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1 Introduction
Vector optimization problems, vector variational inequality problems, vector complemen-
tarity problems, and vector saddle point problems are particular cases of vector equilib-
rium problems. As an extensive mathematical model, the vector equilibrium problem is
a hot topic in the fields of operations research and nonlinear analysis (see [1-8]). Gong
[2—-4] obtained optimality conditions for vector equilibrium problems with constraints
under the assumption of cone-convexity, and by using a nonlinear scalarization function
and Ioffe subdifferentiability he derived optimality conditions for weakly efficient solu-
tions, Henig solutions, super efficient solutions, and globally efficient solutions to non-
convex vector equilibrium problems. Long et al. [5] obtained optimality conditions for
Henig efficient solutions to vector equilibrium problems with functional constrains under
the assumption of near cone-subconvexlikeness. Luu et al. [7, 8] established sufficient and
necessary conditions for efficient solutions to vector equilibrium problems with equality
and inequality constraints and obtained the Fritz John and Karush—Kuhn-Tucker neces-
sary optimality conditions for locally efficient solutions to vector equilibrium problems
with constraints and sufficient conditions under assumptions of appropriate convexities.
It is well known that models describe only simplified versions of real problems and nu-
merical algorithms generate only approximate solutions. Hence it is interesting and mean-
ingful to have a theoretical analysis of the notion of an approximate solution. For example,
Loridan [9, 10] introduced the concept of € -solutions in general vector optimization prob-

lems.
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As far as we know, there are few papers dealing with approximate weakly efficient solu-
tions to the set-valued vector equilibrium problems. Li et al. [11] introduced a new kind
of approximate solution set of a vector approximate equilibrium problem; it is uncertain
if € tends to zero, whether or not the approximate solution set equals to the original so-
lution set? It is a natural question how to define approximate weakly efficient solutions
to the set-valued vector equilibrium problems and under what condition the set of ap-
proximate weakly efficient solutions equals to the set of weakly efficient solutions? This
has great theoretical significance and applicable value in the research of optimality condi-
tions for approximate weakly efficient solutions to the set-valued vector equilibrium prob-
lems.

On the other hand, convexity plays an important role in the study of vector equilib-
rium problems. In 2001, Yang et al. [12] introduced a new convexity, named near cone-
subconvexlikeness, and proved that it is a generalization of cone-convexness and cone-
subconvexlikeness. In 2005, Sach (see [13]) introduced another new convexity called ic-
cone-convexness, Xu et al. [14] proved that near cone-subconvexlikeness is also a gener-
alization of ic-coneconvexness. Up to now, near cone-subconvexlikeness is considered to
be the most generalized convexity.

Motivated by works in [3, 12, 15], in this paper, we introduce a new kind of approximate
weakly efficient solutions to the set-valued vector equilibrium problems and reveal the re-
lationship between weakly efficient solutions and approximate weakly efficient solutions.
We establish Kuhn-Tucker type and Lagrange-type optimality conditions for set-valued
vector equilibrium problems under the assumption of the near cone-subconvexlikeness.

The organization of the paper is as follows. Some preliminary facts are given in Sect. 2
for our later use. Section 3 is devoted to the relationship between weakly efficient solutions
and approximate weakly efficient solutions. In Sect. 4, we establish Kuhn—Tucker-type suf-
ficient and necessary optimality conditions for approximate weakly efficient solutions to
the set-valued vector equilibrium problems. In Sect. 5, we establish Lagrange-type suf-
ficient and necessary optimality conditions for approximate weakly efficient solutions to
the set-valued vector equilibrium problems. At the end of the paper, we draw some con-

clusions.

2 Preliminaries
Let X be a real topological vector space, and let Y and Z be real locally convex Hausdorff
topological vector spaces with topological dual spaces Y* and Z*, respectively. Let C C YV’
and D C Z be pointed closed convex cones with int C # J and int D # . The dual cones C*
of Cand D* of D are definedas C* = {¢p € Y*: ¢p(c) > 0,Yc € C} and D* = {y € Z* : Y (d) >
0,Vd € D}, respectively. Let X, be a nonempty convex subset in X, and let G : Xy — 2 and
®: Xy x Xo — 2 be mappings.

We denote by L(Z, Y) the set of all continuous linear operators from Z to Y. A subset
LY (Z,Y)of L(Z,Y) is defined as L*(Z,Y) ={T € L(Z,Y): T(D) C C}.

