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1 Introduction

Let B(#H) be the C*-algebra of all bounded linear operators on a Hilbert space (H, (-, -))
and I be the identity operator. || - || is the operator norm. A > 0 (A > 0) implies that A
is a positive (strictly positive) operator. A linear map @ : B(H) — B(K) is called positive
if A > 0 implies ®(A) > 0. It is said to be unital if ®(I) = I. For A,B > 0, the o-weighted
arithmetic mean and «-weighted geometric mean of A and B are defined, respectively, by

1

AV,B=(1-a)A+aB,  Af,B=A%(A3BA 3)"A3,

where o € [0,1]. When « =
respectively.

%, we write AVB and AfB for brevity for AV%B and Aﬁ%B,
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Let 0 < m <A,B <M, and ® be a positive unital linear map. Tominaga [3] showed that

the following operator inequality holds:

A+B
2

< S(h)AtB, (1.1)

1

where S(h) = 2 71—_11 is called Specht’s radio and & = % Indeed
eloghh-1

(h + 1)?
4h

S(h) <K(h) = <Sh) (h=1) (1.2)

was observed by Lin [1, (3.3)].
By (1.1) and (1.2), it is easy to obtain the following inequality:

A+B
<I>( ; ) < K(h)®(ALB). (1.3)
Lin [1, Theorem 2.1] proved that (1.3) can be squared as follows:
A+B
c1>2<%) < K2(h)®*(AtB) (1.4)

and

P> (A ;' B) < KX (W)[ o)z 0(B)]. (1.5)

Zhang [2] generalized (1.4) and (1.5) when p > 2

qf”(A; B) < [K(hl)éﬁz;mn:)]zp ®*(ALB) (16)
and
A+B Kk 2 4
qu( : )s[ o 20", 47

A great number of results on operator inequalities have been given in the literature, for
example, see [4—6] and the references therein.

In this paper, motivated by the aforementioned discussion, we extend (1.4)—(1.7) to the
weighted arithmetic—geometric mean. In order to prove our results, we show a new opera-
tor weighted arithmetic—geometric mean inequality. Manipulating this operator inequal-
ity enables us to refine and generalize (1.4)—(1.7). Furthermore, a numerical example is
given to demonstrate the effectiveness of the theoretical results.

2 Main results
In this section, the main results of this paper will be given. To do this, the following lemmas
are necessary.
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Lemma 1 ([7]) Let A,B > 0. Then the following norm inequality holds:

IABI < 714+ BIP. 1)
Lemma 2 ([8]) Let A > 0. Then for every positive unital linear map ®,

P(ATh) = o7N(A). (2.2)
Lemma 3 ([9]) Let A,B>0. Then for 1 <r< o0,

|47+ B[ < (a+B]. (23)

Lemma 4 ([10]) Let O<m <A <m' <M <B<MorO<m<B<m' <M <A <M.
Then for each o € [0,1],

AV,B > S(h")At,B, (2.4)

1
;1
W-1 / .
where S(W') = — —— h'= % and r = min{a, 1 — o).
elogh W-1

Theorem 1 LetO<m <A <m' <M <B<MorO<m=<B=<m' <M <A <M. Then for
each a € [0,1],

AVyB + MmS(H")(Af,B) ™ <M +m, (2.5)

where S(h') = h/h—i, W= fni,/ and r = min{a, 1 — .
elogh W'-1

Proof Since

O<m<A<M,
then

1-0)M-A)m-A)A" <0.
That is,

(1-a)(A+MmA™) < (1-a)M +m). (2.6)
Similarly, we get

a(B+MmB™) <a(M+m). (2.7)
Summing up inequalities (2.6) and (2.7), we get

AV,B+ MmA VB <M + m.
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By (AfiB)™! = A~14,B7! and (2.4), we have

AVy B+ MmS(H")(A8,B)™" <AV,B+MmA™'V,B™!

