 1+cosy

+ 02(1)> = %(20502 y +02(1)) (p—0%).

Therefore, (16) is valid.

Page 6 of 13

(14)

(15)

(16)
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3 Main results
Theorem 1 Suppose that p > 1, 117 + é =1, we set

272 csc?P B esc? o

_1lp 1/q
k(h1) == kg " A1)k, (A1) = [osin(Z2 )2

If @by = 0 (Jml, In] € N\ {1}) satisfy

kg P U lAgo,(m)
0< D iy

m)|=2

<00, 0<
[n|=2

then we obtain the following equivalent inequalities:

In(InA; o (m)/InA, g (n))
I:= by
Z Z In* A (1) — 0" A, (1)

[n]=2 |m|=2

272 csc?? Besc?la | o P11 AL (m) »
a
[sin(Th2 | o2 Aealm)!?

1
y o0 1 (17A2)71An,ﬁ(n)bq q
(Appm)t-a 7|7

|n|=2

3 2\ P2 A, s(n) | = In(InAg o (m)/In A, 5 (1))
e St 5

A'I:ﬂ( =2 lnAAg,a(m) —lnAA,Mg(n)

272 csc?? B esc? o

[ sin(Z2)p2

[e'¢) 1-21)- lAE (Wl) ;
[Z (Aea(m)> “’”} '
Particularly, (i) for a = g = 7, &,n € [0

ties:

In(|m - &|/|n - nl)amb,
Z Z In* |m - &| -

Inl=2 =2 In* | = n|

272 301 |5 — §| > In?12)1 | -
< A si AL 2|:Z |m E'l—p m ZW
[ SIH(T)] |m|=2 |n|=2 n

[ee] — oo P ’
lenlﬁ’k2 Y- 3 In(lm—&|/ln-nla, \ |”
s 7] In* |m—&|-1n* |n—n|

|m|=2

1

272 g P R ’

< s (A2 Z |1—p $|a[:" :
[Asin(%H)]* [ 2 |m — &

Page 7 of 13

(17)

ad lnq(l‘“)‘lA,,,,g (n) J
(A, p(n))-1

n ’

(18)

1l

(19)

, %], we have the following equivalent inequali-

1
q
|n n'bg] ’ (20)

(21)
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(if) For € =n =0, a, B € [arccos %, 51, we have the following equivalent inequalities:

In[In(|m| + mcos )/ In(|n| + ncos B)]
>y

) x
g =, In"(Im| + mcosa) - In*(|n| +ncosB)

22 csc?? BescHa
S (TALY]2
[Asin(Z1)]

o U0 (| + mcosa) e It~ 1(|”1|""1COS,3) g
22
” |:|m22 ab, |§:2 ( , (22)

(|m| + mcos )1 |n| + ncos B)1-4

> In?*27Y(|n| + ncos B) ad In[In(|m| + mcosa)/ In(|n| + ncos B)] s
p b /)

|n| + ncos B In*(jm| + mcosa) — In*(|n| + ncos B)

n|=2 |m|=2

1
22 esc?? Besca | o 1P (| + mcos ) | 23)
[Asin(Z:1))2 . (Im| + mcos )= "

Proof According to Holder’s inequality with weight (cf. [20]) and (9), we find

00 p
(Z k(m, n)am)

m|=2

Aa)ﬁﬁ%&AM ﬁ%MM) g
S o[ i [
[|m2 7 A (m)

In"? Aﬂﬁ(n) bam)iIn 7 Ago(m

A%‘G( m))qln q ASa(m)
< Z k(m, 1 XzAnlB(}q)

|m]=2

o0 (1-22)q p-1
In?7 A
xﬁ{ZMWm> f —WM)}
n m

|m|=2
(@ On u ()i’ T Ay m)
b L‘t n q o
B Pllz 1 Z k(m E -7y : a,.
InP*271 4 ,5( np(m) I~ Ay g(n)

m|=2

Then, by (14), it yields

p QA-2)p
(AS o ))q In" 4 AE a(m)
J <k1(r1) k(m, A
< 1 _‘% |;2 ﬁ(n) lnl )QA f}(n) a

_ p  (A=rp >

> = (Agu(m))iIn™ 7 Ago(m) ?
=k E E k(m, : ' 4
w ') (m,n) Ayp (n) Int~*2 A, p(n) O

