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Abstract
Some new nonlinear impulsive differential and integral inequalities with nonlocal
integral jump conditions are presented in this paper. Using the method of
mathematical induction, we obtain a new upper bound estimation of certain
differential and integral inequalities; these inequalities have both nonlocal integral
jump and weakly singular kernels. Finally, we give two examples of these inequalities
in estimating solutions of certain equations with Riemann–Liouville fractional integral
conditions.
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1 Introduction
As is well known, impulsive differential and impulsive integral inequalities play a funda-
mental part in the study of theory of impulsive equations (see [1–4]). Recently, a lot of
experts studied the global existence, uniqueness, bounded-ness, stability, oscillation and
other properties of different impulsive inequalities (see [5–18]). For example, in [1], Lak-
shmikanthan investigated an impulsive differential inequality given as Theorem 1.1.

Let 0 ≤ t0 < t1 < t2 < · · · be a sequence, limk→∞ tk = ∞, R+ = [0, +∞). For I ⊂ R, we
define the following set of functions:

PC(R+, I) = {u : R+ → I ; u(t) is continuous for t �= tk , u(0+), u(t+
k ), u(t–

k ) exist, and u(t) is
left-continuous at tk , k = 1, 2, . . .};

PC1(R+, I) = {u ∈ PC(R+, I); u′(t) is continuous for t �= tk , u′(0+), u′(t+
k ), u′(t–

k ) exist, and
u′(t) is left-continuous at tk , k = 1, 2, . . .}.

Theorem 1.1 Assume that:
(H0) the sequence {tk} satisfies 0 ≤ t0 < t1 < t2 < · · · , limk→∞ tk = ∞;
(H1) m ∈ PC1[R+,R] and m(t) is left-continuous at tk , k = 1, 2, . . . ;
(H2) for k = 1, 2, . . . , t ≥ t0,

m′(t) ≤ p(t)m(t) + q(t), t �= tk , (1.1)

m
(
t+
k
) ≤ dkm(tk) + bk , (1.2)
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where p, q ∈ C[R+,R], dk ≥ 0 and bk (k = 1, 2, . . .) are constants. Then

m(t) ≤ m(t0)
∏

t0<tk <t
dke

∫ t
t0

p(ξ ) dξ +
∑

t0<tk<t

( ∏

tk <tj<t
dje

∫ t
tk

p(ξ ) dξ

)
bk

+
∫ t

t0

∏

s<tk<t
dke

∫ t
s p(ξ ) dξ q(s) ds, t ≥ t0. (1.3)

In [12], Thiramanus and Tariboon developed the impulsive inequalities with the follow-
ing integral jump conditions:

m
(
t+
k
) ≤ dkm(tk) + ck

∫ tk –σk

tk –τk

m(s) ds + bk , k = 1, 2, . . . , (1.4)

where 0 ≤ σk ≤ τk ≤ tk – tk–1. In [11], Liengtragulngam et al. generalized further results by
replacing the integral jump conditions (1.2) by the following nonlocal jump conditions:

m
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1m(s) ds + dkm(tk) + bk . (1.5)

We note that a weak singular kernel is involved in the nonlocal jump conditions. They
gave the estimation of m(t) as follows.

Theorem 1.2 Let (H0) and (H1) be true. Suppose that p, q ∈ C[R+,R] and for k = 1, 2, . . . ,
t ≥ t0,

⎧
⎨

⎩
m′(t) ≤ p(t)m(t) + q(t), t �= tk ,

m(t+
k ) ≤ ck

�(βk )
∫ tk

tk–1
(tk – s)βk –1m(s) ds + dkm(tk) + bk ,

where ck , dk ≥ 0, βk > 0 and bk (k = 1, 2, . . .) are constants. Then, for all t ≥ t0,

m(t) ≤
{

m(t0)
∏

t0<tk <t

(
ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
p(ξ ) dξ ds + dke

∫ tk
tk–1

p(ξ ) dξ

)

+
∑

t0<tk <t

[ ∏

t0<tj<t

(
cj

�(βj)

∫ tj

tj–1

(tj – s)βj–1e
∫ s

tj–1
p(ξ ) dξ

ds + dje
∫ tj

tj–1 p(ξ ) dξ
)

×
(

ck

�(βk)

∫ tk

tk–1

∫ s

tk–1

(tk – s)βk –1q(ν)e
∫ s
ν p(ξ ) dξ dν ds

+ dk

∫ tk

tk–1

q(s)e
∫ tk

s p(ξ ) dξ ds + bk

)]}
e
∫ t

tl
p(ξ ) dξ +

∫ t

tl

q(s)e
∫ t

s p(ξ ) dξ ds, (1.6)

where tl = max{tk : t ≥ tk , k = 1, 2, . . .}.

These results play fundamental roles in the global existence, uniqueness, stability and
other properties of various linear impulsive differential and integral equations.

A lot of authors just study the qualitative properties of linear impulsive inequalities.
However, most of the phenomena in the world do not change linearly, such as heart beat,
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blood pressure, and so on. Hence the nonlinear impulsive differential and integral theories
are more accurate than linear impulsive theories in various aspects.

In this paper, we extend the theories of linear impulsive system to nonlinear impulsive
inequalities with nonlocal jump conditions. We consider the following nonlinear inequal-
ity:

m′(t) ≤ p(t)m(t) + q(t)mα(t), t �= tk ,

with different nonlocal jump conditions, we give the upper bound estimation of the in-
equality, and an estimation of solutions of certain nonlinear equations is also involved.

For convenience, we give the following lemmas.

Lemma 1.1 ([9]) Assume that a, b ∈ R, p ≥ 0. Then

(|a| + |b|)p ≤ Cp
(|a|p + |b|p),

where Cp = 1 for 0 ≤ p ≤ 1, and Cp = 2p–1 for p > 1.

Lemma 1.2 Let {an}, {bn} be two sequences of numbers. Then we have

( n–1∑

k=1

n–1∏

j=k+1

ajbk

)

an + bn =
n∑

k=1

[ n∏

j=k+1

aj

]

bk .

