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Abstract

Let L = -A + |x|? be a Hermite operator, where A is the Laplacian on RY. In this paper
we define a new version of Carleson measure associated with Hermite operator,
which is adapted to the operator L. Then, we will use it to characterize the dual spaces
and predual spaces of the Hardy spaces Hf(Rd) associated with L.
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1 Introduction

In recent years, the study of function spaces associated with Hermite operators has in-
spired great interest. Dziubanski [7] introduced the Hardy space H%(R?), 0 < p <1,
by using the heat maximal function and established its atomic characterization. Dzi-
ubanski et al. [8] and Yang et al. [20] introduced and studied some BMO spaces and
Morrey—Campanato spaces associated with operators. Deng et al. [5] introduced the space
VMO, (R?) and proved that (VMO,(R?))* = H b (R%). Moreover, recently, Jiang et al. in [14]
defined the predual spaces of Banach completions of Orlicz—Hardy spaces associated with
operators. Bui et al. [3] considered the Besov and Triebel-Lizorkin spaces associated with
Hermite operators.

One of the main purposes of studying the function spaces is to give the equivalent char-
acterizations of them, for example, square functions characterizations for Hardy spaces
[10], Carleson measure characterizations for BMO spaces [8] or Morry—Campanato
spaces [6]. The aim of this paper is to give characterizations of the dual spaces and pred-
ual spaces of the Hardy spaces H? (R?) by a new version of Carleson measure. Now, let us
review some known facts about the function spaces for L.

Let L be the basic Schrodinger operator in R?, d > 1, the harmonic oscillator L = —A +
|x|?. Let {T*};-0 be a semigroup of linear operators generated by —L and K/ (x, ) be their

kernels. The Feynman—Kac formula implies that

2
0 < K-(ny) < Tl y) = (am) 4 exp(—%). )
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Dziubanski [7] defined Hardy space HY (R9), 0 < p <1 as
HY(RY) = {f e S'(RY) : Mf e P (R?)},

where
Mf () = sup| T ()]

The norm of Hardy space H? (RY) is defined by ”f”Hf = ||Mf|\e.

Remark 1 For simplicity, we just consider the case of ﬁ < p <1 in this paper. But all of
our results hold for O < p < 1.

1
1+|x|

Let p(x) =
an important role in the estimates of the operators and in the description of the spaces

be the auxiliary function defined in [17]. This auxiliary function plays

associated with L. Then, for d;:ll <p<land1l < g < o0, afunction a is an Hf’q—atom for
the Hardy space H} (R?) associated with a ball B(xo, r) if

(1) suppa C B(xo,7),

S

@) lal < |Beo,n)|77,

(3) ifr< p(xg), then fa(x) dx=0.

The atomic quasi-norm in H? (R¥) is defined by

I atomg = inf{ > |cj|p)1/p}’

where the infimum is taken over all decompositions f = Y ¢ja; and a; are H}?-atoms.

The atomic decomposition for Hf (R%) is as follows (see [7]).

Proposition 1 Let ﬁ < p <1, we have that the norms I[fIIH{ and ||f || -atom,q are equiva-

lent, that is, there exists a constant C > 0 such that

C_IHf”Hi’ =< ”f”L-atom,q =< C”f”]-[i’:
where 1 < q < oo.
We define Campanato space associated with L as (cf. [1] or [20]).

Definition 1 Let 0 <« < 1, alocally integrable function g on R belongs to AL if and only

if gl AL < 00, where

. A\ 12
liglaz = SUP{|B|_d</|g—g(3,xo)|2—) }
BCRA B |B]
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and

2(Bx) = | oo Jnson €0V i 7 < plso),
0, if r > p(xo).
The duality ofH’Z(Rd) and Afl(l/p—l) can be found in [12] or [20].

In order to give the Carleson measure characterization of As( , we need some nota-

1/p-1)
tions of the tent spaces (cf. [4]).
Let0<p<ooand 1 < g < co. Then the tent space T,‘; is defined as the space of functions

f on R%1 50 that

1/q
IR A -
and

sup |[f(y,¢)| € L”(R?), whengq = oo,
(t)eT (x)

where I'(x) is the standard cone whose vertex is x € R%, i.e.,
I'(x) = {(y,t) Sy —xl < t}.