L|m|=2 |n|=2
[ o0 PA-2D-14, () b
= kV100) | S w(hg, m) e SE o (24)
14§22 (Aga(m)

Combining (10) and (17), we obtain (19).
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Using Holder’s inequality again, we obtain

[ @A) 7 & ][lni‘”An,ﬁm) }
1= E —_ E k(m,ma, || ————=—0bx
In] 2|:1n’_7A2An,ﬁ(”) =2 (A p(n) 7P

ad lnq(l‘)‘Z)‘lA,,,,g(n) i
f’[z W”} ' 25

n|=2

Then, according to (19), we obtain (18).
On the other hand, assuming that (18) is valid, we let

InP*2~ lA,,,z;(n) v
byi= —— 10 e kan , | eN\{1}.

According to (24), it follows that J < 0o. If ] = 0, then (20) is trivially valid; if J > 0, then we

have

(Aypm)i-a "

|n|=2

=JP =]

1 1
ad lnp(l’“)’lAg (m) P20 [nai-t2)-1 4 s(n) 7
k)| Y —— 2 —— |
IL;Z (A alm) sz (Ayp ()14
1
I i lnq(l’“)’lAﬂ,ﬂ(n)bq P
o Al T

| ppd-r-l 4 «(m) z
i) 2 et |

|m|=2
Thus (19) is valid, which is equivalent to (18). (]

Theorem 2 With regards to the assumptions in Theorem 1, k(\1) is the best possible con-

stant factor in (18) and (19).

Proof For 0 < & <min{g(1—X,),qhs}, welet Ay = A, + (€0, 1)), Ao =Ay— - (€(0,1)),and

. ln’h_;_lAgya(m) _lnxl‘e‘lAg,,,(m)

Aé,a (Vl’l) - AE,D( (Vl’l)

(Iml €N\ (1)),

- 2777 A, 5(n) W2 A, 5(n)

= N .
A, 50) A, (1) (Inl €N\ {1})
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Then (16) and (14) yield

1 1
jl - o0 lnp(l_M)_IAE,a(m)zzp p o lnq(l—kz)—lAmﬁ(n) éq q
Acalm)> | | 2= (Agplu)ie

|m|=2
In~- gAga(m) s ln_l"EAn,ﬁ(n) %
(B [
= (ZCsc o+ 0(1))1% (2csc? B+ 0(1))% (e —>0"),
. S s > X ln;\l"s"lAga(m) lniz_lA,]ﬁ(n)
I:= k(m, n)a,,b, = k(m, . -
‘;ﬂ% o ,%;:2 N YN % R AT
_ i ~ IH_E_IAS,O[(WI) ~ i ~ ln_g_lAg,a(Wl)
- l%zw(m, M)—Ag,a o > kG ‘;2(1 —0(hy,m)) e
[ & I Agm) S O™ D) A o (m))
k0| 2 T T2 T A
m]=2 & m|=2 &

= ékﬁ(il) (2csc® o +0(1) —£0(1)).

If there exists a positive number K < k(X1) such that (18) is still valid when replacing

k(11) by K, then we obtain

el=¢ i i k(m, n)a,ub, < K.

[n]=2 |m|=2

Hence, in view of the above results, it follows that

»ﬁ\'—‘

kg (Al + 2) (2csc2a +0o(1) - 80(1)) < 1((2cscza + 0(1))1% (2csc B +o(1 ))

and then

4m? ) ) 2 2 .
————csc? BescPa <2Kesc? acsci B (e — 07),
A sin(”—i\1 )]?

namely

272

2 2
m csc? ,3 cscl o < K.
sm(—

A

k(hy) =

Hence, K = k(1) is the best possible constant factor in (18).
k(A1) in (19) is still the best possible constant factor. Otherwise we would reach a con-

tradiction by (25) that k(A1) in (18) is not the best possible constant factor. O
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4 Operator expressions and a remark

A1)-1 n )
Let ¢(m) := % (lm| e N\ {1}), and ¥ (n) := 1q;(7);4'7‘(,whereﬁrom
In”*271 4
Y (n) = P Anp ) (In] € N\ {1}).