2 Nonlinear impulsive inequalities with nonlocal jump conditions
In this section, we present and prove some new nonlinear impulsive differential and inte-
gral inequalities with nonlocal jump conditions. Let tl = max{tk : t ≥ tk , k = 1, 2, . . .}.

Theorem 2.1 Let (H0) and (H1) hold. Suppose that p, q ∈ C[R+,R] and for k = 1, 2, . . . ,
t ≥ t0,

m′(t) ≤ p(t)m(t) + q(t)mα(t), t �= tk , (2.1)

m1–α
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk–1m1–α(s) ds + dkm1–α(tk) + bk , (2.2)

where 0 < α < 1, ck , dk ≥ 0, βk > 0 and bk (k = 1, 2, . . .) are constants. Then, for t ≥ t0, we
have

m(t) ≤
{{

m1–α(t0)
∏

t0<tk <t

(
ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
(1–α)p(ξ ) dξ ds

+ dke
∫ tk

tk–1
(1–α)p(ξ ) dξ

)

+
∑

t0<tk <t

[ ∏

tk <tj<t

(
cj

�(βj)

∫ tj

tj–1

(tj – s)βj–1e
∫ s

tj–1
(1–α)p(ξ ) dξ

ds

+ dje
∫ tj

tj–1 (1–α)p(ξ ) dξ
)]
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×
(

ck

�(βk)
(1 – α)

∫ tk

tk–1

∫ s

tk–1

(tk – s)βk–1q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν ds

+ (1 – α)dk

∫ tk

tk–1

q(s)e
∫ tk

s (1–α)p(ξ ) dξ ds + bk

)}
e
∫ t

tl
(1–α)(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tl

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

. (2.3)

Proof Let

v(t) = m1–α(t).

Then applying (2.1), we can get

v′(t) = (1 – α)m–α(t)m′(t)

≤ (1 – α)m–α(t)
[
p(t)m(t) + q(t)mα(t)

]

= (1 – α)p(t)v(t) + (1 – α)q(t). (2.4)

The inequality (2.2) can be written as

v
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1v(s) ds + dkv(tk) + bk . (2.5)

Next, we set

Ek =
ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
(1–α)p(ξ ) dξ ds + dke

∫ tk
tk–1

(1–α)p(ξ ) dξ , (2.6)

Gk =
ck

�(βk)

∫ tk

tk–1

∫ s

tk–1

(tk – s)βk –1(1 – α)q(ν)e
∫ s
ν p(ξ ) dξ dν ds

+ (1 – α)dk

∫ tk

tk–1

q(s)e
∫ tk

s (1–α)p(ξ ) dξ ds + bk , (2.7)

then (2.3) reduces to

m(t) ≤
{{

m1–α(t0)
∏

t0<tk <t
Ek +

∑

t0<tk <t

[ ∏

tk <tj<t
Ej

]
Gk

}
e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tl

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

. (2.8)

By the definition of v(t), we just need to prove

v(t) ≤
{

v(t0)
∏

t0<tk <t
Ek +

∑

t0<tk<t

[ ∏

tk <tj<t
Ej

]
Gk

}
e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tl

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds. (2.9)
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We prove it by induction. For t ∈ [t0, t1], inequality (2.4) can be written as

d
dt

[
v(t)e–

∫ t
t0

(1–α)p(ξ ) dξ ] ≤ (1 – α)q(t)e–
∫ t

t0
(1–α)p(ξ ) dξ . (2.10)

Integrating (2.10) from t0 to t, for t ∈ [t0, t1], we have

v(t) ≤ v(t0)e
∫ t

t0
(1–α)p(ξ ) dξ + (1 – α)

∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds. (2.11)

Hence (2.9) is valid on [t0, t1]. Assume that (2.9) holds for t ∈ [t0, tn], for some integer n > 1.
Then, for t ∈ [tn, tn+1], it follows from (2.4) and (2.11) that

v(t) ≤ v
(
t+
n
)
e
∫ t

tn (1–α)p(ξ ) dξ + (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds. (2.12)

Applying (2.5) with (2.12), we get

v(t) ≤
(

cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1v(s) ds + dnv(tn) + bn

)
e
∫ t

tn (1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds. (2.13)

By induction and (2.13), we get

v(t) ≤
{

cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1 ×
{{

v(t0)
∏

t0<tk <s
Ek +

∑

t0<tk <s

[ ∏

tk <tj<s
Ej

]
Gk

}

× e
∫ s

tn–1
(1–α)p(ξ ) dξ + (1 – α)

∫ s

tn–1

q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}
ds

+ dn

{{
v(t0)

∏

t0<tk<tn

Ek +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Ej

]
Gk

}
e
∫ tn

tn–1
(1–α)p(ξ ) dξ

+ (1 – α)
∫ tn

tn–1

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
}

+ bn

}

× e
∫ t

tn (1–α)p(ξ ) dξ + (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

=
{(

v(t0)
∏

t0<tk<tn

Ek +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Ej

]
Gk

)
cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1

× e
∫ s

tn–1
(1–α)p(ξ ) dξ ds

+
cn

�(βn)

∫ tn

tn–1

∫ s

tn–1

(tn – s)βn–1(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν ds

+
(

v(t0)
∏

t0<tk <tn

Ek +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Ej

]
Gk

)
dne

∫ tn
tn–1

(1–α)p(ξ ) dξ

+ dn(1 – α)
∫ tn

tn–1

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds + bn

}
e
∫ t

tn (1–α)p(ξ ) dξ
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+ (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

=
{(

v(t0)
∏

t0<tk<tn

Ek +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Ej

]
Gk

)
En + Gn

}
e
∫ t

tn (1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

=
{

v(t0)
∏

t0<tk <t
Ek +

∑

t0<tk<t

[ ∏

tk <tj<t
Ej

]
Gk

}
e
∫ t

tn (1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds. (2.14)

Hence (2.9) is valid on [tn, tn+1]. Therefore, the inequalities (2.9) is valid for t0 ≤ t ≤ tn+1.
We know that v(t) = m1–α(t), this completes the proof of Theorem 2.1. �

If dk ≡ 1 in Theorem 2.1, we obtain the following theorem.

