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1 Introduction
As is well known, impulsive differential and impulsive integral inequalities play a funda-
mental part in the study of theory of impulsive equations (see [1-4]). Recently, a lot of
experts studied the global existence, uniqueness, bounded-ness, stability, oscillation and
other properties of different impulsive inequalities (see [5—18]). For example, in [1], Lak-
shmikanthan investigated an impulsive differential inequality given as Theorem 1.1.

Let 0 <fy <t <t <--- be asequence, limg_, tx = 00, R, = [0,+00). For I C R, we
define the following set of functions:

PCR,,I) = {u:R, — I u(t) is continuous for ¢ # tx, u(0*), u(t;), u(t;) exist, and u(t) is
left-continuous at t, k= 1,2,...};

PCYR,,1) = {u € PC(R,,I); u/(t) is continuous for ¢ # i, u'(0*), u/(¢}), u'(¢;) exist, and
u'(t) is left-continuous at #, k = 1,2,...}.

Theorem 1.1 Assume that:
(Ho) the sequence {ty} satisfies 0 <tg <ty <ty <---, limg_ o0 tx = 00;
(Hy) m € PC'[R,,R] and m(2) is left-continuous at ty, k = 1,2,...;
(Hp) fork=1,2,...,t>t,,

m'(t) < p(t)ym(t) + q(t), t#t (L.1)
Wl(t]j) < dim(ty) + by, (1.2)
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where p,q € C[R,,R], dy > 0 and by (k=1,2,...) are constants. Then

m(t) < m(to) [ dee'o”@* + 3 ( I1 d,.eft’kpws)bk

to<tr<t to<tg<t “Mp<tj<t
t
f I deels PO% g() ds,  t> 1. (1.3)
0 sctp<t

In [12], Thiramanus and Tariboon developed the impulsive inequalities with the follow-
ing integral jump conditions:

tk—ok
m(t,j) fdkm(tk)+ck/ m(s)ds + by, k=1,2,..., (1.4)

=Tk

where 0 < 0 < 7 < tx — tx_1. In [11], Liengtragulngam et al. generalized further results by
replacing the integral jump conditions (1.2) by the following nonlocal jump conditions:

— )PV m(s) ds + dpm(ty) + by. (1.5)

+ k
m(ty) < T

We note that a weak singular kernel is involved in the nonlocal jump conditions. They
gave the estimation of m(t) as follows.

Theorem 1.2 Let (Hy) and (H;) be true. Suppose that p,q € C[R,,R] and for k =1,2,...,
t > tO)

m'(£) < P(t)VH(t) +4q(t), 7t

m(e}) < piks [ (6= )% mis) ds + dem(te) + by,

where ci,di > 0, B > 0 and by (k =1,2,...) are constants. Then, for all t > t,,

m(t) < {m(to) I (F(Cg )

to<tp<t

+ Z[ ( / (- s)Pitell- ds+def‘ P& dé)
to<ti<t t0<t <t

( / / )1 v)ef P& g, g
T"(Bx)

i e fpeds [0
+dy / qls)els P& ds+bk>”ew” + / qls)els PO g, (1.6)

78] i

tr s "
/ (t — 5)Pc el PO% g g eftklp(s)ds>
k-1

where t; = max{ty : t > i, k=1,2,...}.

These results play fundamental roles in the global existence, uniqueness, stability and
other properties of various linear impulsive differential and integral equations.
A lot of authors just study the qualitative properties of linear impulsive inequalities.

However, most of the phenomena in the world do not change linearly, such as heart beat,
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blood pressure, and so on. Hence the nonlinear impulsive differential and integral theories
are more accurate than linear impulsive theories in various aspects.

In this paper, we extend the theories of linear impulsive system to nonlinear impulsive
inequalities with nonlocal jump conditions. We consider the following nonlinear inequal-

ity:
m'(t) < p(tym(t) + g()m*(t), tH#t,

with different nonlocal jump conditions, we give the upper bound estimation of the in-
equality, and an estimation of solutions of certain nonlinear equations is also involved.

For convenience, we give the following lemmas.
Lemma 1.1 ([9]) Assume that a,b e R, p > 0. Then
(lal +161)” < Cy(lal” + |bIP),
where C, =1 for 0 <p <1,and C, =2 forp > 1.
Lemma 1.2 Let {a,}, {b,} be two sequences of numbers. Then we have
n-1 n-1 n
(Z N a,bk>an rby- Z{ I aj]bk.
k=1 Lj=k+1

2 Nonlinear impulsive inequalities with nonlocal jump conditions
In this section, we present and prove some new nonlinear impulsive differential and inte-

gral inequalities with nonlocal jump conditions. Let #; = max{t: t > t;,k=1,2,...}.

