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1 Introduction

Convexity plays an important role in all the fields of pure and applied mathematics [1-12].
Many remarkable inequalities have been obtained in the literature by using convexity [13—
22]. Among the inequalities, the most extensively and intensively attractive inequality in
the last decades is the well-known Hermite—Hadamard inequality. This interesting result
was obtained by Hermite and Hadamard independently, and it provides an equivalence
with the convexity property. This inequality reads as follows: if the function ¥ : [o1, o] —

R is convex on [a1, o], then

oy +ay 1 * V(o) + ¥ (o)
o(®52) < f Yy < VOO VIE) L1

If ¢ is a concave function, then the inequalities in (1.1) will hold in reverse directions. The
Hermite—Hadamard inequality gives an upper as well as lower estimations for the integral
mean of any convex function defined on a closed and bounded interval which involves the
endpoints and midpoint of the domain of the function. Also (1.1) provides the necessary
and sufficient condition for the function to be convex. There are several applications of
this inequality in the geometry of Banach spaces and nonlinear analysis [23, 24]. Some
peculiar convex functions can be used in (1.1) to obtain classical inequalities for means.
For some comprehensive surveys on various generalizations and developments of (1.1),
we recommend [25]. Due to the great importance of this inequality, in the recent years
many remarkable varieties of generalizations, refinements, extensions and different ver-
sions of Hermite—Hadamard inequality for different classes of convexity, such as preinvex,
s-convex, harmonic convex, a(x)-convex, superquadratic, and co-ordinate convex func-
tions, have been studied in the literature. Also there have been a large number of research
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papers published on this subject, for interested readers we recommend to read the papers
[26—37] and some of the references therein.

The following definitions for the left and right side Riemann-Liouville fractional inte-
grals are well known in the literature.

Let b1, by € Rwith by < by and ¢ € L[b1, by]. Then the left and right Riemann-Liouville
fractional integrals To ¥ and oy ¥ of order & > 0 are defined by

1 X
/Zl+1/f(x)=m : @-0*y(@®)dt, x>bi,

and

by

1
Jp,-¥ (%) = @) (-2 y@dt, x<b,

respectively, where I' (@) is the gamma function defined by I' (&) = fooo ettt dt.
In [38], Sarikaya et al. established the Hermite—Hadamard type inequality for fractional
integral as follows.

Theorem 1.1 Let v : [b1,b;] — R be a positive function with 0 < by < by, @ >0, and €
L[by, by). If ¥ is convex on [by, by], then one has

w(bl +b2> < F(Ol + 1) []oz W(bz)] +]gz_1/f(b1) < M

2 = 2(by — by Vo1 2

Remark 1.2 In Theorem 1.1, it is not necessary to suppose that v is a positive function and
by, by are positive real numbers. From the definition of left and right Riemann-Liouville
fractional integrals, we clearly see that b; and b, can be any real numbers such that b, < b.

The main purpose of this paper is to give a new method to derive the left Riemann—
Liouville fractional Hermite—Hadamard type inequalities as given in [39]. In this method
we use Green’s function and obtain identities for the difference of the left Riemann—
Liouville fractional Hermite—Hadamard inequality, and then we prove that these identities
are non-negative. As a consequence, these inequalities provide the generalized Hermite—
Hadamard inequality. Also, by using these identities for the class of convex, concave, and
monotone functions, we obtain new Hermite—Hadamard type inequalities.

2 Main results
Let by < by. Then the following four new Green’s functions G; : [b1,b2] X [b1,b3] — R
(i=1,2,3,4) are defined by Mehmood et al. in [40]:

b - ’ b S E)"r
G =1 " oo =i (2.1)
by =%, A<p<by,

)"_bzl bl =< 1% S)"
G, ) = (22)
Mm— b2, A < 123 < b2r

A=bi, bi=<pu=Ai
Ga(h, ) = (2.3)
/»/L_bly )»Sﬂfbb
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by—u, b1 <u<Aa,
GaO ) =1 * oo m=s (2.4)
by—X, A=<p=b,.

In [40], the authors established the following Lemma 2.1, which will be used to establish

our main results.

Lemma 2.1 (see [40, Lemma 1]) Let by < by and G = Gy be the Green’s function defined by
(2.1). Then

by
W) = Yr(by) + (x— b)Y (b) + /b Gl WY () 2.5)

if Y € C*([b1,by)).