Theorem 2.2 Suppose that (H0) and (H1) hold, p, q ∈ C[R+,R] and for k = 1, 2, . . . , t ≥ t0,

m′(t) ≤ p(t)m(t) + q(t)mα(t), t �= tk , (2.15)

	m1–α(tk) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1m1–α(s) ds + bk , (2.16)

where 0 < α < 1, ck , dk ≥ 0, βk > 0 and bk (k = 1, 2, . . .) are constants, 	m1–α(tk) = m1–α(t+
k )–

m1–α(tk). Then we have the following inequality:

m(t)1–α ≤
{

m1–α(t0)
∏

t0<tk <t
Mk +

∑

t0<tk<t

[ ∏

tk <tj<t
Mj

]
Nk

}
e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ , (2.17)

where

Mk =
ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
(1–α)p(ξ ) dξ ds + e

∫ tk
tk–1

(1–α)p(ξ ) dξ ,

Nk =
ck

�(βk)

∫ tk

tk–1

∫ s

tk–1

(tk – s)βk –1(1 – α)q(ν)e
∫ s
ν p(ξ ) dξ dν ds + bk .

Proof As the proof of Theorem 2.1, from (2.11) we have

m1–α(t) ≤ m1–α(t0)e
∫ t

t0
(1–α)p(ξ ) dξ + (1 – α)

∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds, (2.18)

which means that (2.17) holds for t ∈ [t0, t1].
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Now we use the method of mathematical induction; suppose that (2.17) holds for t ∈
[t0, tn], then

m1–α(t) ≤
{

m1–α(t0)
∏

t0<tk <t
Mk +

∑

t0<tk<t

[ ∏

tk <tj<t
Mj

]
Nk

}
e
∫ tn

tn–1
(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds. (2.19)

Then, by (2.16),

m1–α
(
t+
n
) ≤ m1–α(tn) +

cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1m1–α(s) ds + bn

≤
{

m1–α(t0)
∏

t0<tk <tn

Mk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Mj

]
Nk

}
e
∫ tn

tn–1
(1–α)p(ξ ) dξ

+ (1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds

+
cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1
{

m1–α(t0)
∏

t0<tk <s
Mk +

∑

t0<tk <s

[ ∏

tk <tj<s
Mj

]
Nk

}

× e
∫ s

tn–1
(1–α)p(ξ ) dξ ds

+
cn

�(βn)

∫ tn

tn–1

∫ s

tn–1

(tn – s)βn–1(1 – α)q(ν)e
∫ tn
ν (1–α)p(ξ ) dξ dν ds + bn

=
{

m1–α(t0)
∏

t0<tk <tn

Mk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Mj

]
Nk

}

×
[

cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1e
∫ s

tn–1
(1–α)p(ξ ) dξ ds + e

∫ tn
tn–1

(1–α)p(ξ ) dξ

]

+ (1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds + Nn

=
{

m1–α(t0)
∏

t0<tk <tn

Mk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Mj

]
Nk

}
Mn

+ (1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds + Nn.

By Lemma 1.2, we have

m1–α
(
t+
n
) ≤

{
m1–α(t0)

∏

t0<tk <tn+1

Mk +
∑

t0<tk<tn+1

[ ∏

tk <tj<tn+1

Mj

]
Nk

}

+ (1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds.

For t ∈ [tn, tn+1], (2.18) can be replaced by

m1–α(t) ≤ m1–α
(
t+
n
)
e
∫ t

tn (1–α)p(ξ ) dξ + (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

≤
{{

m1–α(t0)
∏

t0<tk <t
Mk +

∑

t0<tk <t

[ ∏

tk <tj<t
Mj

]
Nk

}
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+ (1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
}

e
∫ t

tn (1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

=
{

m1–α(t0)
∏

t0<tk <t
Mk +

∑

t0<tk<t

[ ∏

tk <tj<t
Mj

]
Nk

}
e
∫ t

tn (1–α)p(ξ ) dξ

+ (1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ dse
∫ t

tn (1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds.

Therefore, the estimate (2.17) holds for t ∈ [t0, tn+1]. This completes the proof. �

Using different estimating methods, we have the following results.

Theorem 2.3 Suppose that all the hypotheses of Theorem 2.1 are fulfilled. Then, for t ≥ t0,
we have:

(i) For k = 1, 2, . . . , the following estimation holds:

m(t) ≤
{{

m1–α(t0)
∏

t0<tk <t

[
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

eνk (
∫ s

tk–1
(1–α)p(ξ ) dξ–s) ds

) 1
νk

+ dke
∫ tk

tk–1
(1–α)p(ξ ) dξ

]

+
∑

t0<tk <t

[ ∏

tk <tj<t

[
cj

�(βj)

(eμjtj�(β2
j )

μ
β2

j
j

) 1
μj

(∫ tj

tj–1

e
νj(

∫ s
tj–1

(1–α)p(ξ ) dξ–s)
ds

) 1
νj

+ dke
∫ tj

tj–1 (1–α)p(ξ ) dξ
]](

ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

×
(∫ tk

tk–1

e–νk s
{∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}νk

ds
) 1

νk

+ dk

∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν + bk

)}
e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tl

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

, (2.20)

where μk = βk + 1 and νk = 1 + 1
βk

.
(ii) If we assume further that βk > 1

2 , then, for k = 1, 2, . . . , we have the following estimation:

m(t) ≤
{{

m1–α(t0)
∏

t0≤tk≤t

[
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

e2(
∫ s

tk–1
(1–α)p(ξ ) dξ–s) ds

) 1
2

+ dke
∫ tk

tk–1
(1–α)p(ξ ) dξ

]



Zheng et al. Journal of Inequalities and Applications  (2018) 2018:170 Page 9 of 22

+
∑

t0<tk <t

[ ∏

tk <tj<t

[
cj

�(βj)

(
e2tj�(2βj – 1)

22βj–1

) 1
2
(∫ tj

tj–1

e
2(

∫ s
tj–1

(1–α)p(ξ ) dξ–s)
ds

) 1
2

+ dke
∫ tj

tj–1 (1–α)p(ξ ) dξ
]](

ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2

×
(∫ tk

tk–1

e–2s
{∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}2

ds
) 1

2

+ dk

∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν + bk

)}
e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)
∫ t

tl

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

. (2.21)

Proof To prove (i), we use the Hölder inequality. For k = 1, 2, . . . , we get
∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
(1–α)p(ξ ) dξ ds

≤
(∫ tk

tk–1

(tk – s)(βk–1)μk eμk s ds
) 1

μk
(∫ tk

tk–1

e–νk seνk
∫ s

tk–1
(1–α)p(ξ ) dξ ds

) 1
νk

<
(

eμk tk �(β2
k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

e–νk seνk
∫ s

tk–1
(1–α)p(ξ ) dξ ds

) 1
νk

.