Theorem 2.1 Let (Hoy) and (Hy) hold. Suppose that p,q € C[R,,R] and for k =1,2,...,
t Z tOr

m' () < p(Om(t) + q(O)m* (1), tFt (2.1)

mt (t*) F(ﬂ / (b — 8)P 1 im =% (s) ds + dpm* % (tx) + by, (2.2)

where 0 <« < 1, ¢x,dy > 0, Bx > 0 and by (k =1,2,...) are constants. Then, for t > t,, we

have
m(t)S{{ ) [ < (ﬁ)/ (t — 5)fi1 gl P Ode
to<tp<t
+dkef‘ dé)
Cf /t} Bi-1 fz (1-a)p(§) dt
+ (t _S) j dS
t0<2t[<:<t[tkl:tj[<t<r(ﬁ/) tj—l /

+dejt )dé>:|
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X ( Ck a —a)/tk ' (tx —s)ﬁ"_lq(u)efvs(l_"‘)p(é)dé dvds
F(ﬂk) ti—1 Y t-1

lg-1

173 b oty N
+(1- Ol)dk/ g(s)els 1-p@ds go o hk> }ejtl(l )(1-a)p)df

+(1-a) /t q(s)efst(l“”)p(é)‘71‘é ds} ﬁ.
i
Proof Let
v(t) = m ().
Then applying (2.1), we can get

V() = 1 —a)m™ @ (t)m'(t)

< (1 - a)m™*(t)[ p()m(t) + q()m" (¢)]
= (1 -a)p@)v(t) + (1 — a)q(?).

The inequality (2.2) can be written as

v(t) < S /tk (tx — )P u(s) ds + dyv(te) + b
CETE) Sy B+ Ok

Next, we set

c 173 S _ g3 _
Fo- / (e — )Tl U-aw© e yo g L (-aprds
F(ﬂk) th-1

Ck b § 1 s d
- (te — )P (1 = a)q(v)el PO% gy ds
F(ﬁk) tp—1 Y tg—1 « 1

k

173 ¢
+ (1 —a)dy / q(s)efsk(1_"‘)"’(5)‘1s ds + by,
£

k-1

then (2.3) reduces to

m(t) < Hml_"‘(to) 1_[ E; + Z [ l_[ E/.:|Gk}effl(1—a>p(€)dé

to<tr<t o<t <t =ty <tj<t

1
t T«
+(1- a)/ Q(S)e-[;(l_"‘)‘”@)dS ds} .

i

By the definition of v(¢), we just need to prove

o = futw) TT £+ 3 [ T 5] oros

to<ty<t o<t <t =t <tj<t

t
+(1- oz)/ q(s)e-[vl(l_“)”(é)ds ds.
t

’
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(2.3)

(2.4)

(2.5)

(2.6)
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We prove it by induction. For ¢ € [£, 1], inequality (2.4) can be written as
d it o
—[v(t)e S a)p(S)dé] < (1-a)q(t)e i@ (&)t

dt

Integrating (2.10) from ¢, to ¢, for ¢ € [£y, t1], we have

¢ t
v(t) < (tp)el PO L (1 _ o) / qls)els PO & g
to

Page 5 of 22

(2.10)

(2.11)

Hence (2.9) is valid on [ty, £1]. Assume that (2.9) holds for ¢ € [£, t,,], for some integer n > 1.

Then, for ¢ € [£,, 1], it follows from (2.4) and (2.11) that

t
v(t) < v(£))eln IO (1 _ ) / g(s)e - g

n

Applying (2.5) with (2.12), we get

t .
v(t) < (I‘(C;,,) ft (£, — $)Pu(s) ds + d,v(t,) + b,,)e/tnu“)p(‘f)ds

n—-1

t
+(1- a)/ q(s)e-fst(l_"‘)‘”@)dS ds.
tn

By induction and (2.13), we get

R e e

to<ti<s o<t <s —l<tj<s

N

x ef[i_l(l—a)l?(f)ds n (1 —Ol)/ q(v)eflf(l—oz)p(s)dé dv}ds

-1
17
raf o TT Br X | T £ fifelinoros
to<tg<tn bo<t<tn ~tg<tj<tn

tn
+(1- a)/ q(s)eﬁn(l_“)p(‘f)dé ds} + b,,}
tp-1

t
t
X el PO dE | (1 _ o / g(s)e 1)t g

n

o ML 2 1L el [

to<ti<ty to<tg<tn “ti<tj<tp

o el Pz g

C n s .
e / / (ty — )P~ (1 = @) q(v)elr I-PEE gy g
tp-1 Y tn-1

T'(Bn)

"’(V(to) 1_[ Er + Z |: 1_[ Ej:|Gk)dneffT1(l‘“)P(5)d5

to<ty<tn to<tg<tp ~tg<tj<tn

tn
+d,(1-a) / gls)els" - ds g o bn} oy A-e)p (&) dé
ty-1

(2.12)

(2.13)
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t
+(1-0) / g(s)els A& d g
tn

(v T #v 3 [T 86 Jeuvc el

to<ti<tn Lo <t <tp =l <tj<tp

t
+(1-a) / g(s)els - ds g
n

= {V(to) ]_[ Ei + Z [ H Jsj]Gk}elli(l-a)PWf

to<ti<t to<tp<t tk<t1-<t
t
+(1-a) / gls)els 1-aP©ds g (2.14)
tn

Hence (2.9) is valid on [£,, £,,1]. Therefore, the inequalities (2.9) is valid for £y <t < £,,1.

