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Abstract

In this paper, we consider the closedness of shift invariant subspaces in [P9(R%"). We
first define the shift invariant subspaces generated by the shifts of finite functions in
[PA(RYY. Then we give some necessary and sufficient conditions for the shift
invariant subspaces in [PA(RI ) to be closed. Our results improve some known
results in (Aldroubi et al. in J. Fourier Anal. Appl. 7:1-21, 2001).
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1 Introduction and main result

LP1(R%1) (1 < p,q < +00) are called mixed Lebesgue spaces which generalize Lebesgue
spaces [2—6]. They are very important for the study of sampling and equation problems,
since we can consider functions to be independent quantities with different properties
[5-8]. Recently, Torres, Ward, Li, Liu and Zhang studied the sampling theorem on the
shift invariant subspaces in L”4(R%*!) [6-8]. In this environment, we study the closedness
of shift invariant subspaces in L77(R%+1).

The closedness is an expected property for shift invariant subspaces, which is widely
considered in the study of shift invariant subspaces. de Boor, DeVore, Ron, Bownik and
Shen studied the closedness of shift invariant subspaces in L%*(R%) [9-11]. And Jia, Mic-
chelli, Aldroubi, Sun and Tang discussed the closedness of shift invariant subspaces in
L7(R%) (1, 12, 13]. In this paper, we consider the closedness of shift invariant subspaces in
PRI,

In order to provide our main result which extends the result in [1], we introduce some
definitions and notations.

The definition of L#4(R%*1) is as follows.

Definition 1.1 For 1< p,q < +00. [P4 = [74(R%*1) is made up of all functions f satisfying

Ifllzpa = [/R(/}Rd [f(x,y)\qdy)q dx}p < +00.
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We define mixed sequence spaces ¢29(Z%*!) as follows:

4

e = gpa(7940) = {c: llcllepa = [Z(Z|C(m,1)|q>q:|; < +oo}.

neL “lezd

Given a function f, define

q 1/q
2 [/[0 11d< 2 lftrkim s k2)|> dx2:|

ki€Z kocZ4

1l cpa ==

17[0,1]

For 1 < p,q < o0, let £ = LP9(R¥1) be the linear space of all functions f for which
IIfl cpa < 0o. The norms are defined above and with usual modification in the case of
porq=o00. L7 is a generalization of L? (the definition of L? see [14, Sect. 1]). Clearly,
for 1 < p,q < 00, one has L C L and L C LP41 C L1,

Let f(w) denote the Fourier transform of f € L' (R%*1):

Jw) = /R @ dx

For a given sequence ¢ and a function ¢, ¢ #sq ¢ = Y i zan c(k)p(- — k) is called semi-
convolution of ¢ and ¢.

Assume that B is a Banach space. (B)"") denotes r copies B x B x --- x Bof B.If C =
(c1,€25-..,¢,)T € (B)", then one defines the norm of C by ||C|| 0 = > llglis.

WCP1 (1 < p,q < 00) consists of all distributions whose Fourier coefficients belong to
€74, When p = q = 1, WC! becomes the Wiener class WC.

Suppose that ® = (61,6,...,6,)T and W = (Y, ¥o,..., %) are two vector functions

which satisfy @(a))@/(a}) (1 <j<r,1<j <s)areintegrable. One defines

[@,@](w):( > Gl +2km) iy (e + 2k)

kezd+ )15j§r,15j’5s

Remark 1.2 By [14, Theorem 3.1 and Theorem 3.2], [@,@](a}) € WC for any O,V €
L% C L C L2, Therefore, for any ® € £, using the continuity of [@, @](w) and
rank[@, @](w) = rank(@(w + 2k7))1cpd+1, One obtains, for any n > 0, the set Q, = {o:

rank(O(w + 2K7))keza+1 > 1} is open.

The following proposition shows that the shift invariant subspaces in L*? (1 < p,q < 00)
are well defined.

Proposition 1.3 ([8, Lemma 2.2]) Let 6 € £, where 1 < p,q < 0o. Then, for any ¢ € £P1,

llc *sq Ollpa < licllepa O] cra.