In fact, by changing the variable, we get
∫ tk

tk–1

(tk – s)(βk –1)μk eμk s ds = eμk tk

∫ tk –tk–1

0
ημk (βk –1)e–μkη dη

=
eμk tk

μ
1–μk (1–βk )
k

∫ μk (tk –tk–1)

0
λμk (βk –1)e–λdλ

<
eμk tk

μ
1–μk (1–βk )
k

�
(
1 – μk(1 – βk)

)

=
eμk tk �(β2

k )

μ
β2

k
k

and
∫ tk

tk–1

∫ s

tk–1

(tk – s)βk –1(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν ds

≤
(∫ tk

tk–1

(tk – s)(βk–1)μk eμk s ds
) 1

μk

×
(∫ tk

tk–1

e–νk s
{∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}νk

ds
) 1

νk

<
(

eμk tk �(β2
k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

e–νk s
{∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}νk

ds
) 1

νk
.

Substituting the above inequalities in (2.3), we obtain the desired inequality in (2.20).



Zheng et al. Journal of Inequalities and Applications  (2018) 2018:170 Page 10 of 22

To prove (ii), since in this case, 2βk – 1 > 0, �(2βk – 1) are well defined for k = 1, 2, . . . .
We use the Cauchy–Schwartz inequality to get

∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
(1–α)p(ξ ) dξ ds

≤
(∫ tk

tk–1

(tk – s)2(βk–1)e2s ds
) 1

2
(∫ tk

tk–1

e2(
∫ s

tk–1
(1–α)p(ξ ) dξ–s) ds

) 1
2

<
(

e2tk �(2βk – 1)
22βk –1

) 1
2
(∫ tk

tk–1

e2(
∫ s

tk–1
(1–α)p(ξ ) dξ–s) ds

) 1
2

and

∫ tk

tk–1

∫ s

tk–1

(tk – s)βk –1(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν ds

≤
(∫ tk

tk–1

(tk – s)2(βk–1)e2s ds
) 1

2
(∫ tk

tk–1

e–2s
{∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}2

ds
) 1

2

<
(

e2tk �(2βk – 1)
22βk –1

) 1
2
(∫ tk

tk–1

e–2s
{∫ s

tk–1

(1 – α)q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

}2

ds
) 1

2
.

Substituting these two inequalities in (2.3), we get the desired results. The proof is com-
pleted. �

If dk ≡ 0 and p(t) is constant function in Theorem 2.2, we obtain the following corollary.

Corollary 2.4 Suppose (H0) and (H1) hold, and for q ∈ C[R+,R], k = 1, 2, . . . , t ≥ t0,

m′(t) ≤ pm(t) + q(t)mα(t), t �= tk , (2.22)

m1–α
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk–1m1–α(s) ds + bk , (2.23)

where 0 < α < 1, ck , dk ≥ 0, βk > 0 and bk (k = 1, 2, . . .) are constants. Then, for t ≥ t0, we
have the following estimates.

Case I: p �= 1
1–α

:
(i) For k = 1, 2, . . . , the following estimation holds:

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
Ak

)
ep(1–α)(t–t0) +

∑

t0<tk <t

( ∏

tk <tj<t
Aj

)
Bkep(1–α)(t–tk )

+
∫ t

tl

(1 – α)q(s)ep(1–α)(t–s) ds
} 1

1–α

, (2.24)

where

Ak =
ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(
1 – eνk (tk –tk–1)(1–(1–α)p)

νk((1 – α)p – 1)

) 1
νk

,
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Bk =
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

eνk ((1–α)p–1)s
{∫ s

tk–1

(1 – α)q(ν)e–(1–α)pν dν

}νk

ds
) 1

νk

+ bk .

(ii) If we assume further βk > 1
2 , then, for k = 1, 2, . . . ,

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
Ck

)
ep(1–α)(t–t0) +

∑

t0<tk <t

( ∏

tk <tj<t
Cj

)
Dkep(1–α)(t–tk )

+
∫ t

tl

(1 – α)q(s)ep(1–α)(t–s) ds
} 1

1–α

, (2.25)

where

Ck =
ck

2βk �(βk)

{
�(2βk – 1)

(1 – α)p – 1
[
1 – e2(tk –tk–1)(1–(1–α)p)]

} 1
2

,

Dk =
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

e2((1–α)p–1)s
{∫ s

tk–1

(1 – α)q(ν)e–(1–α)pν dν

}2

ds
) 1

2

+ bk .

Case II: p = 1
1–α

:
(i) For k = 1, 2, . . . , the following estimation holds:

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
Ek

)
e(t–t0) +

∑

t0<tk <t

( ∏

tk <tj<t
Ej

)
Fke(t–tk )

+
∫ t

tl

(1 – α)q(s)e(t–s) ds
} 1

1–α

, (2.26)

where

Ek =
ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(tk – tk–1)
1
νk ,

Fk =
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

{∫ s

tk–1

(1 – α)q(ν)e–ν dν

}νk

ds
) 1

νk
+ bk .