We denote the feasible set by

A={xeXy:Gx)N(-D)#9}.
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Consider the set-valued vector equilibrium problem with constraints (for short, ®-
SVEPCQC): find x € A such that

P, y)N(-P)=0, VyeA,
where P U {0} is a convex cone in Y.

Definition 2.1 A vector x € A satisfying
Dx,y)N(-intC) =0, VyeA,

is called a weakly efficient solution to the ®-SVEPC. The set of all weakly efficient solutions
to the ®-SVEPC is denoted by Xy min(P,A).

Let F: Xo — 2Y be a set-valued map. We consider the following set-valued optimization
problem:

(SOP) minF(x),
st.xeA={xeXo:Gx)N(-D)#0}.
We assume that the feasible set A C X; of (SOP) is nonempty.
Definition 2.2 A feasible solution x of (SOP) is said to be a weakly efficient solution of
(SOP) if there exists y € F(x) such that (F(A) — ¥) N (—int C) = @. In this case, (¥, ) is said

to be a weakly efficient pair to (SOP).

Definition 2.3 Let € € C. A feasible solution x of (SOP) is said to be an e-weakly efficient
solution of (SOP) if there exists y € F(x) such that (F(A) -y + €) N (—int C) = #. In this case,
(%,7) is said to be an e-weakly efficient pair to (SOP).

Let T € L*(Z,Y). Consider the following unconstrained set-valued optimization prob-
lem induced by (SOP):

(USOP)7 minL(x, 7),
xeXg

where L(x, T) = F(x) + T(G(x)), (x, T) € Xo x L*(Z,Y).

Definition 2.4 A vector x € Xj is said to be a weakly efficient solution of (USOP) if there
exists y € F(%) such that (L(Xo, T)-y)N(~int C) = @, where L(Xo, T) = U, cx, L(x, T). In this
case, (x,7) is said to be a weakly efficient pair to (USOP)7..

Definition 2.5 Let € € C. A vector X € X, is said to be an e-weakly efficient solution
of (USOP); if 3y € F(%) such that (L(Xo, T) — y + €) N (=intC) = @, where L(Xo, T) =
UxeXo L(x, T). In this case, (%,7) is said to be an e-weakly efficient pair to (USOP)j..

Several definitions of generalized convexities have been introduced in the literature.
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Definition 2.6 The map F : X, — 2! is said to be C-convex on Xj if, for all %1, %, € X, and
A €[0,1], we have

AF(x1) + (1 = A)F(xy) C F(Axl +(1- A)xz) +C.
Definition 2.7 ([16]) The map F: X, — 2V is said to be C-subconvexlike on Xj iff there

exists 6 € int C such that, for all x1,x, € Xo, A € [0,1], y; € F(x;), i = 1,2, and « > 0, there
exists x3 € X, such that

af +Ay; + (1= A)yy € F(x3) + C.
Definition 2.8 ([17]) The map F: Xy — 2¥ is said to be generalized C-subconvexlike on

X iff there exists 6 € int C such that, for all x1,x, € Xy, A € [0,1], and « > 0, there exist
x3 € Xy and p > 0 such that

af + AF(x1) + (1 — A)F(x2) C pF(x3) + C.

Definition 2.9 ([12]) The map F: Xy — 2¥ is called nearly C-subconvexlike on Xj iff
clcone(F(Xy) + C) is convex.

If0 4S5, CY, 045, CY,jeY,and ¢ € Y*, then
Y (S1) = ¥ (S,) stands for ¥ (s1) > ¥ (s2), Vs1 €S81,8 €8y,

and

V¥ (S1) = ¥ (p) stands for ¥ (s1) > ¥ (¥), Vs €81,
3 Approximate weakly efficient solutions
Firstly, we introduce approximate weakly efficient solutions to the set-valued vector equi-
librium problems with constraints.
Definition 3.1 Let € € C. A vector x € A satisfying

(®®y) +€)N(-intC) =0, VyeA,

is called an e-weakly efficient solution to the ®-SVEPC. The set of all e-weakly efficient
solutions to the ®-SVEPC is denoted by €-Xyy i (P, A).

Let Y : Xy x Xo — 2¥ be a mapping. Consider the following unconstrained set-valued
vector equilibrium problem (for short, T-USVEP): find x € X, such that

Yx,y)N(-P) =0, VyelX,

where P U {0} is a convex cone in Y.
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Definition 3.2 Let € € C. A vector ¥ € X, satisfying
(Y@&y) +€)N(=intC) =0, Vye Xo,

is called an e-weakly efficient solution to the T-USVEP. The set of all e-weakly efficient
solutions to the T-USVEP is denoted by €-Xw min(Y, Xo).

