Hong et al. Journal of Inequalities and Applications (2018) 2018:155 ® Journal of Inequalities and Applications
https://doi.org/10.1186/513660-018-1749-0 a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Some inequalities for generalized
eigenvalues of perturbation problems
on Hermitian matrices

Yan Hong', Dongkyu Lim? and Feng Qi**°"

“Correspondence:
gifeng618@hotmail.com

3Institute of Mathematics, Henan
Polytechnic University, Jiaozuo,
China

“Department of Mathematics,
College of Science, Tianjin
Polytechnic University, Tianjin, China
Full list of author information is
available at the end of the article

@ Springer

Abstract

In the paper, the authors establish some inequalities for generalized eigenvalues of
perturbation problems on Hermitian matrices and modify shortcomings of some
known inequalities for generalized eigenvalues in the related literature.
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1 Introduction

Let A,B € C" be Hermitian matrices with B being positive definite. We now consider
a perturbation problem for Ax = ABX. It is known that the n generalized eigenvalues of
the matrix pencil (A, B) are real numbers and that the generalized eigenvalues of (4, B)
and the eigenvalues of AB™! are the same. Without loss of generality, we can line up the

eigenvalues of a Hermitian matrix A as
M(A) Z Xa(A) = -+ = Au(A)

and order the generalized eigenvalues of (A, B) by
M(AB') = Aa(AB7Y) = - = M, (ABT).

For a standard Hermitian eigenvalue problem Ax = Ax, Weyl’s theorem [2] is perhaps
the best-known perturbation result. We denote the spectral norm of a matrix by || - |2
which is also called the largest singular value or the matrix 2-norm.

We now recall several known conclusions in the literature.

Theorem 1.1 ([2, Weyl’s theorem]) Let A,E € C"*" be Hermitian matrices, and let A=
A + E be a perturbation of A, then

max |1:(4) - ,(A)| < |E]l.
1<i<mn
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Theorem 1.2 ([3]) Let A,E € C"*" be Hermitian matrices, and let A=A +E be a pertur-
bation of A, then

|LA) = 2(A)| < (I412 + IENL) " IENY".

Theorem 1.3 ([1,4]) Let A, B € C"*" be Hermitian matrices, and let B be a positive definite

Hermitian matrix. Then the equalities

1 . [ x*Ax )
)»;(AB ): max min = min max
ScC” 0#xeS | X*Bx TCC"  0#xeT
dim S=i dim T=n—-i+1

X*Ax
Xx*Bx

hold for 1 <i < n. In particular, if B = I,,, we have

Ai(A) = max min x*Ax= min max X'Ax, 1<i<n.
ScC” 0#xeS TCcC"  O#xeT
dim S=i dim T=n—i+1

Theorem 1.4 ([5, p. 336]) Let A, B € C"™" be Hermitian matrices and i,j,k, ¢, h € N with
jtk-1<i<t+h-n-1.Then

Ae(A) + Ap(A) < Xi(A + B) < 1(A) + Ak(B).
In particular, we have
Ai(A) + 1, (B) < Xi(A + B) < Ai(A) + 11(B).

Let A, E € C"*" be Hermitian matrices, B be a positive definite Hermitian matrix,

_ Il _ IEI
B haB)

B=B+E,  B,= min (B),
<i<n

Then u is a sufficient condition for B to be a Hermitian positive definite matrix.

Theorem 1.5 ([4]) Let A,B,H,E € C"*" be Hermitian matrices, B be a positive definite

Hermitian matrix, and B = B + E. If u= % < 1, then the double inequality

)\.i(AB_l) + )\.I(HB_I)
1-p

(1= Whi(AB) + h(HB™) < 1i((A + H)B™) <

isvalid forall1 <i<n.

Theorem 1.6 ([4]) Let A,B,H,E € C"*" be Hermitian matrices, B be a positive definite
Hermitian matrix, and B = B +E. Ife = maxy<;<, |M(EB™Y)| < 1, then the double inequality

Ai(AB™Y) + A (HB™Y)
1-¢

(1-e)ai(AB™) + An(HB™') < As((A + H)Eil) <

isvalid forall 1 <i<n.
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Remark 1.1 Let

A = diag(-3,-2), B =diag(3,4), H=1I, E =diag(2,1).
Then

A (HB™) + (1 - )ra(AB™Y) = % >0=1((A +H)B™M).
Let

A = diag(-3,-2), B =diag(3,4), H=-2I, E =diag(2,1).

Then

_ )\.I(AB_I) + Al(HB_l)
- l-¢ '

~ 4
M((A+H)B™!) = -z > -3
These two examples demonstrate that Theorems 1.5 and 1.6 are not necessarily true.

In this paper, we will establish some inequalities of perturbation problems for general-

ized eigenvalues.

2 Main results

We are now in a position to state and prove our main results in this paper.