Assume that B(xg, r) is a ball in R, its tent B is defined by B= {(x,8) : |[x —xo| <r—-t}. A
function a(x, t) that is supported in a tent B, Bis a ball in RY, is said to be an atom in the
tent space 7T} if it satisfies

dx dt 1/2
( /A |a(x, t)|”7> <|B|"*,
B

The atomic decomposition of T% is stated as follows.

Proposition 2 When 0 < p < 1, then every f € T can be written as f = Y Ayax, where ax
are atoms and y_ | AP < C|[f||1;p.
2

Let
9™ = {f(x, t) : measurable on R**! and |[f||T§,oo < oo},

where

1 sdxdt\?
V= [y )

Assume 0 < p < 1, wesay a functionf € Tf’w belongs to the space Ti’ooo if f satisfies ;1 (f) =
m2(f) = n3(f) = 0, where

’

, 1 2dxdt\"?
m{f)=lim ~sup |B|1/p—1/2</§lf(x’t)| > i

BCRArg<r
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. sdxdt
= tim s ok ([lrmo )

BCR4rg>r

dxd
n3(f) = lim sup |B|1/P 7 (/V( t)|2 x t)

V—)()OBCB

Let ﬁ’ = {F(x,) = X, hiai(x, t) : a;(x, t)are T5 atoms and Y, |A;|? < oo} and IFll % =
~ 2
inf{(}"; [A:P)1P . F(x,£) = Y, Mias(x, £)}. Then T% is a Banach space. In fact, it is the com-
pleteness of T%. Especially, T = T}.

In [19], the author proved the following result.
Proposition 3 Let0<p < 1. Then
(T55) =T, (T9) =T5™.

Let {P'};,o be the semigroup of linear operators generated by —/L and Dif(x) =
t|VPLf|(x), where V = (3;, Oy, .. ., Ox ,). The Carleson measure characterization of the Cam-
panato space Afi(l/pfl) as (cf. [6]).

Proposition 4 Let 5 <p < 1. Then for anyf € L} ( (R?), we have:
(a) Iff € Afi(l/p_l), then DEf € TV, moreover, we have

[P g = Il

(p-1)

(b) Conversely, if f € L*((1 + |x|)"¥*V dx) and D:f € TS, then f € Aé(l/p—l) and

1l az

d(1/p-1)

= Dt g

The predual space of the classical Hardy space has been studied in [19] and [16].

Definition 2 Let o > 0, we will say a function f of AL is in AL if it satisfies y1(f) = y»(f) =
y3(f) = 0, where

dxd
yl(f)—hm sup |B|a/d+l/2(/[f -f(B, V)|2 x t)

BC]RdrB<r

. dxdt
VZ(f) - rlingo sup |B|a/d+1/2 (/V f B V)’2 )

BCRArg>r

dxd
y3(f) = lim sup |B|a/d+1/2</v -f(B, V)|2 x t)

r*)OOBcB

The dual space of 1} jpo1) 18 BY(R?), which is the completeness of H (R?) (cf. [14]).
We can give a Carleson measure characterization of )‘5(1 Ip-1) 35 follows (see [14]).

Proposmon 5 Let 75 <p <1.Then, foranyf € LY ( (R%), we have:
a) Iff € Aé(up_l), then DLf € TV moreover, we have

|DEf (|5 < Cllf I

d(p-1)°
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(b) Conversely, if f € L'((1 + |x)™“*) dx) and Dif € Ty, thenf € MYy, ) and

sy, o = CIDE | gpoe-

-1)

LetA; = ax,. +xand A_; = ax,. —-xjforj=1,2,...,d. Then
L= ZAA_,+A A,

Therefore, in the harmonic analysis associated with L, the operators A; play the role of the
classical partial derivatives dy; in the Euclidean harmonic analysis (see [2, 11, 18]). Now, it
is natural to consider the derivatives A; other than 9,,. In [13], the author defined the Lusin
area integral operator by A; and characterized the Hardy space H} (R?). As a continuous
study of the function spaces associated with L, in this paper we will define the Carleson
measure by A; and characterize the dual spaces and predual spaces of HY (RY). Moreover,
let Qf(x) = = t|VP Lf|(x), where V=(05A1,...,A_4,A1,...,Az). Then the main results of
this paper can be stated as follows.