Proposition 3.1 For any € € C, we have

Xw min(P,A) C €-Xyymin(P,A).
Proof If x ¢ €-Xy min(P,A), then there exists y € A such that

(P(x,7) +€) N (-intC) # 4.
Thus there exists z € ®(x,y) such that

z+ee—intC. (3.1)
Since C is a convex cone, from ¢ € C and (3.1) we have

ze-intC-e C-intC-CC —intC.
Hence

®(x,y) N (—intC) # 0,
and thus x € Xy min(®,A). Then we obtain

Xw min(®,A) C €-Xw min(P,A). O

Next, we show that in the proposition the relationship may be strict when € € C \ {0}.

Example 3.1 Let X =R', A=1[0,2], Y =R* C=R? and € = (x0,%) € C \ {0}. Let ®: A x
A — 2¥ bedefined by ®(x,y) = {(p,q) : ¢ > p> —x}N([-y,y] x [0, +00)), Vx,y € A. Itis obvi-
ous that Xy min(®,A) = {0}; however, €-Xy min(®,A) = [0,8], where § = min{max{x3, 5o}, 2}.
Proposition 3.2 For any €1,¢; € C, ife; — €1 € C, then

€1-Xw min (P, A) C €2-Xy min(P, A).
Proof If x ¢ €3-Xw min(®P,A), then there exists y; € A such that

(@(x,71) + €2) N (=intC) # 9.

Thus there exists z; € ®(x,y;) such that

z1+ € € —intC. (3.2)
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Since C is a convex cone, from €5 — €; € C and (3.2) we have that
Z1+€1=2z1+€—(€g—€1) €-intC—-C =—intC.
Hence
(CID(x,yl) + el) N(-intC) #4,
and thus x ¢ €1-Xy min(®, A), so we obtain
€1-Xw min(P, A) C €2-Xw min(P, A). O
In what follows, we discuss the relationship between the approximate weakly efficient
solutions and weakly efficient solutions to the set-valued vector equilibrium problems with

constraints.

Proposition 3.3 We have:

[ €-Xwmin(®,A) = Xy min(D, A).
€€C\ {0}

Proof Firstly, we prove that

Xwmin(P,A4) C ﬂ €-Xw min (D, A).
€€C\(0}

From Proposition 3.1 we can see that, for any € € C \ {0}, we have
XWmin(CD;A) - G‘XWmin((D»A)'

Hence

XWmin(qD;A)C ﬂ E’XWmin(cbyA)'
ecC\{0}

Next, we prove that

[ € Xwmin(®,A) C X min(®, A).
€€C\{0}

Suppose ¥ ¢ Xy min(P,A). Then there exists yy € A such that
(% y0) N (—int C) #, (33)
and hence we can find z; € ®(¥, yo) such that

zo € —int C.
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Then there exists a neighborhood U of 0 in Y such that
zo+ Uy C —int C.

Choosing €y € (C N Up) \ {0}, we have
zo+€o € —intC.

Since zg € ®(, ), we have
(@(fc,yo) + eo) N (-intC) # @.

Hence X ¢ €y-Xyw min(®,A), and therefore

x ¢ m G'XWmin((D¢A)'
ecC\{0)

Thus

m €'A)(\/Vmin(cl>714) C XWmin(q)rA)'
ecC\{0}

From this we obtain

m 6')(Wmin(CD:A) = X\X/min(q);A)'
€cC\{0}

4 Kuhn-Tucker-type optimality conditions

In this section, under the assumption of near C-subconvexlikeness, we establish Kuhn—
Tucker-type sufficient and necessary optimality conditions for approximate weakly effi-
cient solutions to the set-valued vector equilibrium problems, which generalize the rele-

vant results given by Gong [2] and Yang [17].

Definition 4.1 Let x € X, and let ¢ : Xo — 2Y*Z be an ordered pair mapping defined as
9(x) = (P(x,%) + €, G(x)), Vx € Xo.

By definition, ¢ is nearly C x D-subconvexlike on Xj if and only if cl(cone(¢(Xy) + C x D))
is convex, where ¢(X,) = UxeXg o(x) = UxeXO(CIJ(a_c, x) +€,G(x)).