We know that v(t) = m'~*(¢), this completes the proof of Theorem 2.1. O
If di =1 in Theorem 2.1, we obtain the following theorem.
Theorem 2.2 Suppose that (Hy) and (H;) hold, p,q € C[R,,R] and for k =1,2,...,t > to,

m'(t) < p(tym(t) + q(t)m“(t), t#t, (2.15)

Am () < Tﬁ) (tk — )= (s) ds + by, (2.16)

where 0 <a <1, cx,dx > 0, B > 0 and by (k = 1,2,...) are constants, Am*~*(t;) = m* (&) -
m'~%(ty). Then we have the following inequality:

m(t)'™* < { “(to) H My + Z [ 1_[ ] } Ji (-ep(&) ds

to<tr<t Lo <ty <t =ty <tj<t
t
t1-a) / gls)els 1-aw©ds (2.17)
to
where
t 'S
o ¢ (b — 5P 1w o effkﬁla—a)p(s)ds,
F(:Bk) th—1
N = / / (t — )11 — a)g(v)eh PO% gy ds + by.
F(,Bk)

Proof As the proof of Theorem 2.1, from (2.11) we have

¢ t
ml—a(t) < ml—a(to)efto(l—a)l?(é)dé +(1 —Ol)/ q(s)ef;(l—a)p(é)ds ds, (2.18)

to

which means that (2.17) holds for ¢ € [£y, £1].
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Now we use the method of mathematical induction; suppose that (2.17) holds for ¢ €

[to, ts], then
ml_() { “(to) HM/(+Z|:1_[ ] }ffnlla)p@)
to<tr<t o<ty <t =ty <tj<t
t ‘ln
+(1- oz)/ q(s)e/s[ (-)p&)ds g (2.19)
to

Then, by (2.16),

tn
() < me) + oo [ = ) ds b,

I'(B4)
tn (1
< {ml‘“(to) 1_[ M + Z [ 1‘[ M]}Nk}eﬁnlu a)p(§) d
to<ti<tn to<tg<tn ~tg<tj<tn

+(1- a)/ q(s)efs (1-e)p(@)ds g

e e

to<tr<s Lo <ty <s —lx<tj<s

o gl Q-elp(©)ds 4o

tn s
+ o / / (ty— )11 - oz)q(v)efvt”(1_"‘)”@:)“’E dvds+b,
F(ﬂ}’l) ty-1 Yiu-1
_ {mw(to) M M+ Y [ I Mj:|Nk}
to<ti<tp to<ti<tn tk<t]‘<t,,
[ o)l A0 g i (1) ds]
(B Js

+(1- oz)/ ()efs (1-)p&)d gg 1 N,
to

- {ml“"(to) [T M+ > [ I1 Mj:|Nk}M

to<ti<tn to<ti<tn tk<t/-<tn

tn
+(1- a)/ q(s)efstn(l’“)p(é)ds ds + N,,.
to

By Lemma 1.2, we have

i (£) < { Yy [T Mer 3 [ 1 Mj:|Nk}

to<tp<ty+1 to<tp<ty+1 tk<tj<tn+1
ty tn
+(1 —a)/ q(s)efs (1-e)p(&)ds g,
to
For t € [ty, t4+1], (2.18) can be replaced by

't ¢ t
= (6) < = () el PO (1 _ ) / g(s)el e de g
tn

o [ 5 11

to<tp<t Lo<t<t =t <tj<t
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tn i
+(1-a) / q(s)ef;"u—a)p(s)ds ds} o (1-00p(&) dé
to

t
+(1-a) f g(s)els A-ep©)ds g
n

= {ml_"’(to) ]_[ My + Z [1‘[ M]] Nk}ej;;(l—a)pmds

to<tp<t o<t <t =t <tj<t

tn
+(-a) ] q(s)el" -oplE) ds g I, (-pte) as
to

t
+(1- a)/ q(s)e-/st(l_"‘)f”@)‘iS ds.
tn

Therefore, the estimate (2.17) holds for ¢ € [£y, £,,41]. This completes the proof. (I
Using different estimating methods, we have the following results.
Theorem 2.3 Suppose that all the hypotheses of Theorem 2.1 are fulfilled. Then, for t > t,

we have:
(i) For k =1,2,..., the following estimation holds:

1 1
) e (EHTBD\ (% wp ap@de-s [, \*
m(t>s{{m1 “(t) [ [ < > / e s
T'(B) Mfk t

to<tp<t k-1

+ dye

t 1 , 1
s [1—[ [ ¢ (e”’t’r(ﬁf))“/ ( / I i, 0-cop©)ds ) ds) Y
r'(s) M/?/Z f

to<tp<t-tg<tj<t i -1

i 17 N

.\ dkeft/.’_gl—a)p(s)ds]]( K (e"kkl“z(ﬂk)>fk
T'(Br) Bi

s

X (/ e‘”ks{/ 1- a)q(v)efv(l_“)”(g)ds dv} ds)
-1 k-1

) /<s a- a)q(v)ef‘fu_a)p(s)ds dv + bk) }efztl(l—a)p(é)df
4

k-1

S -ap(&) ds]

¢ § ..
+(1-a) f q(s)els 1~ ds} , (2.20)
7]