Theorem 1 Let m <p < 1. Then, for every f € L}, (R?), we have:

(a) Iff € Afi(l/p—l)’ then QLf € TY™; moreover, we have

| Qf [ e = ClFls

1/1

(b) Conversely, if f € L*((1 + |x|)"@*V dx) and QLf € TS, then f € Afi(l/p_l) and

1Fllat,, ) < CIQS | rgee.

d(1/p-1)

Remark 2 In [8], the authors characterize the case p = 0, i.e.,, BMO;, by the heat semi-
group with the classical derivatives. In [15], the authors characterize the space BMO, by
the Poisson semigroup with the classical derivatives. In this paper, we will use the new
derivatives A; of the Poisson semigroup to characterize the space Afl(l /p1) for d+1 <p<l.

Theorem 2 Let 75 <p < 1. Then, for any f € LlOC(Rd), we have:
(a) Iff e Afi(l/pfl), then Q-f € T4y"; moreover, we have

”Qtf” 1550 = = C“f”’\L dasp

1

(b) Conversely, if f € L'((1 + |x)™*Y dx) and Q-f € T5s°, then f € )”fi(up—n and

Wi, ) = <Clef] -

-1)

The paper is organized as follows. In Sect. 2, we give some estimates of the kernels. In
Sect. 3, we give the proof of Theorem 1. The proofs of Theorem 2 will be given in Sect. 4.

Throughout the article, we will use A and C to denote the positive constants, which are
independent of the main parameters and may be different at each occurrence. By B; ~ By,
we mean that there exists a constant C > 1 such that é < % <C.
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2 Estimates of the kernels
In this section, we give some estimates of the kernels, which we will use in the sequel.
The proofs of these estimates can be found in [9].

Lemma 1

(a) Forevery N €N, there is a constant Cy > 0 such that

Vi «f) @

0<Kl(x,y) < Cut%e 5”'1”2(1 o
V=N o " o0y

(b) There exists C > 0 such that, for every N > 0, there is a constant Cy > 0 so that, for all

|h| <Vt

hl _a 12
K+ )= K )| < G - ferte (1 p{; ) %) e

By subordination formula, we can give the following estimates about the Poisson kernel.

Lemma 2
(a) Forevery N, there is a constant Cy >0, A > 0 such that

< Phxy) < ! AL o)
=hy (t2+A|x y[2)d+nr2 < o) p(y) '

(b) Let |h| < ‘x—;y‘ Then, for any N > 0, there exist constants C > 0, Cy > 0 such that

Vi t t t \N
|PL(x+hy) PLx’y)|_CNf(t2+A|x MO (1+M+p—(y)) . (5)

Duong et al. [6] proved the following estimates about the kernel D% (x, y).

Lemma 3 There exist constants C such that, for every N, there is a constant Cy > 0, so that

-2 2 t ¢ -
(@) |DHay)| < Oyt el (1 o " p—(y)) ;

(b) |Di(x+h,y) - Dr(x,y)| < C/(N(@f/tdeCﬂ"‘y'2 (1 LI L)_N,
‘ ' -\t p(x)  py)

forall |h| <t

()
‘/Rde(x’y )y ‘ =N pN

Lett=1 lnﬂ,s €(0,1). Then

1
ion=(

-2\ 1 1
. ) exp (—1 <s|x +y|2 + ;lx —y|2>) = Ks(x, y). 6)

The following estimations are very important for the proofs of the main result in this paper.
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Lemma 4 Thereis C >0 for NeNand |x —x'| < lx—;y',anyj:—1,...,—d,1,...,d, we can
find Cy > 0 such that

_d -y? NN
Vit <cxt-fesp(-E20) (10 XL YT

|VEAIKY (x,9) ~ VEAKE (%) |

e -] _d lx -y Vit
s e )(1 o Tm)