Lemma 4.1 ([15]) Ify* € C*\ {Oy+}, ¢o € int C, then y*(co) > 0.

Theorem 4.1 Suppose that ¢ is nearly C x D-subconvexlike on Xy and that there exists
x0 € Xo such that G(xy) N (—int D) # @. If x is an € -weakly efficient solution to the ®-SVEPC,
then there exist s* € C* \ {Oy«} and k* € D* such that

sS') +5*(€) +k*(2) =0, VxeXp,ye Dk x),ze Gx).
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Proof Since % is an e-weakly efficient solution to the ®-SVEPC, we have

(P, x) +€) N (-intC) =0, VxeA. (4.1)
Next, we prove that

(cone(p(Xo) + C x D)) N ((~int C) x (-intD)) = @. (4.2)
Suppose to the contrary that there exist A >0and & € X, such that

(A(®®4) + C +¢€,G(&) + D)) N ((~int C) x (~intD)) # .
Thus,

(A(®(x,%) + C+€)) N (=intC) # (4.3)
and

(+(G@®) + D)) N (~intD) #¢. (4.4)
From 0 ¢ —int D we have A > 0. Since D is a convex cone, combining with (4.4), we have

G(x) N (-intD) # @.
It is clear that

G(x) N (-D) # 9.
Thus & € A. Since int C U {0} is a cone, by (4.3) we get

(CID(J'c,fc) +C+ e) N (-intC) #@.
Since C is a convex cone, we have

(%) +€) N (~intC) # 9,

which contradicts (4.1), and thus we obtain (4.2).
Since —int C and —int D are open sets, combining with (4.2), we have

(cI(cone(p(Xo) + C x D))) N ((~intC) x (~intD)) = . (4.5)
Since ¢ is nearly C x D-subconvexlike on X,, by Definition 4.1 we can see that
cl(cone(¢(Xo) + C x D)) is convex. By the separation theorem for convex sets, there exists

(s*,k*) € Y* x Z* \ {(Oy*,0z+)} such that

(s*,k*) (cl(cone(p(Xo) + C x D))) = s*(~int C) + k*(—int D).
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Since cl(cone(p(Xy) + C x D)) is a cone, and there is a lower bound of (s*,k*) on
cl(cone(p(Xo) + C x D)), we have

(s*,&*) (cl(cone(p(Xo) + C x D))) > 0.
Hence

(s% k") (¢(Xo) + C x D) > 0. (4.6)
Since (0y,07) € C x D, we have

(s k") (¢(Xo)) = 0.
Thus

s* (D@ %) +€) +k*(G) =0, VxeXo.
It is clear that

$*(9) +5%(€) +k*(2) =0, Vx € Xo,y € B(F,x),z € G). (4.7)
From (4.6) we get

S*(y + € + 81¢) + k*(z + 82d)

>0, VxeXyye dxx),ze G(x),81,8,>0,ceC,deD. (4.8)
Next, we prove that
s*(c)>0, VceC.
Suppose to the contrary that there exists ¢y € C such that
s*(co) < 0.

When §; is large enough, there exist x; € Xo,y1 € ®(%,%1),21 € G(x1),8, > 0, and d; € D
such that

815" (co) < =" (31 + €) — k*(21 + 83dh),
which contradicts (4.8). Hence we obtain
s*(c)>0, VceC.
Similarly, we get

k*(d) >0, VdeD.
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Thus
st eCr, k* € D*.
Then we need to prove that
s # 0yx.
Suppose to the contrary that
s = Oy,
Since (s*,k*) # (Oy+,0z+), we have
k* # 0.
From k* € D* \ {0z}, s* = Oyx, and (4.7) we can see that
k*(G(x)) =0, Vxe X,. (4.9)

On the other hand, there exists xg € X, such that G(x) N (—int D) # ¥, and thus there exists
p € G(xp) N (—int D), so that by Lemma 4.1 we obtain

k*(p) <0,
which contradicts (4.9). Hence
s € C*\ {Oy+}.
The proof is complete. O

Corollary 4.1 Suppose thatx € A, 0 € ®(%,%), ¢ is nearly C x D-subconvexlike on Xy, and
there exists xo € Xo such that G(xo) N (—intD) # (. If X is a weakly efficient solution to the
®-SVEPC, then there exist s* € C* \ {Oy+} and k* € D* such that min k*(G(x)) = 0 and

min{s*(y) + k*(z) : x € Xo,y € P(%,%),z € G(x)} = 0. (4.10)
Proof In the proof of Theorem 4.1, letting € = 0, we see that

')+ k*(2) =0, Vxe X,y € DX x),z € G(x). (4.11)
From x € A we have

G(x)N(-=D) #@.