1
E .
(ii) If we assume further that By > %, then, fork =1,2,...,we have the following estimation:

Y o (ERTQB-D\T [ [* 2 (aprdes )\’
m(t)f{{ml t) ] [r(gk)( A ) (ft ¢y (PO )ds>

to<ty<t k-1

where uy = Br+ Land vy =1 +

b dpe (m)p(s)de]
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2 3/ ek 3
¢ [eiT(28-1)\?2 // 2y, (1-e)p(§) dé—s) 2
+ Z |:l_[ [F(,B,)( 2261 , e ds

to<tp<t-tg<tj<t -1

t; 1
+dy ol (-op(E)ds [T (28— 1)\ 2
T'(Br) 221

173 s s 2 %
X (/ e‘ZS{/ 1- oz)q(v)efv(l_"’)”(g)dé dv} ds)
tk-1 tk—1

" fs 1 a)q(v)efg(l_a)p(g)ds dv + bk) }ef[l(l—a)p(S)dﬁ
t

k-1

¢ , =
+(1- oc)/ q(s)efs (-a)p() s ds} . (2.21)
7]

Proof To prove (i), we use the Holder inequality. For k = 1,2,..., we get

g FE Qeaple)de
/ (t — s)PkLeltea TP ds
17

k-1
1

1
73 T tk s Ve
< </ (tk _ S)(ﬁk—l)ﬂkeﬂks dS) k (/ e_vkseuk/tk—l (1-a)p(§)dt dS) k
L1 th—1

Mtk 2\ 7ix 73 >
. (3 Fz(ﬂk))“k ( / ks gl i (1-e0p(€) ds) 3
/’Lfk tk—1

In fact, by changing the variable, we get

Tk t—tk-1
/ (£ — 5) P Dk ghthes g = ekt / n/kBr=D) =1k gy
ti-1 0
[kt i (Ex—tg-1)
- L/ e Ak Br=1) =2 1y
1-pg(1-
™ 1(1=p) [
eltktk

< ai I'(1 - ur(1-BY)
Moy

eltktk F(ﬂlz)

2
k

- 3
M

and

tr s s
/ / (tx =) 711 = a)g(v)el IO gy g
b1 Y tk-1

173 ﬁ
< (/ (& _S)(ﬂkfl)ukeuks ds)
k-1
b s . CN
X (/ e“’ks{/ @1 —ot)q(v)efv(1_0‘)”@)‘1S dv} ds)
78] k-1
y1987 2 L t s Vk VL
< (M) h (f ' e_”ks{/ (1 - a)q(v)elrd-p@)d du} ds) ‘.
fk tg-1 tg-1
K

"

Substituting the above inequalities in (2.3), we obtain the desired inequality in (2.20).
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To prove (ii), since in this case, 28; — 1 > 0, I'(28; — 1) are well defined for k = 1,2,....
We use the Cauchy—Schwartz inequality to get

73 S
/ (tx - s)ﬂ"_lef‘kfl A-ep@)ds 4
k-1

1 1
tr 2 73 s 2
< (/ (ty — )2 PV ds) (/ ¢ Uiy (o) dt=s) ds)
k-1 k-1

1 1
2B -1 \2 [ [* o 2
e k 2(f;_, (-a)p(§) dt—9)
< ( 22p-1 ) (/ e ds)

Li-1

and

173 s s
/ / (tr — )P (1 — a)g(v)els 1-POE gy g
b1 Y t-1

t 3 t s 2 3
< (/ (& — )P 2 ds) (/ 9_25{/ 1- a)q(v)efvs(l_"‘)p(g)dg dv} ds)
-1 tk-1 tk-1
UTQB -1\ [ (% [ [° .o 2 N3
< (7) (/ e 25{/ (1 —ot)q(v)ejv(1 )p(&)dé dv} ds) .
22kt ti-1 -1

Substituting these two inequalities in (2.3), we get the desired results. The proof is com-
pleted. d

If dj = 0 and p(¢) is constant function in Theorem 2.2, we obtain the following corollary.

Corollary 2.4 Suppose (Hy) and (Hy) hold, and for g € C[R,,R], k=1,2,..., ¢ > &,

m'(t) < pm(t) + qt)m®(t), t#tx, (2.22)
m'(5) < F(Cgk) /t : (tx — ) m"(s) ds + by, (2.23)

where 0 < a < 1, ¢x,dy > 0, Bx > 0 and by (k =1,2,...) are constants. Then, for t > t,, we
have the following estimates.

Casel:p # ﬁ:

(i) For k = 1,2,..., the following estimation holds:

m(t) < {ml"(to)( I1 Ak>e1”<1“><”°) Y ( I1 Aj)Bke"(lo‘)(”k)

to<tr<t to<tg<t “l<tj<t
¢ e
+ f (1 — a)g(s)er - ds} , (2.24)
7]

where

PR <r(5,3)> ix <1 _ et )(1-(-a)p) ) i
k= )
T'(Br) ufi (@ -a)p-1)
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-1

W T (B2 g [ [t B " .
By = ]"(C; ) (6 ﬁfﬂk)) i </ evk((l—a)p—l)s{/ (1- a)q(v)e—(l—a)py dl)} dS) k
k ,U.kk tk-1

+ bk.

(ii) If we assume further By > %, then, fork=1,2,...,

m(t) < {m““(to)( 1 Ck>ep<1-°‘>“-t°)+ > (]_[ Cj>DkeP<1-“>(t—fk>

to<tp<t to<tp<t tk<t1‘<t
¢ =
+ / (l—a)q(s)ep(l"”‘)(“s)ds} , (2.25)
7]
where
Co-_ % | TCAh-D [1 - teD-0-p)] g
26T (B) [(1—a)p-1
2t 1 t 2 1
D= <e krgzﬂkl_l)y( / k e2‘“‘“>1’-“5{ f S (1—a)61(v)e‘(1‘°‘)1’”dv} ds)z
F(/gk) 2 Br= tr—1 tr—1

+ bk.