Definition 1.4 For © = (01,65,...,6,)T € (£L>>°)", the multiply generated shift invariant
subspace in the mixed Lebesgue spaces 1”1 is defined by

Vog@) =1 " l)g(- k) cj={ci(k) ke Z4 e 1,1 <j<r .

j=1 kezd+l
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The following is our main result.

Theorem 1.5 Assume ® = (601,6,,...,6,)T € (L®) and 1 < p,q < oo. Then the following
four conditions are equivalent.

(1) Vp,q(®) is closed in L1

(ii) There exist some positive constants Cy and Cy, satisfying

C1[0,0](w) < [6,8](w)[0, B](w)T < C[6,8](w), Vo e [-7,7]*,

(iii) There exist constants By, By > 0 satisfying

Bullfllra < __inf > ligillewa < Ballfllva,  Vf € V().

=2 =1 G*sd® i1

(iv) Thereis W = (Y1, ¥, ..., ¥,) T € (L) satisfying

£= > -0 -k

Jj=1 kezd+l

=D LG =R k), Vf €V, (O).

Jj=1 kezd+l

The paper is organized as follows. In the next section, we give some three useful lemmas
and two propositions. In Sect. 3, we give the proof of Theorem 1.5. Finally, concluding

remarks are presented in Sect. 4.

2 Some useful lemmas and propositions
In this section, we give three useful lemmas and two propositions which are needed in the

proof of Theorem 1.5.

Proposition 2.1 ([1, Lemma 1]) Let ® € (L), Then the following are equivalent:
(i) rank(®(w + 2kTT))ezd 1S a constant for any w € R%1,

(ii) There exist some positive constants Cy and Cy such that
C1[6,8](w) < [6,0]()[0,0](@)" < C[6,0](w), Yo e [-m,7]%".

Proposition 2.2 ([1, Lemma 2]) Let ® e (£2)") satisfy rank(@(&‘ +2k7))kezart = ko = 1 for
all€ € R¥Y, Then there exists a finite index set A, 0, € [-m,m]%*1,0 < 8, < 1/4, nonsingular
27 -periodic r x r matrix Py (€) with all entries in the Wiener class and K, C Z**' with
cardinality(K}) = ko for all A € A, having the following properties:

(i)

[_7'[, n]d+1 C U B(a)\: 8)\/2)1
AEA

where B(xo, 8) denotes the open ball in R** with center x, and radius §;
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(ii)

()

P(£)D(g) = (%(g)

>, £ e R and ) € A,

where W, and W, are functions from R to C and C'%0, respectively, satisfying

rank (W, (¢ +27K)), . =ko, V& € B(5,,8,/2)

/(EI(;L

and
U, () =0, VEeB(S,,85,/5)+ 22,
Furthermore, there exist 21 -periodic C*® functions h; (£), » € A, on R such that

> m@=1, VieR"

AEA

and
supp 1;(£) C B(85,8,./2) + 2w 21,

The following lemma can be proved similarly to [7, Theorem 3.4]. And we leave the
details to the interested reader.

Lemma 2.3 Assume that f € [P (1 < p,q < 00) and g € L. Then

H {/ /df(xl,xz)mdxl dxy ki € Z,ky € Zd} < fllrallgll goose.
R JR

‘ A

Lemma 2.4 Let ¢ € £1. Then one has:
(i) If6 € L7 (1 < p,q < 00), then

llcsa Ollcra < licllea 101l cra.
(il) IfO € Lo, then
llc sa Ol coooe < llcll o1 [101] goooe.