(ii) If we assume further βk > 1
2 , then, for k = 1, 2, . . . ,

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
Gk

)
e(t–t0) +

∑

t0<tk<t

( ∏

tk <tj<t
Gj

)
Hke(t–tk )

+
∫ t

tl

(1 – α)q(s)e(t–s) ds
} 1

1–α

, (2.27)
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where

Gk =
ck

�(βk)

(
�(2βk – 1)(tk – tk–1)

22βk –1

) 1
2

,

Hk =
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

{∫ s

tk–1

(1 – α)q(ν)e–ν dν

}2

ds
) 1

2
+ bk .

If p(t) ≡ 0 and dk ≡ 1 in Theorem 2.3, we obtain the following corollary.

Corollary 2.5 Let (H0) and (H1) hold, and for q ∈ C[R+,R], k = 1, 2, . . . , t ≥ t0

m′(t) ≤ q(t)mα(t), t �= tk , (2.28)

	m1–α
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1m1–α(s) ds + bk , (2.29)

where 0 < α < 1, ck , dk ≥ 0, βk > 0 and bk (k = 1, 2, . . .) are constants, 	m1–α(tk) = m1–α(t+
k )–

m1–α(tk). Then, for t ≥ t0, we have:
(i) For k = 1, 2, . . . , the following estimation holds:

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
Ik

)
+

∑

t0<tk <t

( ∏

tk <tj<t
Ij

)
Lk

+
∫ t

tl

(1 – α)q(s) ds
} 1

1–α

, (2.30)

where

Ik = 1 +
ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(
eνk (tk –tk–1)–1

νk

) 1
νk

,

Lk =
∫ tk

tk–1

q(s) ds +
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

×
(∫ tk

tk–1

e–νk s
{∫ s

tk–1

(1 – α)q(ν)e–(1–α)pν dν

}νk

ds
) 1

νk

+ bk .

(ii) If we assume further βk > 1
2 , then, for k = 1, 2, . . . ,

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
Mk

)
+

∑

t0<tk<t

( ∏

tk <tj<t
Mj

)
Nk

+
∫ t

tl

(1 – α)q(s) ds
} 1

1–α

, (2.31)

where

Mk = 1 +
ck

2βk �(βk)

{
�(2βk – 1)

22βk

[
e2(tk –tk–1)]

} 1
2

,
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Nk =
∫ tk

tk–1

q(s) ds +
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

e–2s
{∫ s

tk–1

(1 – α)q(ν) dν

}2

ds
) 1

2

+ bk .

Next, we give another kind of nonlinear impulsive differential inequalities.

Theorem 2.6 Suppose that (H0) and (H1) hold, p, q ∈ C[R+,R] and for k = 1, 2, . . . , t ≥ t0,

m′(t) ≤ p(t)m(t) + q(t)mα(t), t �= tk , (2.32)

	m(tk) ≤ ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1m(s) ds + bk , (2.33)

where 0 < α < 1, ck , dk ≥ 0, βk > 0 and bk (k = 1, 2, . . .) are constants, 	m(tk) = m(t+
k )–m(tk).

Then we have the following estimation:

m(t) ≤
{{

m(t0)
∏

t0<tk <t
Pk +

∑

t0<tk <t

[ ∏

tk <tj<t
Pj

]
Qk

}1–α

e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)2(k–1)α
∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

, t ≥ t0, (2.34)

where

Pk = 2
α

1–α

[
e
∫ tk

tk–1
p(ξ ) dξ +

ck

�(βk)

∫ tk

tk–1

(tk – s)βk –1e
∫ s

tk–1
p(ξ ) dξ ds

]
,

Qk =
ck

�(βk)
2

(k–1)α
1–α (1 – α)

1
1–α

∫ tk

tk–1

(∫ s

t0

q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

) 1
1–α

+ bk .

Proof Obviously, using (2.11), we have (2.34) holds for t ∈ [t0, t1]. Suppose (2.34) holds for
t ∈ [t0, tn], then, by mathematical induction, we see that

m1–α(tn) ≤
{{

m(t0)
∏

t0<tk <tn

Pk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Pj

]
Qk

}1–α

e
∫ tn

tn–1
(1–α)p(ξ ) dξ

+ (1 – α)2(n–1)α
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
}

.

Since 1
1–α

> 1, by Lemma 1.1,

m(tn) ≤ 2
α

1–α

{
m(t0)

∏

t0<tk <tn

Pk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Pj

]
Qk

}
e
∫ tn

tn–1
p(ξ ) dξ

+ 2
α

1–α 2
(n–1)α

1–α (1 – α)
1

1–α

(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

= 2
α

1–α

{
m(t0)

∏

t0<tk <tn

Pk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Pj

]
Qk

}
e
∫ tn

tn–1
p(ξ ) dξ

+ 2
nα

1–α (1 – α)
1

1–α

(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

,
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thus

m
(
t+
n
) ≤ m(tn) +

cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1m(s) ds + bn

≤ 2
α

1–α

{
m(t0)

∏

t0<tk <tn

Pk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Pj

]
Qk

}
e
∫ tn

tn–1
p(ξ ) dξ

+ 2
nα

1–α (1 – α)
1

1–α

(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

+
cn

�(βn)
2

α
1–α

∫ tn

tn–1

(tn – s)βn–1
{

m(t0)
∏

t0<tk <tn

Pk +
∑

t0<tk <tn

[ ∏

tk <tj<tn

Pj

]
Qk

}

× e
∫ tn

tn–1
p(ξ ) dξ ds

+
cn

�(βn)
2

nα
1–α (1 – α)

1
1–α

∫ tn

tn–1

(tn – s)βn–1
(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

dν

=
{

m(t0)
∏

t0<tk <tn

Pk +
∑

t0<tk<tn

[ ∏

tk <tj<tn

Pj

]
Qk

}

×
[

2
α

1–α

(
e
∫ tn

tn–1
p(ξ ) dξ +

cn

�(βn)

∫ tn

tn–1

(tn – s)βn–1e
∫ tn

s (1–α)p(ξ ) dξ ds
)]

+ Rn

+ 2
nα

1–α (1 – α)
1

1–α

(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

=
{

m(t0)
∏

t0<tk <tn

Pk +
∑

t0<tk<tn

[ ∏

tk <tj<tn

Pj

]
Qk

}
Pn + Rn

+ 2
nα

1–α (1 – α)
1

1–α

(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

=
{

m(t0)
∏

t0<tk <tn+1

Pk +
∑

t0<tk <tn+1

[ ∏

tk <tj<tn+1

Pj

]
Qk

}

+ 2
nα

1–α (1 – α)
1

1–α

(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α

.