<M +m.
This completes the proof. O

Theorem 2 Let ® be a positive unital linear map and let A and B be positive operators. If
O<m<A<m' <M <B<MorO<m<B=<m' <M <A <M, then for each o € [0,1],

) K7,

®*(AV,B) < [ SW)] ®*(At,B), (2.8)
) K(h) 7 2

PAAV,B) < [ S(h,,)] (o). 0B, (29)

1
2 ey ’
where K(h) = (hlhl) ,S(H) = hlfll Jh = %, W= fni, and r = min{a, 1 — o).
elogh -1

Proof Inequality (2.8) is equivalent to

K(h)
S( h/r) :

|®(AV,B)d (At B)| <
By (2.1), (2.2) and (2.5), we have

| ®(AVLB)MmS(h") D" (A, B)|| < }L | ®(AV,B) + MmS(H") (At B) |

< i |®(AV,B) + MmS(K")®[(At.B) ]|

= i | ®[(AV,B) + MmS(K")(A%.B)]|

2

< Zloatem)’

1
= (M 2,
4( +m)

That is,

(M+m)*  K(h)
aMmS(h'r) — S(hr)’

|®(AV,B)® " (AL, B)|| <

Thus, (2.8) holds.
Inequality (2.9) is equivalent to

K(h)
S( h/r) :

|o@v.Be@ze®)] | <
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By (2.1) and (2.5), we have
| ®(AV,B)MmS (h")[®(A)t. (B)] |
< % | ®(AV,B) + MmS(H")[ @A), dB)] |

= LoV, om) + Mms() o)z @] |

4
< Lot mp
=2 m
That is,
K(h)
Jowav,mlowsom]"| < X0
Thus, (2.9) holds.
This completes the proof. O

Theorem 3 Let ® be a positive unital linear map and let A and B be positive operators. If
O<m<A<m <M <B<MorO<m=<B=<m' <M <A<Mand?2 < p < oo, then for
each a € [0,1],

1 1(2(h)M2+m 27°
O¥(AV,B) < — % (At,B 2.1
(AV, )516[ SR ] (At B), (2.10)
1 [ K2(h)(M? + m?) 2
O¥(AV,B) < — )], 2.11
( )= 16|: S2(h')M2m? ] @11)

’/L ’
where K(h) = %1% s(n)y = 2L = My - M g~ minfa, 1 - .
elogh W'-1

Proof By (2.8), we have

“2(A,B) < L*®*(AV,B), (2.12)

K(h)
ST

Inequality (2.10) is equivalent to

where L =

K2(h) (M2 + m2)>2 ]’5

_ 1
|| ®P(AV,B)P P (A, B) H = Z_L|: S2(h'r) M2m?

By (2.1), (2.3) and (2.12), we have
|7 (AV,B)MP m? ® P (At B) |
1
< _
<4
2.9

1 9 M*m
< 2 LO*(AV,B) +

2.2 2

M
L5 ®7(AV,B) + ( "

5
) OP(AlB)

D (Ally
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-

< —|L®*(AV,B) + LM*m*®*(AV,B)|

..1;

IA
N

[L(M* +m?)].
That is,

LM? + m )T 1 [KZ(h)(M2 - mZ)Z]’z’
S e

|euvme sz < 5 LT i

Thus, (2.10) holds.
Similarly, (2.11) holds by inequality (2.9).
This completes the proof. O

Remark1 When o = because of SK\(/}L < K(h), inequalities (2.8), (2.9), (2.10) and (2.11)

are sharper than (1.4), (1.5), (1.6) and (1.7), respectively.

In what follows, when o = %, we present an example showing that inequalities (2.8)—
(2.11) are sharper than (1.4)—(1.7), respectively.

10
Example 1 Take A = [ 5] and B = [ 3]. We find % <A< % < 3 < B <4. A calculation
7
shows K 8’ A 2.3847 < K(8) ~ 2.5313.

3 Conclusions

In this paper, we have presented some new weighted arithmetic—geometric operator mean
inequalities. These inequalities are refinements and generalizations of some correspond-
ing results of [1, 2].
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