Theorem 2.2 Let vy € C%([by, by]) be a convex function. Then the double inequality

w(abl + bz) < (F(Ol + 1) OlW(b;) + W(bg) (26)

arl )= V)= 1
holds for any « > 0.

Proof Substituting x = “2L%2 in (2.5), we get

a+l

w(“bl ”’2) )+ (“”1 b —bl)w/(bz)
a+1

o+1

br faby+b Y

+/ G( : 2,M)1ﬁ (w)du, (2.7)
b a+1

’ by
w(“bl +b2) = () + L2 V(B +/ G("‘bl +b2,u>lﬂ”(u)du~
a+1 a+1 o

b +1

a(by—x)21

Now, multiplying both sides of (2.5) by (hz—bZ)“ and integrating, we get

o ba

a-1
m " (by —x)* Y (x) dx

b2 bz
_ a _ a1 a1 _ ’
= (by—by)® |:/b1 (by =%)"Y (b1) dox + /b1 (by —x)* " (x = b1) V' (b2) dx

by pby
- / (by = %) G, W)Y (1) dp dx]
by

b1

o

) (o= b)) ¥ (ba)(bs - by)**! (2.8)
(by — by1)*

ala+1)

[lﬂ(bl)

by pby
_ a1 "
+/b1 /m (by —x)* " G, ) (u)dudx],

FMa+1) B (by = b1) Y/ (by)
mlhlﬂp(bz)—lﬂ(bl)‘*_ o+l

o

by by
— by — %) 'G(x, "(u) du dx.
oy ) /,,1(2 LG, )0 (11)
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Subtracting (2.8) from (2.7), we obtain

aby + by Ma+1)
by by
- [G(“b b Z:M) S (b, —x)“'lG(x,M)dx]w”(M)du. 29)
b a+1 (ba = b1)* Jy,
Clearly
by 1
(by — %) G, ) dx = ————[(by — W)™ = (b2 — b)**]. (2.10)
b ol +1)
Also, since

2.11
bl—bz vlhl +b2 ( )
a+l ? o+l

o+1 -

G<ab1+b2 M)— bi—pn, bi<p=< %’
<u<b.

Therefore, if by < u < %, then from (2.10) and (2.11) we have

Olb1+b2 o by _1
G , - by —x)* " G(x, 1) d.
( o u) (hz—bl)a/bl“ )G, ) dx

(by — w)**t = (by — by)**!

S T e )
Now, let
) =by - 22 )% — (by — by)e!
(b2 = b1)*(a +1)
Then
fw)=-1+ % -,

which shows that f is decreasing and f(b;) <0, hence f() <0 for all u € [b, abhithy e,

a+l

G<O[b1 + b2

o by
,,u) (by —x)*1G(x, ) dx < 0. (2.12)
o+l

S (ba-b)® )y,
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If % < i < by, then making use of (2.10) and (2.11) we get

aby + by o ba a1
G| —, - by —x)* " G(x, ) d.
( o1 M) (bZ_bl)a/bl(z x) (x, ) dx

_ by - by _ o [(bz - M)Ml —(by - bl)a+l]
T a+l (by-by)" ala+1)
(by — by) B (by — )™t = (by — by)**!

CES) (by — by)*(a + 1)

_ ~(by = b1)** = (by — u)** ! + (by — by)**!
(o + 1)(by — by)*

(b - )
(@ + 1)(by - by)* =0 219

Since v is convex, therefore, ¥”(1) > 0 and so by using (2.12) and (2.13) in (2.9), we
deduce

w(abl +b2> < F(Ol + 1)
a+1 (by — by)™

]ZI+¢(b2),

which is the first inequality of (2.6).
Next, we prove the second inequality of (2.6). Let x = b, in (2.5), then we have

by
(B2) = ¥ (by) + (s — )y (by) + /b Glba ¥ (1) dp.

Adding o/ (b1) on both sides and then dividing by (« + 1), we get

_ / by
V) +y ) 0y, 22V ) 1 / Glos, 0" (W) dpt. (214)

oa+1 oa+1 a+1Jp

Subtracting (2.8) from (2.14), we obtain

ay(b) + ¥ (b))  Tla+1)

a+1 (1192—191)«%]”1+

B by G(by, 1) a by o )
—/b1 |: a+1 (by—b)* J,, (by —x) G(x,M)dx]I// () du.