Then, for t ∈ [tn, tn+1], since 0 < 1 – α < 1, by Lemma 1.1 and (2.11), we obtain

m1–α(t) ≤ m1–α
(
t+
n
)
e
∫ t

tn (1–α)p(ξ ) dξ + (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

≤
{{

m(t0)
∏

t0<tk <t
Pk +

∑

t0<tk <t

[ ∏

tk <tj<t
Pj

]
Qk

}
+ 2

nα
1–α (1 – α)

1
1–α

×
(∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
) 1

1–α
}1–α

× e
∫ t

tn (1–α)p(ξ ) dξ + (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

≤
{{

m(t0)
∏

t0<tk <t
Pk +

∑

t0<tk <t

[ ∏

tk <tj<t
Pj

]
Qk

}1–α
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+ 2nα(1 – α)
∫ tn

t0

q(s)e
∫ tn

s (1–α)p(ξ ) dξ ds
}

× e
∫ t

tn (1–α)p(ξ ) dξ + (1 – α)
∫ t

tn

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds

≤
{

m(t0)
∏

t0<tk <t
Pk +

∑

t0<tk <t

[ ∏

tk <tj<t
Pj

]
Qk

}1–α

e
∫ t

tn (1–α)p(ξ ) dξ

+ 2nα(1 – α)
∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds.

Therefore, the estimation (2.34) is valid on [tn, tn+1]. This completes the proof. �

Now, we present and prove a bound for the solutions of nonlinear impulsive integral
inequalities with nonlocal jump conditions.

Theorem 2.7 Assume that (H0) and (H1) hold, p, q, m ∈ C[R+,R+], and, for k = 1, 2, . . . ,
t ≥ t0,

m(t) ≤ c +
∫ t

t0

p(s)m(s) ds +
∫ t

t0

q(s)mα(s) ds

+
∑

t0<tk <t

γk

�(βk)

∫ tk

tk–1

(tk – s)βk –1m(s) ds, (2.35)

where 0 < α < 1, γk ≥ 0, βk > 0 (k = 1, 2, . . .) and c are constants. Then, for t ≥ t0, the follow-
ing assertions hold:

m(t) ≤
{{

c
∏

t0<tk <t
Rk +

∑

t0<tk <t

[ ∏

tk <tj<t
Rj

]
Sk

}1–α

e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)2(k–1)α
∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

, (2.36)

where

Rk = 2
α

1–α

[
e
∫ tk

tk–1
p(ξ ) dξ +

γk

�(βk)

∫ tk

tk–1

(tk – s)βk –1e
∫ tk

s p(ξ ) dξ ds
]

,

Sk =
γk

�(βk)
2

(k–1)α
1–α (1 – α)

1
1–α

∫ tk

tk–1

(∫ s

t0

q(ν)e
∫ s
ν (1–α)p(ξ ) dξ dν

) 1
1–α

+ bk .

Proof We denote by g(t) the right-side function of (2.35), and g(t0) = c. Then we get
⎧
⎨

⎩
g ′(t) = p(t)m(t) + q(t)mα(t), t �= tk ,

g(t+
k ) = γk

�(βk )
∫ tk

tk–1
(tk – s)βk–1m(s) ds + g(tk),

Since m(t) ≤ g(t), we have
⎧
⎨

⎩
g ′(t) ≤ p(t)g(t) + q(t)mα(t), t �= tk ,

g(t+
k ) ≤ γk

�(βk )
∫ tk

tk–1
(tk – s)βk –1g(s) ds + g(tk).
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Applying Theorem 2.6, we deduce the estimation of g(t) as

g(t) ≤
{{

c
∏

t0<tk <t
Rk +

∑

t0<tk <t

[ ∏

tk <tj<t
Rj

]
Sk

}1–α

e
∫ t

tl
(1–α)p(ξ ) dξ

+ (1 – α)2(k–1)α
∫ t

t0

q(s)e
∫ t

s (1–α)p(ξ ) dξ ds
} 1

1–α

. (2.37)

Moreover, m(t) ≤ g(t), this completes the proof. �

3 Impulsive fractional differential and integral equations with integral jump
conditions

In this section, we give some examples about impulsive nonlinear differential and integral
inequalities with Riemann–Liouville fractional integral jump conditions.

Definition 3.1 The Riemann–Liouville fractional integral of order α > 0 of a function f :
[t0,∞) →R is defined by

(
Iα

t0 f
)
(t) =

1
�(α)

∫ t

t0

(t – x)α–1f (x) dx,

where �(·) is the Gamma function.

Proposition 3.2 Suppose that y ∈ PC1[J ,R] which satisfies

⎧
⎪⎪⎨

⎪⎪⎩

y′(t) – Ry(t) + a(t)yα(t) ≤ 0, t �= tk , t ∈ J = [0, T],

y1–α(t+
k ) ≤ ck(Iβk

tk–1 y1–α)(tk) – bk , k = 1, 2, . . . , n,

y1–α(0) = y1–α(T) + θ ,

where R > 0, a ∈ C[R+,R+], 0 = t0 < t1 < t2 < · · · < tn < tn+1 = T , 0 < α < 1, ck , bk ≥ 0, βk > 0
(k = 1, 2, . . . , n) and θ are constants. If either of the following four cases fulfilled:

(i) R �= 1
1–α

and for k = 1, 2, . . . , n, the following hypotheses hold:

(P1)
n∏

k=1

ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(
1 – eνk (tk –tk–1)(1–(1–α)p)

νk((1 – α)p – 1)