LédJE%Kﬂ%yﬂU (L+t/p)N

<C

Proof By
9
|AK (x,p)| = ‘aKtL(x, ) + x5 Kk (x, y)‘
]

d
< |—KE(x,

+ %K} (%, 9)| = I + I,

and ¢ = 1lnﬁ~s,s—>O’f,forse(O,%],wehave

1 2
I, < Clxyls™ 7exp (—Zs|x+y|2) exp( 4|x ) )

N

1 1 lx—y[?
< Clals L exp (—Es|x+y|2) exp (‘ZL el >

Ifx-y<0,then x| <|x—y|. So

2 2
L=Cs 2|x y|exp<—z|x ) )_Cs% exp(—|x ! )
s

8s
_d1 lx - yI?
<C — .
p( 8t >

Ifx-y>0,then x| < |x+y|.So

1 2 | —J’|2
I, <Cs™ 2|x+y|exp ——s|x+y| exp ~2

s
a2 ) a2
< Cs_% exp <—M> §Ct_% exp <_|x bl )
4s 4t
Therefore,
d lx — y|? d lx —yI*
IVt < C(1 + )t 2 exp Bryes <Ctzexp|- o . 7)

Since

Zt_l 2
lim t2(1—<ez—> ):0,
=00 et +1

2
we get (£5)42 <t fors € [3,1).
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When s € [%, 1), we gett= % In % > s. Therefore

1 2 |x—)’|2
I, < Clxjlexp ~2 slx +y|° + ——
s
1 _ a2
< Ct_d|x| exp (—1 (s|x +y|2 + u))
s

_ 1 lx =y
<Ct d(|x + 9| + |x—y|)exp (—Z(s|x+y|2 + %))

a2
SCt’dexp (— it )

8s
a2
< Ct‘dexp (— bl )
8t
Then
—y|2 M2
IVth| < Cr+s exp (— i 8ty| ) < crt exp (— > Styl ) (8)

By (6), we get
9 1 1
a—ijs(x,y) =3 s(xj + ;) + ;(x,-—y;) K(x,y)
and
1 1
I < C(slx,- +yl+ ;Ix,' —y,'I)Ks(x,y) < C(slx +yl+ ;Ix —y|>1<s(x,y).

Therefore, when s € (0, %], we have

— |2 M2
L < Cs’%l(l +s)exp| - bl < Ct*%l exp | - -1l )
8s 8t

When s € [%, 1), we have

2 2
x— x—
L < ct exp (—Q> < ct exp <—£)

8s 8t
Then
0 L _d |x —J’|2
«/Za—th ()| = Cefexp (- ). 9)
j
By (7)-(9), we get
a2
|[VEA KL (x,9)| < CE 8 exp <— b 8:' ) (10)

Similar to the proof of (10), for any N > 0, we can prove

_ a2
(i) i <G S (£
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and

2
ZJ\[|~/EI“1'K:L(9C;J’)| < CNt_%l exp (— I 8ty| )

Since p(x) = %le, we get p(—‘/i) = J/t(1 + |x]). Then, for N >0,

N
(£> [VEAIKL @,9)] < Cut ™% exp (— a _y|2>. (11)

p(x) 8t

Since x and y are symmetric, we also have

N J a2
(%) |tAK] (x,9)| < Cnt™2 eXp<—|x8tyl > (12)

Then (a) follows from (10)—(12).
(b) Note that

[VEAK] (o) = VIAIK; (x,9)]

=

+ |V K} («,y) = VixK] (%, 9)]

9 9
t—KE(x',y) = VEi—KE(x,
‘[ax, L (xy) ‘[ax,- L(x,y)

=i+

For J, let
1
¢(2) = @y,5(2) = zjexp —;La(s,z,y) ,

where a(s,z,y) = sz +y1* + 1|z - y|*.