Casell:p = ﬁ:
(i) For k = 1,2,..., the following estimation holds:

Wl(t) < {ml—a(to)( l_[ Ek)e([—to) + Z ( 1_[ Ej)er(t—tk)

to<tr<t to<tg<t “tg<tj<t
‘ 1
I-«
+ f (1-a)g(s)e™ ds} , (2.26)
)
where
b o (T L
= - i
k F(ﬂk)( 5 ) (tk = tr-1) %,
M
Wit (82 i bk s Vk o
F = Ck (e Z)(ﬂk))Mk (/ { (l—a)q(u)e”dv} ds) ¢ + by.
F(,Bk) Mfk tie1 Wit

(ii) If we assume further By > %, then, fork=1,2,...,

m(t) < {ml_“(to)( I1 Gk)ff(t_t") + > ( I G,)er(t—tk)

to<ti<t to<tp<t Mp<tj<t

1L
I-«

. f (1 - a)gls)e® ds} , (2.27)
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where

G

G (F(2l3k - Dt - Ifkl))é
T80 221 ’

o [(ERT2B-1)\2[ (% [ [ PUREAY:
Hk:r,(:;k)< 22;‘3;(—](1 ) (/tkl{/tkl(l—a)q(v)e dv} ds) + by.

If p(¢) =0 and dy =1 in Theorem 2.3, we obtain the following corollary.

Corollary 2.5 Let (Hy) and (H;) hold, and for g € C[R,,R], k=1,2,...,t> ¢

m'(t) < q(tym*(t), t#t, (2.28)
Am' ¥ (t) < %gk) /:1 (tx — )% 1m'~*(s) ds + by, (2.29)

where 0 <« <1, ¢k, dx > 0, B > 0 and by (k = 1,2,...) are constants, Am"~*(t;) = m* (&) -
m = (ty). Then, for t > ty, we have:
(i) For k =1,2,..., the following estimation holds:

m(t) < {ml‘“(to)( I1 [k) £y ( I1 I,'>Lk

to<tp<t to<tg<t “tp<tj<t
‘ Ta
+/ (1 -a)g(s) ds} , (2.30)
i
where
Ck F(ﬁ/?) ﬁ er(!k—tk,l)_l #
Li=1+ r\ o |
1%
« Mkk k
* ekt (B2 ML
Lk :/ q(S)dS+ Ck ( 2(,3/()> k
fe RN
173 s .\ i
X (/ e—vks{/ (1 _a)q(v)e—(l—a)p,, d\)} ds)
fh-1 tk-1

+ l’)k.

(ii) If we assume further By > %, then, fork=1,2,...,

m(t) < {ml_“(to)( I1 Mk> + Y ( I1 M,)Nk

to<tr<t to<tg<t “tp<tj<t

+ ft(l —a)q(s) ds}la, (2.31)

]

where

1

r'gc-1 2
Mi=1+ Ck ( ,621( ) [ez(tk—tkfl)] )
2AT(B) | 22
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t 2, _ 3/ ot s 2 0\ %
Ni = /:kkl q(s)ds + F(C;I;k) <e kggﬁﬁ 1)) (/tkkl 6_25{_[“(1—0()61(11)6111} ds)

+ bk.
Next, we give another kind of nonlinear impulsive differential inequalities.

Theorem 2.6 Suppose that (Hy) and (Hy) hold, p,q € C[R,,R] and for k =1,2,...,t > to,

m'(t) < pOym(t) + qt)ym*(t), t#tx, (2.32)
Am(t) < F(Cgk) /:1 (t — )% Lm(s) ds + by, (2.33)

where0 < a <1,cr,di >0, B > 0and by (k = 1,2,...) are constants, Am(ty) = m(tf) —m(ty).
Then we have the following estimation:

1-a .
m(t) < {{m(to) 1_[ P+ Z |:]_[ P/]Qk} ol 1-p(&) ds

to<tp<t Lo<tp<t=tg<tj<t
¢ . e
+ (1 — a)2kD / q(s)e/s“-a)ﬂf)dfds} . t>t, (2.34)
to

where

o k C t S
P =2T« |:effk-1p(§)d§ bk / (& - s)ﬁk’leftk-ﬂy(s)d‘é dsi|,
F(ﬂk) ti—1

1

Ck . Ube (Rl TP
Qi = 2T« (1-a)T« / (/ (v)efv( ap§)ds g, + b,
¢ F(ﬂk) t to 1 k

k-1

Proof Obviously, using (2.11), we have (2.34) holds for ¢ € [£, £1]. Suppose (2.34) holds for
t € [£o,t4], then, by mathematical induction, we see that

1-«o b
ez [ T1 pee 3 [ T par] et oomos

to<ti<ty to<ti<tn tk<t1‘<tn

tn
+(1—a)20 D / gls)el" (- ds}.
to

Since % > 1, by Lemma 1.1,
-
a tn
m(t,) < 2T« {rn(to) 1_[ Py + Z [ l‘[ p]} Qk}efznlp(s)ds
fo<ti<ty to<ti<tn tk<tj<tn