Ay p(n)

We define the real weighted normed function spaces as follows:

lp,(p = {a = {ﬂm}(\fqhz; ”a”p,w = (Z ‘/)(m)lam|p> < OO},

|m]=2

Lo = {b: (b} 23 16Nl gy = (Z wmnw) < oo},

In]=2

1
00 b
lp,wl—p = {C = {Cn}mzz; lellpy1-» = (Z Y (), |p> < OO}

[n|=2

Fora ={au}}, ., € lpg>weletc, = Z\o:q—z k(m,n)a,, and ¢ = {en}nar it follows by (19) that
lclly,y1-» < k(A1)llallp,p, namely ¢ € 1, 1-p.

Further, we define a Mulholland-type operator T : 4, , — [ oy l-p S follows: For a,, > 0,
a ={am}}, - € lpy, there exists a unique representation 7a = c € , ;,1-p. We also define the
following formal inner product of 7z and b = {bukini=2 € lgw (b, > 0):

(Ta, b) = i i k(m,n)a,,b,,. (26)

[n|=2|m|=2

Hence, we can respectively rewrite (18) and (19) as the following operator expressions:

(Ta, b) < k(A1)l|allpe D]l gy (27)

I 7all ,,y1-» < kA1)l @llpp- (28)

It follows that the operator T is bounded with

Il Ta”p,x//l*P

171 = < k(r1). (29)

a(#0)€lp,p ”a”p,w
Since k(A1) in (19) is the best possible constant factor, we obtain

272 csc?? B esc? o

ITl= k) = =

(30)

Remark 2 (i) For & = n =0 in (20), we have the following new inequality:

Z Z In(In |m|/1n |n|)a,,b,
—In* |n|

=2 |m|=2 In* |m]

1 1
2]T2 In p(1-11)- |I’I’l| p o0 lnq(l—kz)—l |I’l| q
. Y
* Drsin(Z0)P [Z rEand R Gy

|m|=2 |n|=2
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It follows that (20) is an extension of (31). In particular, for A = 1, A; = )Lz = , we have
the following simple Mulholland-type inequality in the whole plane w1th the best possible

constant factor -2 —:
sin (?)

1 1
In(In |m|/In |n|) 2m? 2 d \ (S b\ ?
" —_— . 2
>3 I <sinz(,%)(Z 7 ) \ 2 fapa (2)

|n|=2 |m|=2 m|=2 =2

(ii) If a_,,, = a, b_,, = b, (m,n € N\ {1}), then (20) reduces to

In[In(m — &)/ In(n—n)] In{In(m —&)/In(n + n)]
>3

e In*(m—€) - 1n*(n—n) " In*(m—&)-1n"*(n+n)

In[In(mz + €)/In(n — n)] . In[In(m + £)/In(n + n)] }ﬂ b
In*(m+&)-In*(n-n) Wn*(m+&)-1In*(n+n) "

o2 i 00 [lnp(l_xl)—l(m —£) lnp(l—h)—l(m + S):|ap }111

= Dusin(Z20) 2 A R

1
©° 1nq(1—/\2)—1(n -n) lnq(l—lz)—l(n +1) . q
x Z + bly . (33)
=L (m-pte (n+ 1)t~
In particular, for A =1, A; = é Ao = 117, E=nelo, %], we obtain

In[ln(m —&)/In(n - §)]  In[ln(m —&)/In(n + §)]
22{ In[(m —&)/(n - &)] * In[(m — &)/(n + £)]

In[ln(m + &)/ In(n — &)] .\ In[In(m + €)/In(n + &)] } b
In[(m + &)/(n - &)] In[(m + &)/(n + &)] "

22 e 1 1 1%
[e'¢) 1 1 %
* {;[(H—E)W * (n+g)1q}bz} : (34)

For & =0, (34) reduces to the following simple Mulholland-type inequality with the best

possible constant factor

2
G2 (T
sin (p)

2 In(Inm/ Inn) w2 > S bl i
2% i " G )(Zml‘P> (XZ: nl—q)' (35)

5 Conclusions

In this paper, we present a new discrete Mulholland-type inequality in the whole plane
with a best possible constant factor that is similar to that in (4) via introducing multi-
parameters, applying weight coefficients, and using Hermite—Hadamard’s inequality in
Theorem 1 and Theorem 2. Moreover, the equivalent forms, some particular cases, and
the operator expressions are considered. The lemmas and theorems provide an extensive
account of this type of inequalities.
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