Then
il 1 1
5= (8, - S5+ 90 - 55 —yk)) exp (—;La(s,z,y)).
Therefore

3 1 1
—(@)| <= Cl1+slzllz+y| + —|zllz—y| Jexp | —=a(s,z,¥)
0zx s 4
<C 1+s”2|zl+ilz| ex —la(sz )
= 172 pl-geszy

1 1
L+ (lz=yl + 1z +y]) + SlT(|Z —y+lz +y|)) exp (—yx(s,z,y))

< Cs'exp (——Slz —y|2). (13)
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Let0 =Ax+(1-A)x,0<A < 1. Then

Jo < CEP K (x,y) - 2K (x,9)|

< Ct_d/z‘x — | sup| Ve (0)|
0

Nl 60— 2
< Ct’d/2—|x il | supexp —l ol
s 0 16s

_ap =% 16 —y1?
< Ct dn vl _ .
= ; |5191pexp 16t

When |x —x'| < ‘x—;y‘, we can get |6 — y| ~ |x — y|. Therefore, there exists A > 0 such that

_aplx =% lx —yI*
<P T lexp (- . 14
L=< ; p Az (14)

FO[']l,
Ji = \/ZiKL(x’ y) —\/ZiI(L(x )
ax]' t ’ 396]‘ t ’
=/t iKs(x’,y) _ iKs(x,y)
axj axj

Vi

(s(xj +y) + %(xj —)’i)) exp (—%a(s,x,y))
, 1, 1 /
- (s(xj +9)) + ;(xj —)’1’)) exp <—Z“(S7’C 0’)) ‘
Let

VY (z) = ¥y6(2) = <5(Zj +5) + %(zj —)’j)> exp <—L—11a(s, z,y)>-

9
8—Z(z) = |:<s + %)(Sﬂ( - %(s(z, +yj) + %(zj —y;))

s(zx + yi) + %(Zk —J’k)] exp (—ia(s, Z:y))-

Therefore, similar to the proofs of (13) and (14), we can prove

0
W

0zx

< Cs'exp (—%a(sr z,y))
and
Ji < Csup|Vy (0)||x -«
0

_ap e =] |x—y|2
< 7 — ). 15
= P lexp T (15)
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Inequalities (13) and (15) show

x—x| _a
VA K G) - ViAKW, )] = G e e (-
Then, similar to the proof of (a), we have
|VtAKE (x,y) - VEAK] (x ,y)|<CN| - zexp(—

(c) Noting that

/1;1 \/ZA,-KtL(x,y) dy‘

< ’/ «/ZaijtL(x,y)dy + tijtL(x,y)dy‘
R4

=1+1I

lx - yI?
At

lx - yI*
At

)

)

G

p(x)

i
p(y)

)

The proof of part I can be found in Lemma 3.9 of [6]. For part II, since |x;| <1+ x| =

and Lemma 1, we get

L
11<—/ VK (x,y |dy< ﬁN'
(1+ 76

Therefore, part (c) holds and this completes the proof of Proposition 4.

Lemma 4 and the subordination formula give the following.

Lemma 5 Thereis C >0 for N € Nand |x - x'| < @, we can find Cy > 0 such that

t )‘N.

" 00)

t
) <C 1
|Qhx,y)| < N(t2+A|x_y|2)(d+l)/2< + o(%)

t

|x — |
|Qt (x,y) QL( )| CN< ¢ >(t2 +A|x_y|2)(d+1)/2

t/p(x)

‘fw QU] <Oy

3 Carleson measure characterization of A,

Let s; denote the Littlewood—Paley g-function associated with L, i.e.,

1) = ( [ latss )|2‘”)

and A; denote the Lusin area integral associated with L, i.e.,

s ([ [ Jaise >|2dydt)

Then we can prove the following.

<1 + L +
p(x)

t

p(®)

Page 11 of 20

px)

)
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Lemma 6 The operators s; and Ay are isometries on L2(RY) up to constant factors. Ex-
actly,

1
lsefllzz = 2 1F N2, IALf llz2 = Callfll 2.

The proof of Lemma 6 is standard, we omit it.
Let F(x,t) = Q-f(x) and G(x, £) = Qg(x). Then we have the following lemma.

Lemma 7 Ifg e L'((1 + |x|)"%*V dx) and f is an HY'™ -atom, then

dxdt

i/ﬂ{df(x)@dx: /Ri“ F(x,t)G(x, t)

Lemma 8 There exists C > 0 such that, for any Hf’oo—atom a(x), we have ||Apalp < C.