) 1
νk

< e–(1–α)RT ,

(P2)
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

×
(∫ tk

tk–1

eνk ((1–α)R–1)s
{

–
∫ s

tk–1

(1 – α)a(ν)e–(1–α)Rν dν

}νk

ds
) 1

νk ≤ bk ,

(P3) θ ≤ (1 – α)
∫ t

tn

a(s)e(1–α)R(T–s) ds,

where μk = βk + 1 and νk = 1 + 1
βk

;
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(ii) R �= 1
1–α

, βk > 1
2 , and for k = 1, 2, . . . , n,

(P4)
n∏

k=1

ck

2βk �(βk)

{
�(2βk – 1)

(1 – α)R – 1
[
1 – e2(tk–tk–1)(1–(1–α)R)]

} 1
2

< e–(1–α)RT ,

(P5)
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2

×
(∫ tk

tk–1

e2((1–α)R–1)s
{∫ s

tk–1

(1 – α)a(ν)e–(1–α)Rν dν

}2

ds
) 1

2 ≤ bk ,

and (P3) holds;
(iii) R = 1

1–α
and for k = 1, 2, . . . , n,

(P6)
n∏

k=1

ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(tk – tk–1)
1
νk < e–T ,

(P7)
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

{∫ s

tk–1

(1 – α)a(ν)e–ν dν

}νk

ds
) 1

νk ≤ bk ,

(P8) θ ≤ (1 – α)
∫ T

tn

a(s)e(T–s) ds;

(iv) R = 1
1–α

, βk > 1
2 , and for k = 1, 2, . . . , n,

(P9)
n∏

k=1

ck

�(βk)

(
�(2βk – 1)(tk – tk–1)

22βk –1

) 1
2

< e–T ,

(P10)
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

{∫ s

tk–1

(1 – α)a(ν)e–ν dν

}2

ds
) 1

2 ≤ bk ,

and (P8) holds. Then we get y(t) ≤ 0 for t ∈ [0, T].

Proof Firstly, we use Case I(i) of Corollary 2.4 to prove (i). For t ∈ [0, T], we have

y(t) ≤
{

y1–α(0)
( ∏

t0<tk <t
Ãk

)
eR(1–α)t +

∑

t0<tk <t

( ∏

tk <tj<t
Ãj

)
B̃keR(1–α)(t–tk )

–
∫ t

tl

(1 – α)a(s)eR(1–α)(t–s) ds
} 1

1–α

,

where

Ãk =
ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(
1 – eνk (tk –tk–1)(1–(1–α)R)

νk((1 – α)R – 1)

) 1
νk

,



Zheng et al. Journal of Inequalities and Applications  (2018) 2018:170 Page 18 of 22

B̃k =
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

×
(∫ tk

tk–1

eνk ((1–α)R–1)s
{

–
∫ s

tk–1

(1 – α)a(ν)e–(1–α)Rν dν

}νk

ds
) 1

νk
– bk .

It is obvious that Ãk ≥ 0 for all k = 1, 2, . . . , n. In fact, for the case of (1 – α)R > 1 and
(1 – α)R ≤ 1, both the denominator and the numerator in Ãk have the same sign, hence
we get Ãk ≥ 0. The condition (P2) implies that B̃k ≥ 0 for all k = 1, 2, . . . n. Then it is easy
to show that y(0) ≤ 0. In fact, for t = T , we have

y(T) ≤
{

y1–α(0)
( ∏

t0<tk <t
Ãk

)
eR(1–α)T +

∑

t0<tk <T

( ∏

tk <tj<T

Ãj

)
B̃keR(1–α)(T–tk )

–
∫ T

tn

(1 – α)a(s)eR(1–α)(T–s) ds
} 1

1–α

,

that is to say,

y(T)1–α ≤ y1–α(0)

( n∏

k=1

Ãk

)

eR(1–α)T +
∑

t0<tk <T

( ∏

tk <tj<T

Ãj

)
B̃keR(1–α)(T–tk )

–
∫ T

tn

(1 – α)a(s)eR(1–α)(T–s) ds.

Using the hypothesis y1–α(0) = y1–α(T) + θ and (P1), (P2), we get

y1–α(0)

[

1 –

( n∏

k=1

Ãk

)

eR(1–α)T

]

≤ θ +
∑

t0<tk <T

( ∏

tk <tj<T

Ãj

)
B̃keR(1–α)(T–tk ) –

∫ T

tn

(1 – α)a(s)eR(1–α)(T–s) ds

≤ 0,

which implies that y1–α(0) ≤ 0, since 0 < α < 1, we get y(0) ≤ 0.
To prove (ii), applying Case I(ii) of Corollary 2.4 for t ∈ [0, T], we have

y(t) ≤
{

y1–α(0)
( ∏

t0<tk <t
C̃k

)
eR(1–α)t +

∑

t0<tk<t

( ∏

tk <tj<t
C̃j

)
D̃keR(1–α)(t–tk )

–
∫ t

tl

(1 – α)a(s)eR(1–α)(t–s) ds
} 1

1–α

,

where

C̃k =
ck

2βk �(βk)

{
�(2βk – 1)

(1 – α)p – 1
[
1 – e2(tk –tk–1)(1–(1–α)p)]

} 1
2

,
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D̃k =
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

e2((1–α)p–1)s
{∫ s

tk–1

(1 – α)q(ν)e–(1–α)pν dν

}2

ds
) 1

2

– bk .

Then using a similar method to proof of Case I(i) with conditions (P1) and (P3), we deduce
y(0) ≤ 0.

Next, we prove (iii). Applying Case II(i) of Corollary 2.4 for t ∈ [0, T], we have

y(t) ≤
{

y1–α(0)
( ∏

t0<tk <t
Ẽk

)
et +

∑

t0<tk <t

( ∏

tk <tj<t
Ẽj

)
F̃ke(t–tk )

–
∫ t

tl

(1 – α)a(s)e(t–s) ds
} 1

1–α

,

where

Ẽk =
ck

�(βk)

(
�(β2

k )

μ
β2

k
k

) 1
μk

(tk – tk–1)
1
νk ,

F̃k =
ck

�(βk)

(
eμk tk �(β2

k )

μ
β2

k
k

) 1
μk

(∫ tk

tk–1

{∫ s

tk–1

(1 – α)q(ν)e–ν dν

}νk

ds
) 1

νk
– bk .