Theorem 2.1 Let A, B, H,E € C"™" be Hermitian matrices, B be a positive definite Hermi-
tian matrix,andg =B+E.Ifu= % <landi,jk,{,he Nwithj+k-1<i<{l+h-n-1,
then

1. when X;(A + H) > 0, we have

A(ABY) + Ap(HB™)
1+

M(AB™) + A (HB™)

<x((A+H)BT) < - ;

2. when A(A + H) <0, we have

M(AB™) + A (HB™)

A(ABY) + Ap(HB™)
1-pn ’

1+up

<n(A+HB!) <

Proof Since B"V2(A + H)B™'? is a Hermitian matrix, then there exists an orthogonal ma-
trix U = (U1, Uy, ..., u,) € C"™" such that

B V(A + H)B™'? = U* diag(A (A + H)B™Y),..., A ((A + H)BY))U.
Let

T, = Span(ui, Up1,.. .,un), 1<i<n.
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By virtue of Theorems 1.3 and 1.4, ifj+ k—1<i<{+h—n-1, we have

LA +H)§‘1) < max

x*B-V2(A + H)B?x
0#xeT

x*(I, + B-V2EB-112)x

*371/2‘4 HB*I/Z
ﬁ maXO;’xeT{%}x Li(A+ H) > 0;

IA

s p—1/2 —1/2
ﬁ maxoalxeT{%}, r(A+H)<0
ﬁ)\i((A +H)B™Y), M(A+H)=>0;
T Mi(A+H)B™), A(A+H) <0
MAB )42 (HB™Y) .
< Tr )"Z(A+H) 20’ (2'1)
| 2B Y +ak(HBY A(A+H) <0
1+ ’ L *
Similarly, we have
_ re(AB Y +ap (HBY) A(A + H) > 0;
A+ B 2 N (2:2)
’ HEE PR ) ji(A + H) <.
The proof of Theorem 2.1 is complete. d

Corollary 2.1 Let A,B,H,E € C"*" be Hermitian matrices, B be a positive definite Her-

mitian matrix, and B = B + E. If = % <1, then

1. when Mi(A+H)>0for1<i<mn,

~ Ai(AB™Y + A (HB™!
<M((A+H)B) < ( 1)+ 1(HE),
—K

Ai(AB™Y + A,(HB™Y)
1+p

2. when Li(A+H)<O0forl1<i<n,

- A(AB™Y) + A, (HB™Y)

A(AB™Y + A (HB™) -

- 2((A+H)B™Y)

1+up
Corollary 2.2 Let A,B,H,E € C"*" be Hermitian matrices, B be a positive definite Her-
mitian matrix, and B=B+E. If u= % <1, then

1. when Mi(A+ H) >0 for1<i<wn,then

1 oy IH] = Ll
] o< g

2. when Li(A+H) <0 for1<i<un,then

1 1y A %-1 1 1y, Al
ﬁ[xi(AB )—m]gki((A+H)B )gm[xi(AB )+xn(3)}‘

Theorem 2.2 Let A, B, H, E € C"™" be Hermitian matrices, B be a positive definite Hermi-
tian matrix, and B = B + E. If & = maxj<j<, |M(EB™Y)| < 1, then
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1. when Mi(A+H)>0for1<i<n,

’

Ai(AB™Y) + A,(HB™Y) -

- )\i(AB_l) + )\1(HB_1)

ri((A+H)B™) < -

l+e

2. when Li(A+H)<0for1<i<n,

A(AB™Y) + A (HB™Y)
1-¢

- Ai(AB™Y) + A, (HB™)

<1((A+H)B™) T

Proof Using inequalities (2.1) and (2.2), we obtain the required results. The proof of The-
orem 2.2 is thus complete. d

Theorem 2.3 Let A, B, H,E € C"" be Hermitian matrices, B be a positive definite Hermi-

tian matrix, and B = B + E. Ifu= % <1, then

Bi(A)Ai(ABY) + Bu(H)ru(HB ™) < 1:((A + H)B™)

< &i(A)%i(AB™") + en (H)A1 (HB™')

for 1 <i<n,where

L; )"Z(A) Y L )"l(A) < 07
a(d) = T nd i(A)= 1"
mx )"l(A)< mr )"l A)ZO

Proof Since

Ai(BV2ABY2) 4 0, (BV*HBY?) < ai((A + H)BTY)

< Ai(E"I/ZAE"I/Z) + )LI(E_I/ZHE_”Z)
for 1 <i < n. From inequalities in (2.1) and (2.2), it follows that

Bi(A)xi(AB™Y) < 2;(B2PAB ) = 3,(AB™") < ai(A)1i(ABTY),

BulH)hn(HB™Y) < hy(HB™),  Ai(HB™) < ai(H)Ai(AB™)

for 1 <i < n. The proof of Theorem 2.3 is complete. d
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