The proofs of Lemmas 7 and 8 can be found in [8].

Now we can give the proof of Theorem 1.

Proof of Theorem 1 Let f € Aé(

know

11y then f € LY((1 + |x|)~“*V dx). By Lemma 5(a), we

QHf(x) = / Q ) ) dy
]Rd

is absolutely convergent. To prove the assertion (a), we need to prove that, for any ball

B= B(x(),l"),
1 7 2dxdt 9
g [P <oy, (16)
Set By = B(xp, 2Fr) and
f=(f~fBD)xs, + (f ~fB) xss +f(Br) =fi +f +f(By).
By Lemma 6, we have
1 L~ 2dxdt 1 ~ 2
W/;Qtﬁ(x)’ P =< W/Bkl‘fl(x” dx
S Sy {1 N— IR
= et N T gt [y vl
= C”f”iL( . (17)

d(1/p-1)

Note that

F(By) - f(By)| < 2d|B—12| fB IF () — £ (By)| dx

1/2
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1 ) 1/2
_ nd 1/p-1
= 24|B, P W(/Bzmx)_f(&” dx)

d 1/p-1
< 2Bo P WS g -

Therefore

f(Beer) = f(BY)] = ChIBraa " fll g (18)

For x € B(x¢,r), by Lemma 5(a) and (18),

~ t ~
Q)] = C-/]Rd (£ + Clx—y|2)(d+1>/2 160)| dy
C _ B))|d

o]

t
< C; @t </Bk+1\3k If o) = fBys1)| dy + (2kr)dV(Bk+1) —f(Bl)|>

¢ Kd(1/p-1)-1)
< Coir Zz PUDA+ RIS -

-1)

t
< _
=C A1=d(1ip-1) gl AL

(Wp-1)°

In the last step of the above, we use the facts 25 <p <1togetd(l/p-1)-1<0.
Thus we have

1 ;~ 2dxdt 9
W/,B;|Qtf2(x)| 5 SCI[}’IIALl . (19)

d(1/p-1)

It remains to estimate the constant term. Assume first that r < p(x,). Taking ky such that
2k0r < p(x) < 2%0*1r, we have

[fB1)| < |[f(Bros1) —fB1)| + |[f Bros1)|
< CkolBiour """ f it + 1Brgal "M Ifllzt

d(1/p-1)

p(xo)
< C(l +log, 0 >|Bk0+1|1/p Il A

d(1/p-1)

dp-1)°

Note that p(x) ~ p(xo) > r for any x € B(xy, r), by using Lemma 5(c), we get

1 L 2dxdt
W /E‘Qt (f(Bl)l)(x)‘ p
If(Bl)|2 dedt
“ B J; (x,y)dy

<C[f(Bl)|2/( t )dxdt
= Bt Jz\ p(xo) t

| Bgs112772 oI\ 9
<C———(1+1o
T |B]Pr2 g7 p(%0) |V||A5<1/p—1>
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2 2-2d(1/p-1)
c<1+1 p(x‘)))( r ) " FI2.
r p(xo) d(1/p-1)

< Clf I3 (20)

d(1/p- 1)

In the last step of the above, we use the fact d(1/p — 1) < 1. For r > p(xo), we have |f(B;)| <
CIB1[MP7H|f]| 2

dp-1)"
Note that ,o(x) < Cr for any x € B(xo,r), again by Lemma 5(c), we get

zdxdt

FEE /|QL(f<Bl)1)< )

Bl |2 L
< Lo / Q4,9 dy

C”B”z( (i) e [ [ (65) G )
= "B // p(x) td“/B/p(x) @)

< Clf I3 (21)

dQ/p 1)

2dxdt

Then (17) follows from (18)—(21). This proves part (a).
Let f € LY((1 + |x|)"“*V dx) and QLf(x) € T5™. We want to prove that f € Aé(l/p—l)' By
Afm Ip-1) I8 the dual space of Hf (R9), it is sufficient to prove that

HY 5g0> Lf(g):= /df(x)g(x) dx
R
defined on finite linear combinations of H} "™ -atoms satisfies the estimate

@] =< ClQf | ppos gl

By Lemma 7, Lemma 8, and Proposition 3, we get

5@] - | [ soewras

“

B ;. adx
-l Qe
< Clai g~ el

= C[[ Qs 7pe gl -

This gives the proof of part (b) and then Theorem 1 is proved. d

4 The predual space of Hardy space H/ (R9)
In this section, we give a Carleson measure characterization of the space )\2(1 /p_l)(]Rd).