Thus there exists g € G(x) such that g € —D, and since k* € D*, we have

k*(q) < 0. (4.12)
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Letting x = x in (4.11), by 0 € ®(x, x) we have
k*(z) >0, VzeGx). (4.13)

From g € G(x) we have k*(g) > 0. Combining with (4.12), we obtain

k*(q) = 0.
Thus
0 € k*(G(x)). (4.14)

Combining with (4.13), we get
min k* (G(a'c)) =0.
From 0 € ®(x,x) and (4.14) it follows that
0 €s*(P(x,%)) + k*(G(%)).
Combining with (4.11), we obtain (4.10). The proof is complete. O
Theorem 4.2 Assume that
(i) x € A and
(ii) there exist s* € C* \ {Oy+} and k* € D* such that
s*(y) +s™(€) +k*(z) =0, Vxe Xp,ye Pk, x),ze Gx).
Then x is an e-weakly efficient solution to the ®-SVEPC.

Proof Suppose to the contrary that x is not an € -weakly efficient solution to the ®-SVEPC.
Then we can find x € A such that

(D(x,3) +€) N (~int C) £,
Thus there exists y € ®(x,x) such that
y+ee€—intC.
By s* € C* \ {Oy+} and Lemma 4.1 we have
s () +s*(e) <. (4.15)

Choosing z € G(x) N (-D), since k* € D*, we have k*(2) < 0. Combining with (4.15), we
obtain

s* () +s%(e) + k*(2) <0,

which contradicts (ii), and hence x is an e-weakly efficient solution to the ®-SVEPC. [
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Corollary 4.2 Assume that
(i) x€ Aand
(ii) there exist s* € C*\ {Oy+} and k* € D* such that

s +k*(2) =0, VxeXpye ®%x),ze Gx).
Then x is a weakly efficient solution to the ®-SVEPC.
Proof Letting € = 0 in Theorem 4.2, we get the conclusion. O

Corollary 4.3 Suppose thatx € A, 0 € O(x,x), ¢ is nearly C x D-subconvexlike on Xy, and
there exists xy € Xo such that G(xo) N (—int D) # 0. Then x is a weakly efficient solution to the
®-SVEPC if and only if there exist s* € C* \ {Oy«} and k* € D* such that mink*(G(x)) =0
and

min{s*(y) + k*(z) : x € Xo,y € P(%,%),z € G(x)} = 0.
Proof This follows directly from Corollaries 4.1 and 4.2. O

Remark 4.1 Corollary 4.3 extends Theorem 3.1 of Gong [2] in the following aspects:
(i) The vector-valued function is extended to a set-valued function;
(ii) The cone-convexity of ¢ is extended to near cone-subconvexlikeness.

Corollary 4.4 Suppose that x € Xy, y € F(x), (F -y, G) is nearly C x D-subconvexlike on
Xo, and there exists xg € Xo such that G(x¢) N (—int D) # (. If (x,y) is a weakly efficient pair
to the (SOP), then there exist s* € C* \ {Oy+} and k* € D* such that mink*(G(x)) = 0 and

s @) = min{s* (F(x)) + k* (G(x)) 1x € Xo}.

Proof Letting ®(y,x) = F(x) —, it is clear that ®(y,x) depends only upon the second vari-
able. Since y € F(x), we have 0 € F(x) — y, and hence 0 € ®(x,x) and

(F(x) -3 Gx)) = (P(x,%), G(x)).

Since (x,7) is a weakly efficient pair to the (SOP), we can see that x is a weakly efficient
solution to the ®-SVEPC. By Corollary 4.1 we get the conclusion. O

Remark 4.2 From Remarks 3.1 and 3.3 in [18] we can see that if (F — ¥, G) is generalized
C x D-subconvexlike on X, then (F — %, G) is nearly C x D-subconvexlike on Xjy. Thus,
Corollary 4.4 generalizes Theorem 4.2 in [17].

From Theorems 4.1 and 4.2 we obtain the following result.