¥ (by)
(2.15)

Using the Green’s function and (2.10), we obtain

G(b2, 1) o [(bz = W) = (by = by)**! ]

a+1 _(bz—bl)"‘ oo +1)

_bhi-p (br- )+t = (by — by)**!
T a+l (o +1)(by — by)™
_ (b1 — w)(by = b1)* + (by — by)*™ = (by — p)**
(o + 1)(by — by)*
_ (by = b1)*(by — ) — (by — )**!
(o +1)(by — by)*

_ =)= by ~ (b )]
T @ blbyr (210
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forall by < u < b,.
Now, using the convexity of ¢ and (2.16) in (2.15), we get

ay(by) + (b))  Tla+1)
a+1 - (bz—bl)a

T W (ba),

which is the second inequality of (2.6). O

Next, we present new Hermite—Hadamard type inequalities for the class of monotone
and convex functions.

Theorem 2.3 Let yr € C*([by, by]) and a > 0. Then the following statements are true:
() If|Y"| is an increasing function, then

_ 1Bl - by)?
S @Dt (2.17)

ay(b) + ¥ (by)  Tla+1)
a+1 (bz - bl)a

T b (b2)

(i) If|Y¥"| is a decreasing function, then

1" (b1)lo(by — by)?
2a +1)(a +2)

ay(by) + ¥ (by)  T(a+1)
a+1 (b2 - bl)a

o1+ ¥ (b2)

=

(ili) If|¥"| is a convex function, then

max{|y" (b1)l, ¥ (b2) |} (by — by)*
2a + 1)(x +2)

ay(b) + (b)) Tla+1)
a1 byt

=

Proof (i) It follows from (2.15) that

ap(b) +y(by) Tla+l)
a+1 - (bz—bl)“]bﬁl/f(bZ)
< / L= b0 b - 10— - 0G0 d. 2.18)
T+ Dla=b) Sy 2 ’ ' '

Since (by — b1)*(by — 1) — (by — 1)**! > 0 and |y”| is an increasing function, therefore

we have
ay (b)) + Y (by)  T(a+1)

a+1 (bz - bl)a

1Y (by)] /bz

< ' Ve
T (a+ Db - b1)* i,

_ [ (b)]
(o + 1)(by — by)*

Y (bo)|a(by - by)?
T 2w+ D +2)

T+ ¥ (b2)

[(bz - bl)a(bz - ,u,) _ (b2 _ M)aﬂ] d,u

o (b2 =b1)* (b —by)*?
[wrbl) 2 a+2 }

which is inequality (2.17).
Part (ii) can be proved in a similar way, we omit the details.
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For part (iii), making use of (2.18) and the fact that every convex function v defined on
the interval [b1, by] is bounded above by max{y (b1), ¥ (b)}, we get

ay(b) + ¥ (by) Tl +1)
a+1 (b2 - bl)a

_ max{ly" @)L [ B} [
(o +1)(by — by)™ n

~max{|y" ()], |¥" (o) yer(by — by)?
- 20+ 1)(a +2)

I W (b2)

[(bz —Db1)*(by — ) = (by — M)aﬂ] du

Remark 2.4 Let @ = 1. Then Theorem 2.3 leads to

Y(b1) + ¥ (by) 1 b2 1Y (b2)|(by — by)*

Y (b1) + ¥ (by) 1 b2 [ (b1)|(by — by)?
2 - bz—b1 b w(t)dt = T’

Y (b1) + ¥ (by) 1 b2 max{|y" (b1)l, ¥ (b2) |} (b2 — by)*
2 T by—by /bl yod = 12 :

Theorem 2.5 Let r € C*([by, by]) and a > 0. Then the following statements are true:
() If|¥"| is an increasing function, then

aby + by Ma+1)
’1//( > - b, —bl)“]b”l/,(bz)

a+1

(by - by)?
T (e +1)*3(a +2)

% |: Iﬂ//(abl + b2>
oa+1
(ii) If|1Y”| is a decreasing function, then

aby + by Mo +1)
M o+l )’ (by — by)®

a+l o+l
(a[(a + 1) 5 —2a ]) + |w//(b2)|aa+2i|.