Proof (i) By Young’s inequality and the triangle inequality, one has

r q lgq
llc*sa Ol cpa = Z / <Z|C*Sd9(-+n,y+1)|> dyi|
nez LI O\, 0 £7[0,1]
r q l/gq
= Z / <ZZZCH/,[/Q(-+n—n’,y+l—l/)) dyi|
neL - (0.1 1e74 W el 74 Lro.1]
— q lq
< Z / (ZZ ch/,l/G(-+n—r/,y+l—l/)) dyi|
nez LN N Tl L2[0,1]
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q l/q
< Z[/ <ZZ|c,,/,1|(z|9(~+n—n’,y+l/)|>> dy
nez [O’I]d n eZ 1e7d I e7d LP[0,1]
q
= ZZZM,,/”[/ <Z|9 +n—-n,y+1l |> dy]
neZ w' el |74 0.1 Vezd LP[0,1]
= ZZ|C”"’|Z[ (Z|9-+n n,y+1l |> dy]
n'ellezd nez Vezd LP[0,1]
SZZ|C,,/JI |: (Z|9 +n-n,y+1) ) dy:|
n' €7 je7d nez, L/ 101 1 c7d LP[0,1]
SZZ|C,,/JI |: (Z|9 (-+my+l) |) dy]
n'eZle7d nez L/ 101 ' c7d LP[0,1]
= llellg 161 zpa-
The desired result (i) in Lemma 2.4 is obtained.
(ii) The desired result (ii) in Lemma 2.4 can be found in [8, Lemma 2.4]. O

Lemma 2.5 Assume that 6 € £P1 (1 < p,q < 00) and Y i .yan 0(- — k) = 0. Then for any
function h on R4 satisfying

|n(x)| <D(1 + |x|)_d_2 and  |h(x) - h(y)| < Dlx - y|(1 + min(jx], |y|))_d_2, (2.1)
one has

lim 274D
n—00

> h(2k)o( - k)H =
Yo il

kezd+1

Here D in (2.1) is a positive constant.

Proof Since 0 € L7, for any ¢ > 0, there is Ny > 2 satisfying

q 1/q
Z (/ d<2‘9(~+1,x+k)|) dx) <e€ (2.2)
l=No 01N Cra 1°[0,1]
and
q 1/q
Z(/ < Z |0(.+l,x+k)|> dx) <€, (2.3)
014 1°[0,1]

leZ keE]‘f[O

where Eff,o ={(ky,..., k) : there exists some 1 < iy < d such that |k;,| > No}.
Set
O1(x1 .. Xas1) = 01, .. Xa41) Xoy, (K1 - > Xas1)

+ Z 01 +Kiy.. s Xa01 + kd+1)X[o,1]d+1(x1, oo s Xdi1),
(kpoka)EEGE]
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where Oy, = U\ki|§No,1§i§d+1[(k1’ <. kge1) +[0,1]%1] and g is the characteristic function
of S.
Thus Y a1 01(- —k) =Yy ya1 0(- — k) =0 and [|6; — 0| zra < 5€. In fact

161 — Ol cra
q l/q
= Z(/ (Z|(91-9)(-+1,x+k)|) dx)
ez WO\ T 12[0,1]
q l/q
([ (Zle-os+n1) ar)
[0,114 — 1r[0,1]
q 1/q
¥ Z(/ (Z\(el-e)(-+1,x+k)|) dx)
170 NN TG [0,1]
=Il+[2.
First of all, one treats I;: by (2.2) and (2.3), one has
1/q
L < (/ (6 —9)(~,x)|)qu>
[0,1)4
q 1/q
(/ (Z‘ 01 —0)(,x + k) |) dx)
[0,1)4 120 Lr[0,1]
1/q
H ( [ —9)(-,x)|)"dx)
[0,1)4 12[0,1]
q l/q
( (Z\(Gl—e)(-,awk)]) dx>
014 \} 7 12[0,1]

q l/q
|9(~ + K1y Xge1 + kd+1)|) dx>

(k1 ek 1)€Ed+1 LP[0,1]
q 1/q
< ( 9(~,x+k)|) dx)
0,14\, 2 £ r[o,1]
q 1/q
(/ (( Yoov Yy >|9(-+l,x+k)|) dx>
0114 00,1

|1|>No,keZd lez,kesg,o

q 1/q
(o) o

ez erf, 1r[01]
q 1/q
(/ < |9(~+l,x+k)|> dx>
01N s Nokezd o]
q 1/q
( ( |9(~+l,x+k)|) dx) +e
[0,1)4 LP[0,1]