Corollary 4.5 Suppose that x € A, ¢ is nearly C x D-subconvexlike on Xy and that there
exists xg € Xo such that G(xo) N (—int D) # B. Then x is an e-weakly efficient solution to the
®-SVEPC if and only if there exist s* € C* \ {Oy=} and k* € D* such that

sS') +5*(€) +k*(2) =0, VxeXp,ye Dk x),ze€ Gx).
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5 Lagrange-type optimality conditions

In this section, we present Lagrange-type sufficient and necessary optimality conditions
for approximate weakly efficient solutions to the set-valued vector equilibrium problems,
which generalize the relevant results given by Rong [15].

Theorem 5.1 Suppose thatx € A, 0 € O(x,%), ¢ is nearly C x D-subconvexlike on Xy, and
there exists xo € Xo such that G(xo) N (—intD) # (. If x is an e-weakly efficient solution to
the ®-SVEPC, then there exists T € L*(Z,Y) such that —T(G(x) N (-=D)) C ((intC N {0}) \
(e +int C)), and x is an e-weakly efficient solution to the WV-USVEP, where ¥ : Xy x Xy — 2%
is defined by

W(y,x) = O(y,x) + T(G(x)).
Proof From the proof of Theorem 4.1 we see that there exist s* € C* \ {Oy+} and k* € D*
satisfying (4.7).

Since s* € C* \ {0y+}, we can find ¢y € int C such that s*(cy) = 1. Define the operator

T:Z—Yby

T(z) = k*(z)cy, VzeZ.
Thus T(D) = k*(D)co C C. It is evident that

TelL*(Z,Y).
Letting x = X in (4.7), since 0 € ®(x,x), we have

s*(€) +k*(z) >0, Vze G(x)N(=D). (5.1)
Noticing that z € —D, we obtain

~T(z) = —k*(z)co € int C U {0}.
Thus
-T(G(x) N (-D)) C intC U{0}. (5.2)
Next, we prove

~-T(G(®) N(-D)) N (e +intC) = . (5.3)
Suppose to the contrary that there exists z € G(x) N (—D) such that

-T(z) €€ +intC. (5.4)

Thus —T(Z) — € € int C. By the definition of T we have

s (-T(@) - €) = s*(-k*(2)co — €) = —(s*(€) + k*(2)).



Chen et al. Journal of Inequalities and Applications (2018) 2018:181 Page 14 of 17

Combining with (5.1), we have

s*(-T(@) -¢€) <0. (5.5)
On the other hand, from s* € C* \ {Oy+} and Lemma 4.1 it follows that

s*(intC) > 0,
which, together with (5.5), gives

~-T(Z)-e€ ¢intC,

which contradicts (5.4). Thus we obtain (5.3).
The combination of (5.2) and (5.3) leads to

-T(G® N (-D)) C ((intC N{0}) \ (€ +int C)).

Finally, we prove that x is an e-weakly efficient solution to the W-USVEP.
In fact, by the definition of T and (4.7) we obtain

s (P x) + T(Gx)) +€) =s* (P %)) +5°(€) + k*(G(x)) =0, Vx e Xo.
Since s*(—int C) < 0, we have
(@@,%) + T(GW) +€) N (=intC) =@, Vx e Xo.
Consequently,
(V%) +€)N(-intC) =9, Vxe Xo.
It is evident that x is an e-weakly efficient solution to the ¥-USVEP. d

Theorem 5.2 Assume that
(i) x € A and
(ii) there exists T € L*(Z,Y) such that & is an e-weakly efficient solution to the
W-LSVEP, where W : Xo x Xo — 2Y is defined by

W(y,x) = O(y,x) + T(G(x)).
Then x is an €-weakly efficient solution to the ®-SVEPC.

Proof Since x is an e-weakly efficient solution to the W-USVEP, we have

(U (V(x, %) + e)) N (-=intC) = 0.

xeXg
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Since C is a convex cone, we obtain

Yx,x)+C+e)|)N(=intC) = 2. (5.6)
(U )

xeXo

On the other hand, for any x € A, we have G(x) N\ (—D) # ). Thus there exists z, € G(x) such
that z, € —D. It follows from T € L*(Z,Y) that T(z,) € -C, thus C - T(z,) C C + C C C,
and hence C C T(z,) + C; since z, € G(x), it is evident that C C T(G(x)) + C.