It is easy to see that Ẽk ≥ 0 and F̃k ≤ 0 for all k = 1, 2, . . . , n. Then using a similar method
to proof (i) with conditions (P6) and (P7), it is easy to show that y(0) ≤ 0.

Similarly, to prove (iv), we apply Case II(ii) of Corollary 2.4 for t ∈ [0, T], we get

m(t) ≤
{

m1–α(t0)
( ∏

t0<tk <t
G̃k

)
e(t–t0) +

∑

t0<tk<t

( ∏

tk <tj<t
G̃j

)
H̃ke(t–tk )

+
∫ t

tl

(1 – α)q(s)e(t–s) ds
} 1

1–α

, (3.1)

where

G̃k =
ck

�(βk)

(
�(2βk – 1)(tk – tk–1)

22βk –1

) 1
2

,

H̃k =
ck

�(βk)

(
e2tk �(2βk – 1)

22βk –1

) 1
2
(∫ tk

tk–1

{∫ s

tk–1

(1 – α)q(ν)e–ν dν

}2

ds
) 1

2
+ bk .

Then using a similar method as that of (iii), it is easy to show that y(0) ≤ 0. This completes
the proof. �

Example 3.3 Let x ∈ PC1[R+,R], and for k = 1, 2, . . . , we suppose

⎧
⎪⎪⎨

⎪⎪⎩

x′(t) = f (t, x(t)), t �= tk , t ∈ [t0,∞),

	x(tk) = Xk((Iβk
tk–1 x)(tk)),

x(t0) = x0,

(3.2)
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where f ∈ C(R+ × R,R), Xk ∈ C(R,R), 0 ≤ t0 < t1 < t2 < · · · , limk→∞ tk = ∞, 	x(tk) =
x(t+

k ) – x(tk), βk > 0 (k = 1, 2, . . .) and x0 are constants. Assume there exists a constant L > 0,
such that

∣
∣f

(
t, x(t)

)∣∣ ≤ L
∣
∣x(t)

∣
∣α for t ≥ t0, (3.3)

and there exists a constant Mk > 0, such that

∣∣Xk(x)
∣∣ ≤ Mk|x|, x ∈R, k = 1, 2, . . . . (3.4)

Then, for t ≥ t0, the following inequalities hold:

∣
∣x(t)

∣
∣ ≤

{{
x0

∏

t0<tk<t
R̃k +

∑

t0<tk<t

[ ∏

tk <tj<t
R̃j

]
S̃k

}1–α

+ (1 – α)2(k–1)αL(t – t0)
} 1

1–α

, (3.5)

where

R̃k = 2
α

1–α

[
1 +

Mk

�(βk)

∫ tk

tk–1

(tk – s)βk –1 ds
]

,

S̃k =
Mk

�(βk)
1 – α

2 – α
2

(k–1)α
1–α

(
L(1 – α)

) 1
1–α

[
(tk – t0)

2–α
1–α – (tk–1 – t0)

2–α
1–α

]
.

Proof Suppose x = x(t) is a solution of (3.2), we integrate this equation to obtain

x(t) = x(t0) +
∫ t

t0

f
(
s, x(s)

)
ds +

∑

t0<tk <t
Xk

((
Iβk

tk–1 x
)
(tk)

)
,

then (3.3) and (3.4) imply that

∣∣x(t)
∣∣ ≤ ∣∣x(t0)

∣∣ +
∫ t

t0

∣∣f
(
s, x(s)

)∣∣ds +
∑

t0<tk <t

∣∣Xk
((

Iβk
tk–1 x

)
(tk)

)∣∣

≤ |x0| +
∫ t

t0

L
∣
∣x(s)

∣
∣α ds +

∑

t0<tk <t
Mk

∣
∣(Iβk

tk–1 x
)
(tk)

∣
∣.

Then Theorem 2.7 yields the estimate of (3.5), and

S̃k = Mk�(βk)2
(k–1)α

1–α (1 – α)
1

1–α

∫ tk

tk–1

(∫ s

t0

Ldν

) 1
1–α

ds

=
Mk

�(βk)
1 – α

2 – α
2

(k–1)α
1–α

(
L(1 – α)

) 1
1–α

[
(tk – t0)

2–α
1–α – (tk–1 – t0)

2–α
1–α

]
. �

As a special case, we consider the following initial value problem of impulsive differential
equation with finite discontinuous points.
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Example 3.4 Consider the initial value problem of the form

⎧
⎪⎪⎨

⎪⎪⎩

x′(t) = f (x(t)), t ∈ [0,∞), t �= tk , 1 ≤ k ≤ 10,

	x(tk) = (Iβk
k–1x)(tk),

x(0) = 0,

(3.6)

where f (x) =
{ 2

√|x|, |x| < 1,
3√x + 1, |x| ≥ 1, tk = k, βk = 1

k+1 for 1 ≤ k ≤ 10. In this case, we see that |f (x)| ≤
2
√|x| with L = 2 and α = 1

2 , and |Xk(x)| = |x| with Mk = 1. By direct calculation, we get

R̃k = 2
[

1 +
1

�( 1
k+1 )

∫ k

k–1
(k – s)

1
k+1 –1 ds

]
= 2

[
1 +

k + 1
�( 1

k+1 )

]
= 2 +

2
�( k+2

k+1 )
,

S̃k =
1

�( 1
k+1 )

1
3

2k–1[k3 – (k – 1)3] =
2k–1

�( 1
k+1 )

[
k2 – k +

1
3

]
.

Then the solution of the initial value problem (3.6) can be estimated as

∣∣x(t)
∣∣ ≤

{(∑

0<k<t

[∏

k<j<t

(
2 +

2
�( j+2

j+1 )

)]
2k–1

�( 1
k+1 )

[
k2 – k +

1
3

])1/2

+ 2
k–1

2 t
}2

. (3.7)

Moreover, for t ≥ 10, we have

∣∣x(t)
∣∣ ≤ (

c∗ + 16
√

2t
)2

for some constant calculated through (3.7) with k = 10.
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