1
(n-1)a

tn T
+21%2 T (1-a)Ta (/ gls)els" A-ore)ds ds) 1
to

=2%{m(fo) l_[ Py + Z [ l_[ P/‘1|Qk}ef‘t:llg(g)dg

fo<ti<ty to<ty<tn tk<tj<tn

1 tn 4 ﬁ
+ 2%(1 — a)m </ q(s)efs"(lfﬂl)xv(é)d& dS) ,

to
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thus
m(ty) < m(t,) + ﬁ) (6w — 5"V m(s) ds + b,
n
o "tn
—Wwwﬂwiﬂﬂﬂquﬁ
to<ti<tn Lo<ti<tp —lx<tj<tp

L

tn I-a
+21%(1—a)Te (/ qls)els" =) ds ds)
i1

0

la/n (t, — )P~ 1{m(t0) l_[ P+ Z |: l_[ 1|Qk}

to<ti<tn Lo<tg<tp “lx<tj<tp

T (ﬁn

tn
X eftn—l p&)dE dS

1
fn tn tn I-«
2% (1 - )T / (tn—s)f‘nl(/ gls)el" A-epe)d ds) v
F(,Bn) - o

e [ 5 1 o)

to<ti<ty to<ti<tn tk<tj<tn

tn
X |:21aa( S P P (C/; )/ (t, —s)ﬂ”"lefst”(l_"‘)p(g)dg ds)i| +R,
n th-1

tu
+21% (1 _a)ﬁ (/ q(s)e(ff"(l Q)p(E) de ds)
to

- {m(to) [T 2+ > [ I Pj]Qk}Pn+Rn

to<ti<ty Lo <t <tp -ty <tj<tp

tn
2T (1—a)Te (/ q(s)e(ff"(l a)pl(E) dé ds)
to

oo 11 [ 11 7]0)

to<ti<ty+1 to<tk<ty+1 tk<tj<tn+1

tn
42T (1—a)Te (/ q(s)e(ff"(l a)pl(E) dé ds)
to

Then, for ¢ € [¢,,,:1], since 0 < 1 — & < 1, by Lemma 1.1 and (2.11), we obtain

o
—

—o

H
-
1y

o
—

—o

t
() < (L)l PO L (1 _ ) / q(s)el 1-p©) g
tn

< Hm(to) [T P+ > []‘[ A]Qk}w%u—a)ﬁ

to<tr<t to <t <t -tg<tj<t

tn . ﬁ 1-a
([ e 1))
to

t
x el PO | (g _a)/ g(s)elt 1-0p©)
tn

< {{m(to) [T P+ Y []‘[ P,]Qk}la

to<tp<t Lo<tp<t=tg<tj<t



Zheng et al. Journal of Inequalities and Applications (2018) 2018:170 Page 15 of 22

tn )
+2"(1-a) / gls)el" (- ds}
to

t

t
X el 0-ap@ds (1 o / g(s)elt 1-0p© i
tn

l1-a
< {m(to) 1_[ Py + Z [ 1‘[ pj]Qk} ot (1-0)P(&) dé

to<tp<t to<tp<t=tg<tj<t

t
+2%(1 - q) / q(s)el 1-ap©d g
to

Therefore, the estimation (2.34) is valid on [, t,,1]. This completes the proof. O

Now, we present and prove a bound for the solutions of nonlinear impulsive integral
inequalities with nonlocal jump conditions.

Theorem 2.7 Assume that (Ho) and (H;) hold, p,q,m € C[R,,R,], and, for k =1,2,...,
t Z tO’

m(t) <c+ /tp(s)m(s) ds + /tq(s)m“(s) ds

to to
tk
Yk / Br-1
+ (& — )" m(s) ds, (2.35)
t0<2tk:<l F(:Bk) tr—1

where0<a <1,y >0, Bk >0 (k=1,2,...) and c are constants. Then, for t > t,, the follow-
ing assertions hold:

l-a
m(t) < {{c 1_[ Ry + Z [ 1_[ Rj]Sk} oy 1P @) ds

to<tp<t o<t <t =t <tj<t

1
t T—a
+(1 — )21 / g(s)els -op©)ds ds} ) (2.36)

to

where

t 173
Ry = 2T |:eftlf—1 pE) L + e / (tr — S)ﬁk_lef;kp(é)ds dS:|,
r(ﬁk) tr—1

D 73
S = 2k 2%(1_0[)&/ (
F(ﬂk) th—1

Proof We denote by g(¢) the right-side function of (2.35), and g(¢) = ¢. Then we get

1
s T
/q(v)efi(l—wp(s)dsdv)l + b
L

0

g =p®)m(t) + qe)ym*(t), t#t,
8t = 75 [} (=) m(s) ds + g(1),

Since m(t) < g(¢), we have

g0 =p)gt) + qO)ym*(t), t#t
8t < i fk =) gls) ds + g(t).
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Applying Theorem 2.6, we deduce the estimation of g(¢) as

1-« "
g = {{c [T R+ > [1‘[ R,]Sk} JUAGHIGLE

to<tp<t o<ty <t =t <tj<t
¢ . e
+(1 - )2k / g(s)els t-p&)ds ds} . (2.37)
to
Moreover, m(t) < g(¢), this completes the proof. d

3 Impulsive fractional differential and integral equations with integral jump
conditions
In this section, we give some examples about impulsive nonlinear differential and integral

inequalities with Riemann-Liouville fractional integral jump conditions.