Thus

U(¢(5c,x) +C+e€)C U(dD(Ec,x) +T(G(x)) + C +¢)

xc€A x€A

C U (@&,x) + T(GW) + C +¢)

x€Xo

= U (U(%,%) + C+e).

xeXo

It follows from (5.6) that

(U(d>(5c,x) +C+ e)) N(-intC) = 9.

x€A

Since 0 € C, it is evident that

(U(d>(5c,x) + e)) N (-intC) = 4.

x€A

Hence x is an e-weakly efficient solution to the ®-SVEPC. 0
From Theorems 5.1 and 5.2 we obtain the following result.

Corollary 5.1 Supposethatx € A,0 € ®(x,x), ¢ is nearly C x D-subconvexlike on Xy, and
there exists xg € Xo such that G(xo) N (—intD) # . Then x is an e-weakly efficient solution
to the ®-SVEPC if and only if there exists T € L*(Z,Y) such that x is an e-weakly efficient
solution to the W-USVEP, where W : Xo x Xo — 2V is defined by

W(y,x) = D(y,x) + T(G(x)).

Corollary 5.2 Suppose that (F -y, G) is nearly C x D-subconvexlike on X, and there exists
x0 € Xo such that G(xo) N (—int D) # . If (%, ) is an € -weakly efficient pair to the (SOP), then
there exists T € L*(Z,Y) such that - T(G(x) N (=D)) C ((int C N {0}) \ (€ + int C)), and (x,7)
is an e-weakly efficient pair to the (USOP)z.

Proof Letting ®(y,x) = F(x) — ¥, since y € F(x), it is evident that 0 € ®(x,x) and (F(x) —
7, G(x)) = (P(x,%), G(x)).

Since (x,7) is an € -weakly efficient pair to the (SOP), we see that x is an e-weakly efficient
solution to the ®-SVEPC.
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Thus by Theorem 5.1 there exists T € L*(Z,Y) such that —T(G(%) N (=D)) C ((intC N
{0}) \ (¢ +int C)) and x is an e-weakly efficient solution to the W-USVEP, that is,

(U (CD(J'c,x) + T(G(x)) + e)) N(-intC) = @.

xeXg

Consequently,

( U (F@) -5+ T(Gw)) + e)) N(-intC) =9,

xeXo

which is equivalent to

(U L(x,T)+e—5/) N (-intC) = 7.

xeXo

Thus
(L(Xo, T)+e —51) N (-intC) = @.
Hence, by Definition 2.5, (%, ) is an e-weakly efficient pair to the (USOP) . g

Remark 5.1 If (F, G) is C x D-subconvexlike, then (F -y, G) is nearly C x D-subconvexlike.
Thus Corollary 5.2 generalizes Theorem 3.1 in [15].

Corollary 5.3 Assume that

(i) x€ A,y e F(x), and

(ii) there exists T € L*(Z,Y) such that (%,y) is an e-weakly efficient pair to the (USOP);.
Then (x,y) is an e-weakly efficient pair to the (SOP).

Proof Letting ®(y,x) = F(x) — ¥, since ¥ € F(x), it is evident that 0 € ®(¥,x) and (F(x) —
7, G(x)) = (P(%,%), G(x)).

Since (x,7) is an e-weakly efficient pair to the (USOP)z, we see that X is an e-weakly
efficient solution to the W-USVEP. Combining this with Theorem 5.2, we conclude that
x is an e-weakly efficient solution to the ®-SVEPGC; it is clear that (X,y) is an e-weakly
efficient pair to the (SOP). O

Remark 5.2 Comparing with Theorem 3.2 in [15], this corollary is not required for the
convexity of (F, G).

Corollary 5.4 Supposethatx € A,y € F(x), (F -, G) is nearly C x D-subconvexlike on Xy,
and there exists xo € Xo such that G(xo) N (—intD) # B. Then (x,y) is an e-weakly efficient
pair to the (SOP) if and only if there exists T € L*(Z,Y) such that (x,y) is an e-weakly
efficient pair to the (USOP)7.

Proof This follows directly from Corollaries 5.2 and 5.3. d
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6 Conclusions

In this paper, we discuss some relationships between approximate weakly efficient solu-
tions and weakly efficient solutions of set-valued vector equilibrium problems. We con-
clude that (), ca\(o) €-Xw min(P,A) = Xw min(P,A), and hence it is really “approximate” The
optimality conditions for set-valued vector equilibrium problems are established, and the
results we obtained generalize those of Gong[2], Yang[17], and Rong[15]. As an exten-
sive mathematical model, further research on approximate weakly efficient solutions of
set-valued vector equilibrium problems seems to be of interest and value.
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