Je W (B)

(by - b1)?
T (a+ 1) (a +2)

a+l _ a+l
x |:|¢’”(bl)|(a[(a + ]-) 5 20 ]) + ‘¢/1<QZ1++1b2>

aa+2] .

(iii) If|y"| is a convex function, then

‘w(abl + b2> _ F(Ol + 1) ]gl+w(b2)

a+1 (bz—bl)a

(by — by)?
T (e +1)23(a +2)

’

" ab; + b, 05[(0[+1)"‘*1_2aa+1]
' ( a+l1 )H( 2 >

1////(Olbl + b2> 1//,,(b2)| }au+2:|'
a+1

X [max{ W”(bl)

’

+ max{
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Proof (i) It follows from (2.9) that

1p(()ll’)1+l’)2> F(O[+1) ]gl+1p(b2)

a+l ) (by—by)
aby+by
o+l ab1+b2 ) o ba -1 :| "
= G| —, - by — %) G(x, 1) dx d
/b1 [ ( )~ e |, G G v
b2 Olb1+b2 o b2 a1 ”
o S ) = g [ -0 G s v
a+l b
aby +by
z_;[/ ot {(bQ—M)a+l—(l’)2—b1)a+l
(o + 1)(by — b1)* | Jp,

by

— (b= )2~ b)* (e + D} () d + / o, B2 —u)““w”(u«)du}. (2.19)

a+l

Taking the absolute function and using the triangular inequality, we get

Olb1+b2 F(Ol+].) o
’1#( arl )‘(bz—bl)a]”“"’(b”

aby+by

[ /b By - ) = by - b1

- 1
T+ 1D)(ba-b1)*

by
(b= )by = b+ DY [0 + /

aby+by
1[/” Olbl +b2
a+1

by
1= 2= b e D} 9@ [, a0 dﬂl

a+l

_ 1 " Olbl +b2 ws2 —OlOH'2
B (a+1)(b2—b1)°’|:w ( a+1 )’(bz_bl) {(a+1)a+2(a+2)

1 1 1 7 a+2 aOHZ
@t (@r1) 2(a+1)} + |V (B2)| (b2 = b) {(a+1)a+2(a+2)”

~ (by — b1)? ‘ . aby + by af(o + 1)** = 20241
N (a+1)“+3(a+2)[ 4 ( a+1 ) {

5 } + ‘W//(b2)|aa+2i|‘
Part (ii) can be proved by using the same procedure.

(by — )"y ()| du}

aby+by

atl a+l a+l
/ (b2 — 1) = (by — by)
by

< 1 [
= @ Db by

Next, we prove part (iii). We clearly see that

aby + by MNa+1)

aby+by
1 o+l

< —(a+1)(b2—b1)“ |:/b1 {(bz—ﬂ)“+1_(b2—bl)a+1

by
(b= 1) (br = b)) (a4 DY [0 e+ f

aby+by
a+l

(b2 = 0] |
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Since every convex function v defined on an interval [by,b;] is bounded above by
max{yr(b1), ¥ (by)}. Therefore, we have

aby + by IMNa +1)
“”( a1 ) by~ by 0+ V()

1 ,
= @r Db [ma"{"”

aby+by

” Olbl + b2
( a+1 ) }’
" {(By = 1) = (by = b1)**! = (b1 = ) (by = b1)* (@ + 1) } dp
" Olbl + b2
() e
_ (b2 — b1)2 ” Olbl + b2 C([(Ol + 1)a+1 - 20[a+1]
_(a+1)a+3(a+2)[max{ ( o+l )H( 2 )
bi+b
w//("[al-:'l 2> w//(b2)|}(aa+2)i|,

which is our required inequality. 0

b1

"

+ max{ (by — p)**t d,u:|
1

"

’

+ max{

Remark 2.6 Let o = 1. Then Theorem 2.5 leads to

b1+b2 1 (bz_bl 7 bl+b2 "
o(25) 5t [ i () ]
b1+b2 1 (bz—bl) ” ” b1+b2
o(252)- 55 w)dt ST[W (b1>|+w<7)}
b1+b2 1
1//( 5 ) by— b I/I(t)dt

4

br—b 2 b b b b
2 o (2 e 23

Theorem 2.7 Let vy € C*([by, by]) and |"| be a convex function. Then the inequality

(bz ) ]b1+1ﬁ(b2)

(by - by)?
~ 6(a + 1)3(x + 3)

a+1

‘w(abl +b2> _ F(Ol+1)

4 2
[Iw”(bl)|(9a2 + 230 + 12) 4 W N0+ 170 ¢ 12)}

a+2

holds for any a > 0.