Proof of Theorem 2. Let f € A dtp-1y ,thenf € Aj,, ;) By Theorem 1, we know f € L'((1+
|x)~*D dx). To prove Qif € T ho » we first prove that there exists a constant C > 0 such
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that, for any ball B = B(x, r), we have

s dxdt Z 9-k1-dp-1 g (£ B), (22)

e [l e

where
1 2
,B)= sup ———— —f(B)|" dy.
i o e [

We first assume (22) holds, then we show that Q’t‘ f € Téi o . Infact,asf € )Lfl(l Ip-1) W€ have

fe Aj(l /p-1) and there exists a constant C > 0 such that

Pi(f, B) = ClIf Il o1

dp-1)°

Then, for any k € N, we have

lim sup Bi(f,B) = hm sup  Bi(f,B) = hm sup Bi(f,B) = 0. (23)

=0 pRdrz<a  BcRirgza  BRABCB(0,a)°
By (22), we have

zdxdt

e )

<CZZ (1-d(1/p-1)) ,Bk(fB +C22 (1-d(1/p-1)) ”f'HZ

d(1/p-1)

k=1 k=ko
ko
<C22 (1-d(1/p-1)) ,Bk(fB +C2 —ko(1-d(1/p- 1)”}(‘”2
P dQ/p 1)
We can take ko large enough such that 2‘k0/2|[f||iL is small. This proves that

d(1/p-1)

||Qth||T§z,oc < oo and n1(f) = na2(f) = n3(f) = 0 follows from (23). Therefore QLf € T ¢°.
Now we give the proof of (22). Set By = B(xo, 2¢r) and

=0 -fB)xz, + (f —fB)) xwry +fB1) =fi +fo +f(By).
By Lemma 6, we have

2dxdt

1 ~ 2

_ W /B f () ~f(B)| dx < CAL(f, B). (24)

e

By

k+1

1/2
f(Bew) =f Bl)’<CZ|B|l/p 1|B|1/p 172 </ [f(x) - £ (B))] dx)
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and Lemma 5(a), for x € B(xo, r),

~ t ~
|QhW)| < C/Rdm[fzb’”dy

SC/( Wlf@ f(Bl)|d}’

B %0 —

[e¢]

t
_ —fBry)| d
= C; (ZkV)d+1 <‘/Bk+1\Bk [f(y) f(Bk 1)| )
+ (2k7)dV(3k+1) —f(31)|)

¢ 00 1 ) 12
C ok(d(1/p-1)-1) / _f(B d
= 7 pl-d(1p-1) kX:; |Bjyq |V/P-172 B Lf f( k+1)| Y

k+1

Z|B|“ﬁ W(/V ) dy) /2>

oo
¢ Z _1)-
- Crl—d(l/pfl) DDA+ KBl B
k=1

Therefore

e S L A0 (25)
k=1

e IR

It remains to estimate the constant term. Assume first that r < p(xo). Taking ko such that

2k0r < p(x) < 2%0*1r, we have
[f(BV)| < [fBros1) —fB1)] + |f Bros1)|

ko+1

/2
<CZ|B|1/p 1|B|W 1/2(/ If £ B)|* dy)

1 1/2
1/p-1 2
+ |Bigul 7@ If| dy)
0 |Bk0+1 |1/p—1/2 Bign

< C|Bros1 " (ko + 1)/311(:2(/(’3)'

Note that p(x) ~ p(xo) > r for any x € B(xo, ), by Lemma 5(c), we get

1 dxdt
W/E\Qf(ﬂ&)l)(x)\z ;

FB)P?