Definition 3.1 The Riemann-Liouville fractional integral of order « > 0 of a function f:
[£0, 00) = R is defined by

o 1 ! o—
()0 - 1 / (e
where I'(+) is the Gamma function.

Proposition 3.2 Suppose that y € PC'[],R] which satisfies

Y (@) —Ry(t) + a(t)y*(t) <0, t#t,te]=10,T],
YU(E) < Il YN ) ~ b, k=1,2,...,m,
y10) =y (T) + 6,

where R>0,a € C[R,,R,],0=fty<tj<tr< <ty <ty =T,0<a<],ce,bpr >0, >0
(k=1,2,...,n) and 0 are constants. If either of the following four cases fulfilled:
(i) R+ ﬁ and for k=1,2,...,n, the following hypotheses hold.:

1 ~ ol 1
®) LI F(,B,z) i (1 = eYkt—t-1)-(1-a)p) \ 7 < e U-RT
[ T\ A (1 -a)p-1)
k=1 My

() & (e"“kﬂﬂz))#

" (Bx) Mfﬁ

ty s Vk i
X (f e""((l‘“)R‘l)s{—/ (1 - a)a(v)e 1R dv} ds) < by,
78] tk-1

t
(P3) <1 —a)/ a(s)eIRT=s) o
tn

whereukzﬁk+lzzndvk=1+i;
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(ii)R#ﬁ,ﬂk> %,andfork:1,2,...,n,

n
c regr-1 2
(P) 1_[ k { (2B« ) [1 _ e2(tk—tk1)(l—(l—a)R)]} < g~ (1-0)RT

iy 2ﬂkr(ﬂk) (l—Ol)R_l ,
Ztkr 2 -1 %
Cik € ( /3k )
(Ps) -
I'(Be) 2%P1
173 s 2 %
< (/ e2((1a)R1)s{/ (1 _a)a(v)e*(l—a)Ru dv} ds) < by,
th-1 tk-1
and (P3) holds;

(iii) R = ﬁ and fork=1,2,...,n,

"o (T(B)\ SR
(Ps) H F(,gk)( ﬁg ) (t—tra)™ <eT,
k=1 “’k

(e HT(B)\TE [ [5 [ [ PRI
o (Y ([ aar-af )’ 2o

T
(Pg) 6<(1- Oé)/ a(s)e'T™ ds;

(iv) R = ﬁ,ﬁk> %,andfork:I,Z,...,n,

oo (T(Bk = Dt — ) P
(P9) E T (B0 ( 221 ) <e T,
c (€ T(2p-1) SO L) :
o i [ oo ) <

and (Pg) holds. Then we get y(t) <0 fort € [0, T].

Proof Firstly, we use Case I(i) of Corollary 2.4 to prove (i). For ¢ € [0, T'], we have

y(t) < {yla(o)< 1—[ A‘;()eR(la)t + Z ( 1_[ A‘j)B";(eR(la)(ttk)

to<tr<t to<tg<t “fx<tj<t

1
t T—a
- / (1-a)a(s)eR<1“><fS>ds} ,
]

where

& <r(5,3)> ix <1 _ et )(1-(-)R) ) 1
k= )
T'(Br) ufi vi((1—a)R-1)

Page 17 of 22
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B % (e“k’kF(,B,f)>ﬁ
“TT®) 7

173 s Vi i
X </ e“k((l“”)R‘l)S{—/ (1 - a)a(v)e 1-0Rv dv} ds) — by.
k-1 tg—1

It is obvious that A; >0 forall k=1,2,...,n. In fact, for the case of (1 —«)R > 1 and
(1 — @)R < 1, both the denominator and the numerator in Z;( have the same sign, hence
we get Z/; > 0. The condition (P;) implies that B} >0forall k=1,2,...n. Then it is easy
to show that y(0) < 0. In fact, for £ = T, we have

_)/(T) < {yl—a(o)( l_[ ;{;{)eR(l—a)T_}_ Z ( l_[ IZ’}.)B";(eR(l—a)(T—tk)
to<tg<t to<tg<T “tp<tj<T
1
I-a

T
—/ (1 - a)a(s)eRt-T=s) ds} ,
tn

that is to say,
” ~~ ~
y(T) Syl_“(0)<HAk)eR(l‘“)T+ Z ( l_[ A,-)BkeR““")(T‘tk)
k=1 to<ty<T “tg<tj<T

T
—/ (1 - a)a(s)et=T=) g,
b

Using the hypothesis y1~%(0) = y'~*(T) + 0 and (P;), (P,), we get

yl—rx (0) |:1 _ (1‘[&) eR(la)T]
k=1
T
<6+ Z ( 1_[ A/)E(eR(l_“)(T_tk) - / (1 - a)a(s)eR=T=9) gg
tn

to<tg<T “tg<tj<T

=<0,

which implies that y'=%(0) < 0, since 0 < @ < 1, we get ¥(0) < 0.
To prove (ii), applying Case I(ii) of Corollary 2.4 for ¢ € [0, T], we have

y(t) < {yla(0)< 1_[ a{)ek(la)t_F Z ( 1_[ @)E(ele(la)(ttk)

to<tr<t lo<tg<t “fi<tj<t

1
t T—a
- / (l—a)a(s)eR(l"‘)(“)ds} ,
i

where

1
G- & { TF(2fc-1) [1 - Xe-ti-0-ap)] } ’
25T (B) [ —a)p -1

’
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~ Zth(Z,B _1))%(‘/& s 2 %
Gk € k 2((1—01)17—1)3{/ ~(1-a)pv } )
Dy = e (1-a)g(v)e dvy ds
g F(/gk) < 225](_1 tr—1 tr—1 1

- by.