Proof 1t follows from (2.19) that

aby + by Ma+1)
w( a+1 )’(bz—bl)a]b”‘“b”

aby+by

1

S rend MR GRS

by
a4 = b G i [ a0 G ]

a+l
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Let t € [0,1] and w = thy + (1 — £)by. Then

Olb1+b2 F(Ol+1) o
V’( 1) e

S eyt | CRE R  CRTALCEE

—[by = thy = (1= by """ + (ba = by)* 9" (thy + (1 = )by (by — by) dt
0

-/, [b2—th — (1 - t)bz]a+lt//"(tb1 +(1-1)by)(by - b2)dt}

—(by — by)**?

) W[/ T 1)1}y b+ (1 0b)

_ /m Ny (thy + (1= £)by) dit + /m ey (thy + (1 - £)by) dt:|

1 0
— 2 1
_ M[ (at+£— o)y (thy + (1— D)by) dt
a+1 L
1
_/ ta+1¢//(tb1 + (1 _ t)bz) dti| (2.20)
0

Taking absolute on both sides and using the convexity of |¢”|, we get

Olb1+h2 F(Ol+].) o
M arl )‘(bz—bl)a]”l“”(b”

1
<O s tmalu b+ - 0)

a+1 o

a+l

1
+f t““|¢”(tb1+(1—t)b2)|dt]
0

by b)) [ [
= % [ /L (o + 1) =) [ty B0)| + (A =]y (b2)|] dt

a+l

1
. / E [ty (B1)] + (1 - t>|w”(b2>y]dt]
0
:(bz—b1)2[|w”<b1>|<3a+2) Wb e B }

a+l 6la+1?  6@+1)?  a+3 @ (@+2)@+3)

_ (-by)?
" 6( + 1)3(a + 3)

[ (b)|(70® + 17a + 12)
o+2 ’

[|1ﬁ”(b1)|(9a2 +230 +12) +
which completes the proof. d

Remark 2.8 In Theorem 2.7, if we take o = 1, then we obtain

b1+b2> 1 ba
- t)dt
’ly( 2 bZ_bl by w()

b, — by)?
< %[nwbl) 39" (B,)|].
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Theorem 2.9 Let vy € C*([by, by]) and |\"| be a convex function. Then the inequality

ay (b)) + Y (by) T(a+1)
a+l (by — by)*

a(by - by)? ” ” a+5
< Sarnrs] ¥ @ el

holds for any a > 0.

]blﬂ//(bZ)

Proof From (2.15), we have

ay(by) + (b))  Tla+1)
a+1 (bz - bl)a

1

by
=@;jﬁgt;;;£ [(B2 = b1)* (b2 = ) = (by = )** [Y" () dpa.

T (b2)

Let t € [0,1] and w = th; + (1 — t)b,. Then we obtain

ay(b) + ¥ (by)  T(e+1)
a+1 (by — br)~
. bh-h
@+ Db br)

T (k)

1
< /0 (s - b2 [tbr - b1)] - [tB2 b 0" (81 + (1 = 0)bs) dit

1
_ (by - b1)? /‘ (£ = V)" (tby + (1 - £)by) dit. (2.21)

oa+1 0

Taking absolute on both sides and using the convexity of ||, we get

ay(b) +¥(b2)  Tla+1)
a+1 - (by — by)* ]b1+w(b2)
(b _b )2 ! o+ "
< lel /O(t—t D" (thy + (1 - £)by) | dt
(b _b )2 Ot+ // ”
<= fo (e= e[ty " B0)] + A =Dy (b2)]] dt

b
=—( L [W( )|(
o+

. o? + 5a
>+ [ (”2)|(6<a+2>(a+3))]
(b bl ” " ®+5
3m+nw+m[w(h” IIp(bz”(( 29}

which is our required inequality. O

Remark 2.10 In Theorem 2.9, if we take @ = 1, then we obtain

¥ (b1) + (D) 1
2 Cby-by

by —b1)?
g[|w”(bl) + [y (By)]]-

W(t) dt}
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Theorem 2.11 Let vy € C%([b1,b,]) and |v"| be a concave function. Then

ab; + b, MNa+1) ,
‘Vf( a+1 >_(b2_b1)a7b1+1/f(bz)

< (b2 - b1)2 1 ” Babl + 2b1 + bz
- 2(a +1) 3(a +1)

1 ‘ ,,(Otbl +2b1 +b2)‘i|
+ 14
o+2 o+3

oa+1

forany o > 0.