"Bt J3

- C[f(Bl)|2/( t ) dxdt
= BIPP Jz\ plxo) ¢
| Bigs1/¥772 r o\’
= CW(“W(m> Pralf:B)

Zdxdt

(x,9) dy
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< C22U=AWPD(1 1 ko) B, f, B)

< Co7ho=WUr-D g, (f,B). (26)

For r > p(xo), we have

1/2
[f(B1)| < CIBy V77! W (/Bl I -r@of° dy) -

Note that p(x) < Cr for any x € B(xo, r), again by Lemma 5(c),

dxd
|B|2/P 1/|Qt (f(Bl)l)( )|2 rat
If(By)? 2dxdt

|B|2/1P|1 / Q| =

_Cr@’ t \dt /ot \Cdt
=B (// (p(x)) ‘ d“fgfpw(%) de)

2/p-1

< Clr B < 2 ) @)

Then (22) follows from (24)—(27).
For the reverse, by Theorem 1, we get f € ALy, ;) from Q;f € T3}, For any ball B =
B(xO: r)y

1/2

( [Ire —f(B>|2dx) - s
B suppgCB,ligll 2 gy <1

= sup
SuppgCB, gl 25 <1

/B (f(x) - £ (B))g(x) dx

/f (¢x) —g(B)) dx|.

Let G(x) = (g(x) — g(B)) xs. Then, by Lemma 7, we obtain

dxd,
‘/ f®)G(x) dx =4Vd QHf () (Qhg(w) - Qg(B) () = t‘
R4 R+
dxd
= [ laifwllatee| =

dxdt

+Zf | wl|ok6e|

B \Bx

-E + ZEk.
k=2

By Holder’s inequality and Lemma 6, we have

E = (/ |Qif (%) 2dxdt> (fooo|Qf(g_g(B))(X)2%>1/2 12(8y)

dxd
<C(/ Q)" t) (28)
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Now, we estimate E;. By Holder’s inequality again, we have that

Ex < Fr- I,

where

(//k:l Ak|QLf )lzdxdt>

and

dxd
Ik:( / | Qe - QteBYw) [P t)
B \Br

When r < p(xg), then f 5&(x) — g(B) dx = 0. Therefore, by Lemma 5(b),

|Qgx) - Qrg(B)()| = ‘ /B (Q (%) — QF (x,%0)) () — g(B)) dy

¢ %0 =y
= C/B (t+x—y)al ¢ lg(y) - g(B)| dy

t
< C [ ot let) - et

t 12 t r
=< CWEHgHLl(B) <C|B| (25 )L s
Therefore
2k+1
dxdt 1
I} <C|B <C|B 272,
p=cm /B o ( ) o = Pl
It follows that

E < C|B|1/2|Bk|l/22k</B |QLf( ){

k+1

2dxdt>

When r > p(xo), we have p(y) < Cr for y € B(xo,r). Then, by Lemma 5(a),

|Qrg(x) - Qrg(B)(%)| = ‘ /B Qt(x,)g(y) dy'

SC/(#/O@” (y)|

B 2kr)d+l
t r
(2kr)d+1 t

¢ 1/2
< C(zk T tllgllu @ = C|B|

Then we can get

EkSC|B|“2|Bk|-”22-k< f Q)|

Byt

zdxdt>

Page 18 of 20

(29)



Huang et al. Journal of Inequalities and Applications (2018) 2018:177 Page 19 of 20

By (28) and (29), we know

1
|B[Ur112 ( /B @) -f (B)|2dx>
C 5 - sdxdt
SWEZ k|Bk| 1/2(/ |QLf | )

e kB . 2dxdt
_sz |BJVp=1 | By [Vp112\ J5 ‘Qtf( |
k=1

[ee]

<C) 27 (f,B),

k=1

1/2

where

o, = e [0 o)

Then we can get y1(f) = 2(f) = y3(f) = 0 as the proof of the first part of this theorem.
Therefore f € AL and the proof of Theorem 2 is completed. O

5 Conclusions

This paper defines a new version of Carleson measure associated with Hermite operator,
which is adapted to the operator L. Then, we characterize the dual spaces and predual
spaces of the Hardy spaces HY (R“) associated with L. The main results of this paper are
the central problems in harmonic analysis, which can be used in PED or geometry widely.
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