leEd
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q 1/q
= (et

=
1{|>No kezd LP[0,1]
q 1/q
+ Z(/ (Z |9(-+1,x+k)|> dx) te
d
1e7, [0,1] kEEKIO LP[0,1]
<€e+€+€=3e.
Next, one treats I:
q 1/q
L < Z(/ <Z|(91—9)(-+l,x+k)|> dx)
Ne N O\ g [0,
q 1/q
> (f (Z{(al —0)(- +l,x+k)|) dx)
1 <Nod70 N 1019\ g [0,
q 1/q
=1y (/ (Zw(. +l,x+k)|) dx)
Ne N O\ g 1r[0,1]
q l/q
oY (/ (Z |6(~+l,x+k)|> dx)
| <Not70 N 1011 keEd 7[0,1]
0
q 1/q
<> (/ (Z|@(- +l,x+k)|) dx)
N WO N g L10[0,1]
q l/q
+ Z(/ (Z |9(.+1,x+/<)|> dx)
d
tez, O keEd, [0
< €+€=2€.

Therefore, one has ||6; — 0| zra < 5€.

Using Lemma 2.4 and (2.1), there exists some positive constant C such that

Hz—n<d+1> S W) (B - K) - dn -~ K) H

kez7d+1 Lra
<270 S R(27K) |1 - @l o < Ce.
kezd+1
Thus
Hz-"“j*“ > h(27k)or(- - k) H
kezd+1 L£ra
— 2—n(d+l) Z(/ (Z Z h(2‘"k1,2_”k2)
jrez \I0.11 o4 k€L kycZd

q 1/q
Joo

X 01(- +j1 — ki, %2 + jo — ko)

2 (L2

J1€Z joZd

17[0,1]

— 2—n(d+1)

k] EZ,/QEZd

Z (h(27k1,27"kz) = h(27"j1,27"]2))

Page 7 of 11
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X O1(- +j1 — k1,0 + jo — k3)

q 1/q
> dXQ>
LP[0,1]

Z (f[o,ud ( Z Z (1 + 2_n|(k1,k2) |)—(d+2)

J1€Z o eZd ky ko4

< 272 C (Np)

q 1/q
x ’91(' +j1— ki, %2 + —kz)‘> dx2>

LP[0,1]

2([,(Z S0y

J1€Z k1€Z kyezd
q l/q
X Z |91(~ +j1 —kl,xz +]2)|> dxz)
jaeZd

< 2—;4(ﬂl+2)c1 (No) Z (1 " 2_n|(k1,k2)|)_(d+2)
ki €Z,kye7d

q 1/q
Z(/[ ] (2’91('+j1—k1,x2+jz)|> dxz)
0,114

J1€Z joeZ4

q 1/q
([, (S oo

J1€Z ] o cZ4

= 242Gy ()

L7[0,1]

X

1P[0,1]

< 27"Cy(No)

17[0,1]

=27"Co(No) 161 [l zra < 27" CoNo) (10| pa + 5€).

Here C;(Np) (i = 1,2) are positive constants depending only on Ny and d. This completes
the proof. d

3 Proof of Theorem 1.5
In this section, we give the proof of Theorem 1.5. The main steps of the proof are as follows:
(iv) = (iii) = (1) = (i) = (@iv).

(iv) = (iii):

Letf = Z;zl > kezan {f> ¥i(- = k))6;(- — k). Then, by Lemma 2.3, one has

nf S gles < 3 w0~k - k) ik €Lk € 29|,
=21 G*sady =1 j=1

= Z W lpalljll coooe = f llpa Z 1l cooce.

j=1 j=1

Conversely, if f = Z;zl ¢j *sd 0j, then, by Proposition 1.3 and the triangle inequality

r r
WFliea = | D cxsaty| <D lic*ea bllma
j=1 wa  j=1
r r
< lellralljll coa < max 6]l coa Y llcjllera (3.1)
1<j<r

j=1 j=1
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Taking the infimum for (3.1), one gets

fllzra < max 16lcoa __inf Z lejlema.
sj=r

; lcl*sdj

Let By = 1/max<j<, ||6jll cra and By = "

i1 1¥jll cooce . Then one has

Bilfla < inf leclllu’q<32|lf|lwq» Vf € Vpg(O©).