Then using a similar method to proof of Case I(i) with conditions (P;) and (P3), we deduce
¥(0) <0.

Next, we prove (iii). Applying Case II(i) of Corollary 2.4 for ¢ € [0, T], we have

w0 = oo TT )¢+ X (] 5)ae

to<tr<t to<tg<t “fx<tj<t

1
t T«
- / (1-a)a(s)e<“>ds} )
7]

where
1

~ o (T(BR)\ 7« 1
E; = — —tr1) 'k,

¢ F(ﬂk)< ) BBt

M
_ itk (B2 m Lk s Yk i
Fr = Ck (e 2(/3,())/% </ { (l—a)q(v)e“du} ds) ‘ - by.
F(,Bk) Mfk tie1 Wit

It is easy to see that ENk >0 and PN'/( <O0forall k=1,2,...,n Then using a similar method
to proof (i) with conditions (Ps) and (P5), it is easy to show that y(0) < 0.
Similarly, to prove (iv), we apply Case I1(ii) of Corollary 2.4 for ¢ € [0, T], we get

)= o) T] & )e+ 3 (] §)fet

to<tr<t to<tp<t “fi<tj<t

+ Lt(l —a)g(s)e®? ds} m, (3.1)

1
o LBk = 1) (& = tr-1) | 2
k= 22ﬂk’1 ’

~ G T (28 - 1) 2/
Hie= F(ﬂk)< 2hT ) (fk{

Then using a similar method as that of (iii), it is easy to show that y(0) < 0. This completes
the proof. O

s 2 %
/ (l—a)q(v)e”dv} ds) + by.

-1

Example 3.3 Let x € PC[R,,R], and for k = 1,2,..., we suppose

x'(t) =f(t,x(t)), tHtr tE€ [ty,00),
Ax(ty) = X (I 0)()), (3.2)

x(t()) = X0,
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where f € C(R, x R,R), X € C(R,R), 0 <ty <ty <ty <, limg oo bx = 00, Ax(tg) =
x(ty) —x(tx), Br > 0 (k= 1,2,...) and x are constants. Assume there exists a constant L > 0,
such that

[f(t,x(t))| < L|x(t)|a for t > to, (3.3)
and there exists a constant My > 0, such that
| Xi()| < Milxl, xeRk=1,2,.... (3.4)

Then, for ¢ > £, the following inequalities hold:
1-a

x(6)] < on [] &+ > [ I EJ]SNk}

to<tp<t to<ti<t=ti<tj<t

+(1—a)2%Dep( - to)} m, (3.5)

~ a Mk tk
=274 |1+ / (t(—s)ﬁk’lds],
[ LB Joy

q My 1- k—1)a 1
T F(ﬂkk)ﬁ (L0 - @) T (1 - o)

e

—a

o — (tr_1 — to) ===

[N}
RIR

|

].

Proof Suppose x = x(t) is a solution of (3.2), we integrate this equation to obtain

x(t) = x(t0)+/fsxs) ds+ Z ((Ig(k1 )(tk)),

to<tp<t

then (3.3) and (3.4) imply that

|x()| < |x(t0)| + / (52| ds+ > X (I, %) (1)

to<ti<t

< |xol+/ L‘x(s)‘ ds + Z Mk tk . )tk)|

to<ti<t

Then Theorem 2.7 yields the estimate of (3.5), and

1

s o
/ Ldv) ds
to

2-a 2.

(L0 - @) 7% (1 — t0) F¥ = (s — ) FE ). 0

~ (= 1 [k
8 = My (B2 7 (1 - o) e f

L1
_ M, 1—oe2<k11)a
I'(Br)2-a

Asaspecial case, we consider the following initial value problem of impulsive differential
equation with finite discontinuous points.
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Example 3.4 Consider the initial value problem of the form

xl(t) =f(x(t)), te [Or OO)! t #tk’ 1< k <10,
Ax(t) = (I2%,%)(%), (3.6)
x(0) =0,

where f(x) = {23}/5’1‘ m ;11“ t =k, x = 77 for 1 < k < 10. In this case, we see that |f(x)| <

2/|x| with L =2 and o = %, and |Xx(x)| = |x| with M = 1. By direct calculation, we get
~ 1 k k+1
Rk=2[1+—1 (k-s)kh-lds}:z[u : ]=2+ =
r() Jia r(L) r(ez

~ 1 1 2k-1 1
Sk= =522 K - (k-11°] = = [kz—k+—].
r()3 r() 3

Then the solution of the initial value problem (3.6) can be estimated as

| < 22 V2 [ g, L " 2k5—1t2 37
ol ={ (ST o) i € *es]) 2 e

O<k<t =k<j<t j+1

Moreover, for t > 10, we have
|x(t)| < (c* + 16~/§t)2

for some constant calculated through (3.7) with k = 10.
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