Proof 1t follows from (2.20) that

aby + by Fla+1)
w( a+ 1 )’(m—bow@”wwﬂ

_ (by — by)?
a+1

1 1
X [/ {tla@+1)—a}y" (thy + (1 - t)by) dt —/ My (thy + (1 - £)by) dti|.
0

o

a+l

Taking absolute on both sides and using Jensen’s integral inequality, we get

‘w(ab1+b2> (F(Ol+1) l[f( )

a+1 by —b )w”?1+

Lo {ta+ 1) —a){thy + (1 - )by} dt
si(bz_bl)z[f {t(a+1)—a}dt‘w”(fm{(a+1 ftlh i )‘
a+1 a fil{t(oc+1)—oz}dt

a+l

1 1 o+1 _
+/ t(x+1 dt‘W”(fO 4 {tbl + (1 t)bz}dt)H
0

fl e+l g

_(bg—bl)Z w,/ 3ab1+2b1+b2 + 1 ‘(ﬂ// Oll’)1+2b1+b2
oo+l [ 2(@+1) 3 +1) o+2 a+3 ’

Remark 2.12 In Theorem 2.11, if we take « = 1, then we obtain

‘lﬁ(bl+b2> 1 lﬁ() ‘

by — by
(b2 - bl)Z ” 5b1 + bz 1 ” Sbl + bz
R [EW‘( 6 N+§hf< 7 >}

Theorem 2.13 Assume that Y € C*([by, by]) and || is a concave function. Then, for any
a >0, we have the inequality

(k) + Y (b)) T(e+1)
a+1 (b2 - bl)a
Ol(bg—bl)z " 20[[91 +Olb2+4b1 +5b2>’

< 3(a +3)

Je W (by)
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Proof From (2.21) one has

ay(br) + ¥ (by)  Tle+1)

a+1 (by - bl)ajgl+w(b2)
(b _b )2 ' o+ "
B ﬁfo (t =)y (tby + (1 - £)by) dt.

Taking absolute on both sides and using Jensen’s integral inequality, we get

ay(b) + (b)) Tla+1)
a+1 B (bz —bl)a]lerW(bz)
(by - b1)* [ . , </3(t—ta+1>{tb1 + (1—t>b2}dt>‘
s _ o+ d
= Tal /0 (e ey [ (¢ -ty dt

_ Ol(bz—bl)z " 20lb1 +Olb2 +4-b1 +5b2
C 2(a+1)(a +2) 3(a +3)

Remark 2.14 Let o = 1. Then Theorem 2.13 leads to

(b - b1)?
12

Y (b1) + ¥ (by) 1
2 by—by Jp

by
v (2) dt' <

1

” b1+b2
v

Remark 2.15 We can also get the same results as in this article if we use the Green’s func-
tion G, given by (2.2) instead of the Green’s function G; given by (2.1). But we can only get
previously known results if we use the idea of the article and the Green’s function G3 given
by (2.3) or G4 given by (2.4). This is the reason why we only deal with the Green’s function
G in the article. As exercises, interested readers can use other three Green’s functions to
give their corresponding results.

3 Results and discussion

In the article, we use Green’s function method to establish the left Riemann—Liouville
fractional Hermite—Hadamard type inequalities. The given idea by using the Green’s func-
tion (2.1) or any other new Green’s function may be furthered to research the Hermite—
Hadamard inequality for fractional integrals as presented in [38] and to research the

Hermite—Hadamard inequality for pre-invex, s-convex, co-ordinate convex functions etc.

4 Conclusion

In the article, we establish the left Riemann-Liouville fractional Hermite—Hadamard type
inequalities and the generalized Hermite—Hadamard type inequalities by using Green’s
function and Jensen’s inequality. The given idea and results are novel and interesting, they
may stimulate further research in the theory of fractional integrals and generalized convex
functions.
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