;1C}*sd J =1

(iii) = (i):
For convenience, let T : (¢79)") — V, .(®) be a mapping which is defined by

r
TC = ch *a 0, C=(c1,¢0...,00) 7 € (ep,q)(r),
j=1

and let ||f it = inff=Z}:1¢/*s o Z;zl licillera. Then, obviously, || - [|inf is @ norm. Assume f;, C
Ran(T) (n > 1) is a Cauchy sequence. Here Ran(7') denotes the range of 7. Without loss
of generality, let ||f, — f;_1 [linf < 27". Using the definition of || - |inf, there is C, € (¢27)")
(n > 2) such that TC,, = f,, — fu-1 and [|Cy || gpay» < 27" for any n > 2. By the completeness
of (¢74)" and "2, ||C,| (epay(r) < 0O, One hasZ >, Cp € (P1)") and f; + TZ € Ran(T).
Note that || TCllinf < [ICl|(pa)» for any C € (er1)"), One has

(el

when # — oo. Therefore, Ran(T) is closed. Since V,,(®) = Ran(T), one sees that V,,,(®)
is closed.

(i) = (ii):

Similarly to [1, Proof of (i) = (iii)], one can prove (i) = (ii) by using £°*° C L*, and
substituting L7, £°*°°, Proposition 2.1 and Lemma 2.5 for L7, £*°, Lemma 1 and Lemma 3
in [1], respectively.

(i) = (iv):

Assume that /1, (w), P;(w) and @M (w) are as in Proposition 2.2. Define

o0
< > G @y = 0,
(era)r)  k=n+1

>

k=n+1

Wfn =fr = TZlling =

inf

[au, @1,A](w)_l 0

D;.(w) = Py ()T ( 0 /

) Py (w)H (). (3.2)

Here H, () is a function with period 27 which satisfies supp H, C B(n;,6;) + 2774 and
H, (w) = 1 on supp i;.. Thus D; € (WC)"™*". Let W = (Y1, ¥ra,...,%,)" be defined by

V() =Y (@)D;(E)0(w). (3.3)

reA

Then, by Lemma 2.4, one has W € L%, For any f € V,,,(0), using the definition of
Vp,q(®), there exists a distribution A(w) € WCP 1)) with period 27 which satisfies f’ (w) =
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A(w)TO(w). Putting

€= Y LU= R - k).

J=1 kezd+l

By the periodicity of 4, (w) and D, (w), (3.2), (3.3) and Proposition 2.2, one has

§(@) = A@)7[6, ¥](w)B(w)
=) A@)Py(@)

reEA

([Gl,x,ﬁl,u(w) o) ([%,@me)—l o) <%(w)>
X Iy (w)
0 0 0 I 0

=Y A) P () (‘pl’g(“’)> I (@)

reA

= 3 A() P (@) Py (@) (@) ()

rEA

=) A0) 8(w)h ()

reA

= Al0)T0(w)
= f(w).

Thus f(w) = §(w). Therefore f = g, namely

£=Y_ D 0= R)o k).

j=1 kezd

Similar arguments show that

=YD 66 -0 - k).

j=1 kezd

4 Concluding remarks
In this paper, we study the closedness of shift invariant subspaces in L74(R%*1), We first
define the shift invariant subspaces generated by the shifts of finite functions in L”4(R%+1).
Then we give some necessary and sufficient conditions for the shift invariant subspaces in
LP1(R*1) to be closed.

However, in this paper, we only consider the closedness of shift invariant subspace
of 174(R¥1), Studying the LP4-frames in a shift invariant subspace of mixed Lebesgue
L71(R?) is the goal of future work.
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